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PREFACE

Since the introduction of developmental languages in 1968
by A.Lindenmayer ("Mathematical models for cellular interactions in

development”, Parts I and II, Journal of Theoret.Bioclogy, 1968, v.18,

280-315), this field, now commonly referred to as the study of L
systems, has been very active. The number of people interested in this
area has become larger and larger, and the yearly growth in the number
of papers has so far been exponential. One reason for this widespread
interest seems to be that this field is able to attract people with
quite different backgrounds. For instance, automata and formal
language theorists, like the present editors, have found in L systems
an interesting and fruitful alternative to the ordinary Chomsky type
of grammars.

From the biological point of view,L systems have provided
a useful theoretical framework within which the nature of cellular
behaviour in development can be discussed, computed and compared.
Thelr study has also provided a number of biologically interesting
results.

From the mathematical point of view,L systems have opened
a new dimension in formal language theory. Its novelty is reflected
in both new types of problems and new technigques for solving them.

For a survey of biological aspects of the theory the
reader is referred to the contribution by A. Lindenmayer to the book
"Developmental systems and languages" by G.T. Herman and G. Rozenberg
(North Holland Publ. Company, 1974). The first paper in the present volume
serves as a survey of the mathematical theory of L systems. It is
hoped that the remaining ones give an idea of the current research.

In this sense the above mentioned book and this volume should comple-
ment each other: the first being more tutorial and the second more
research oriented.

The division of papers into sections is not intended to
be toc conclusive. It just provides a division line which might help
the reader. As far as referencing is concerned, a common bibliography
is provided at the end of the volume. The reference numbers in the in-
dividual papers refer to this bibliocgraphy.

Most of the papers in this volume were presented at a
conference in Aarhus, January 14~25, 1974. The conference was the

third in a series of Open House meetings arranged by the Computer



v

Science Department of the University of Aarhus. The topics of the
first two meetings in 1972 and 1973 were: "unusual automata theory"
(proceedings available from the department) and "semantics of program
ming languages" (no proceedings). This time the topic was L systems,
and most of the people active in this area were present.

The editors express their gratitude to all the partici-
pants, as well as to Statens Naturvidenskabelige Forskningsrad in
Denmark for financial support

UTRECHT, May 1974

Grzegorz Rozenberg Arto Salomaa
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0. INTRODUCTION

The theory of L systems originated from the work of Lindenmayer
[69,60}. The original aim of this theory was to provide mathematical
models for the development of simple filamentous organisms. At the
beginning L systems were defined as linear arrays of finite automata,
later however they were reformulated into the more suitable framework
of grammar-like constructs. From then on, the theory of L systems was
developed essentially as a branch of formal language theory. In fact
it constitutes today one of the most vigorously investigated areas of
formal language theory.

In this paper we survey the mathematical theory of L systems. As to
the biclogical aspects of the theory we refer the reader to an
excellent paper by Lindenmayer ("Developmental systems and languages
in their biological context" a contribution to the book Herman and
Rozenberg [45] ).

This paper is organized in such a way that it discusses several
typical problem areas and the results obtained therein. The results
quoted here may not always be the most important ones but they are
quite representative for the direction of rvesearch in this theory. It
is rather unfortunate that we have no space here to discuss the basic
techniques for solving problems in this theory, but information about
these can be found in the listed references. As the most complete
source of readings on L systems the book Herman and Rozenberg [ 45] is
recommended to the reader.

In this paper we assume the reader to be familiar with basic formal
language theory, e.q. with the scope of the book "Formal Languages and
their relation to automata" by J. Hoperoft and J. Ullman, Addison-
Wesley, 1969. We shall also freely use standard formal language notation
and terminology. (Perhaps the only unusual term used in this paper 1is
"coding" which means a letter-to-letter homomorphism).

We also want to remark that this survey is of informal character,
meaning that quite often concepts are introduced in a not entirely
rigorous manner, and results are presented in a descriptive way rather
than in a form of very precise mathematical statements. This was
dictated by both the limited size of the paper and by the profile of
its experted reader. We hope that this does not decrease the usefulness



of this paper.
Finally, I would like to state that this survey 1s by no means
exhaustive and the selection of topics and results presented reflects

my personal point of view.
1. L SCHEMES AND L SYSTEMS

In this section we give definitions and examples of basic objects
(the so called L schemes and L systems) to be discussed in this paper.
We start with the most general class, the so called TIL schemes and
TIL systems. (They were introduced in K.P. Lee and G. Rozenberg "TIL
systems and languages" [ submitted for publication]). TIL systems are
intended to model the development of multicellular filamentous
organisms in the case when an interaction can take place among the
cells and the environment can be subject to changes.

Definition 1.1. Let k,1 € N. An L scheme with tables and with < k,1 >

interactions (abbreviated T < k,1 > L scheme) is a construct S =

< Z,P,g > where T is a finite nonempty set (the alphabet of S), g is a
symbol which is not in T (the masker of 3), P is a finite nonempty set,
each dement P of which (called a table of §) is a finite nonempty
relation satisfying the follcwingﬁ
pc \UJ  tehimd xom a2ty x oz

i,j,myn = 0

i+y = k

m+n = 1

and for every < a,a,8 > in \\,j {gh1=d % £ x ™™ there exists a v
i,j,myn=0

i+9 = k
m+n = 1
in Z* such that < a,a,8,y > €P.
(Each element of P is called & production).

Definition 1.2. Let S8 = < Z,P,g > be a T < k,1 > L scheme. We say that
3 is:

1) an L scheme with < k,l > interactions (abbreviated < k,1 > L scheme)
if #P= 1.

2) an L scheme with tables and without interactions (abbreviated TOL
gcheme) if k = 1 = 0.

3) an L scheme without interactions (abbreviated 0L scheme) if both
#P=z 1 and-k = 1 = 0.

Definition 1.3. A construct § = < 2,P,g > is called a TIL scheme (IL



scheme) if, for some k,1 € N, S is a T < k,1 > L scheme (< k,1 > L

scheme).

Definition 1.4. Let § = < 2,P,g > be a T < k,1 > L scheme. Let x =
a...a € Z¥, with a,,. cesdy € Z, and let y € %, We say that x direct~
ly derives y in S (denoted as x == y) if y = Yieeo¥, for some

Y1§~--,Yn in ¥* such that, there ex1sts a table P in Z and for every

i in {1,...,n} P contains a productlon of the form < CIELY 58, Y4 >

-1 of length k and Bi is the suffix
of a, .a g of length 1. The transitive and reflexive closure of

i+’

the relatlon==§$ ig denoted as==§= (when x==§= y then we say that

where ui is the prefix of g 8 ..eay

x _derives y in S).

Definition 1.5. A TIL system (IL system) is an ordered pair G =

< S,w > where S is a TIL scheme (an IL scheme) and w is a word over
the alphabet of S. The scheme S is called the underlying scheme of G
and is denoted as S(G8). 6 is called a T < k,1 > L system (a < k,1 > L
system, a TO0L system, a 0L system) if S(6) is a T < k,1 > L scheme (a
< ky1 > L scheme, a TOL scheme, a 0L scheme).

IL systems in restricted form originated from Lindenmayer [ 59,60} ;
in the form they are discussed here they were introduced in Rozenberg
[86,87] . TOL systems were introduced in Rozenberg [ 81] and OL systems

were introduced in Lindenmayer [ 61] and Rozenberg and Doucet [ 91].

Definition 1.6, Let 6 = < S,uw > be a TIL system. Let x,y € Z*, We say
that x directly derives y in G, denoted as x==>y (x derives y in G

G
denoted as x=ﬁ%= vy if x===y (x==%=> v,

Notation. It is customary to omit the marker g from the specification
of a TOL system. If S is an IL or a OL scheme (system) such that #@ =
1, say @ = {P}, then in the specification of S we put P rather than
{P}. Also to avoid cumbersome notation in specifying a TIL system G
we simply extend the n-tuple specifying S(8) to an (n+i)-tuple where
the last element is the axiom of G. (In this sense we write, e.g.,

G = <Z,P,g,w > rather than G = << £,P,g >,w >). In specifying
productions ina table of a given TIL systems one often omits +those
which clearly cannot be used in any rewriting process which starts
with the axiom of the system. If < g,a,B,y >~ is a production in a TIL
scheme (system) then it is usually written in the form < a,a,B > = y
(where < a,a,B > is called its left-hand side and vy is called its



right-hand side). When the productions of a TOL scheme (system) are
being specified, then we write a = vy rather than < A,a,A > > v,

Example 1.1. Let £ = {a,b}, Py = {< g,a,A >~ &%, < a,a,A > a,

< a,b,A >~ p*, <b,b,A >=>Db?, <b,a,A >+ a}, P, ={<g,a,hp > a*
< a,a,A > a, <a,b,A >=+1b*, <b,b,A >->0*, <b,a,A >= a} and
w = a*b%a. Then 6 = < Z,{P,,P,},g,0 > is a T < 1,0 > L system.

»

Example 1.2. Let £ = {a,b}, P = {< a,a,A > a%®, < b,a,A > a%,
< gsa,h > a, <a,b,A >~ b, <b,b,A >->0b?, < g,b,A > b2,
< g,b,4d >~ ab?} and w = ba. Then G = < £,P,g,w > is a < 1,0 > L system.

Example 1.3. Let X ={a,b}, P, = {a = a®,b > b?}, P, = {a » a®,b > b3}
and w = ab. Then G = < Z,{P; ,P,},w > is a TOL system.

Example 1.4. Let ¥ = {A,A,a,B,B,b,C,C,c,F}, P = {A > AR, A > a, B~ BB,
B>b,C>CC,C>c,A>E, A>a,B>B,E>b,C~>C,C>c, a~>F,
b=>TF, ¢c>F, F>F} and w = ABC. Then 6 = < £,P,w > is a 0L system.
2, SQUEEZING LANGUAGES OUT OF L SYSTEMS

There are several ways that one can associate the language with a
given word-generating device. In this section we shall discuss several

ways of defining languages by L systems.

2.1. Exhaustive approach.

Given an L system G (with alphabet ¥ and axiom w) it is most natural
to define its language, denoted L(G), as the set of all words (axiom
included) that can be derived from w in @; hence L{(G) = {x € I*; w=%=x}.

Example 2.1.1. The language of a T < 1,0 > L system G from Example 1.1
2n+3mb2n3ma

n,m 2 1}. The language of a TOL system from Example
n,m 2 0},

is {a

1.3 i {a203Mp2030

b

The languages obtained in this way from 0L, TOL, TIL and IL systems
are called 0L, T0L, TIL and IL languages respectively. (Their classes
will be denoted by £(0L), £(T0OL), L(TIL) and L(IL} respectiveay). For
x,1 2 0, a <k,1 > L language (a T <k,1 > L language) is a language
generated by a < k,1 > L system (a T < k,1 > L system).

One may notice here two major differences in generating languages by



0L and IL systems on the one hand and context-free and type 0 grammars
on the other. 0L and IL systems do not use nonterminal symbols while

context-free and type-0 grammars use them. Rewriting in 0L and IL sys-
tems is absolutely parallel (all occurrences of all letters in a word
are rewritten in a single derivation step) while rewriting in context-
free and type-0 grammars is absclutely sequential (only one occurrence

of one symbol is rewritten in a single devivation step).
2.2. Using nonterminals to define languages.

The standard step in formal language theory to define the language
of a generating system is to consider not the set of all words generated
by it but only those which are over some distinguished (usually called
terminal) alphabet. In this way one gets the division of the alphabet
of a given system into the set of terminal and nonterminal (sometimes
also called auxiliary) symbols. In the case of L systems such an

approach gives rise to the following classes of systems.

Definition 2.2.1. An extended 0L, (T0L, IL, TIL) system, abbreviated
EOL (ETOL, EIL, ETIL) system, is a pair G = < H,A >, where H is a 0L
(T0L, IL, TIL} system and A is an alphabet (called the target alphabet
of B).

Definition 2.2.2. The language of an EOL (ETOL, EIL, ETIL) system
8 = < H,A >, denoted as L(B), is defined by L(G) = L(H) N A*,

An EOL (ETQL, EIL, ETIL) system G = < H,A > is usually specified
as < Z,P,w,A > (X 2,Pu,A >, <Z,P,g,0,0 >, <Z,Pg,u,A>) where
<Z,P,0 X< Z,P,u >, <Z,P,g,0 >, <Z,P,g,0 >) is the specification of
H itself.

Example 2.2.1. Let 6 = < %,P,w,A >, where Z,P,w are specified as in
Example 1.% and A = {a,b}. Then L(G) = {a"b n Don =13,

If X is the language of an EOL (ETOL, EIL, ETIL) system, then it
is called an EOL (ETOL, EIL, ETIL) language. The classes of EOL
languages, ETOL languages, EIL languages and ETIL languages are denoted
by L(EOL), L(ETCL), £{EIL) and £(ETIL) respectively.

EOL s%ftems and languages are discussed in Herman [ 35]1; ETOL systems
and 1anguages were introduced in Rozenberg [89]; EIL systems and lang-
uages are discussed e.g. in van Dalen [12] and Rozenberg [86,871; ETIL

systems and languages were introduced in “"TIL systems and languages' by



K.P. Lee and G. Rozenberg.

It is very instructive at this point to notice that, as far as
generation of languages is concerned, the difference between EO0L and
EIL systems on one hand and context~-free and type-0 grammars on the
other hand is the absolutely parallel fashion of rewriting in EOL and
EIL systems and the absolutely sequential fashion of rewriting in
context-free and type-0 grammars.

2.3. Using codings to define languages.

When we make observations of a particular organism and want to
describe it by strings of symbols, we first associate a symbol to each
particular cell. This is done by dividing cells into a number of types
and associating the same symbol to all the cells of the same type. It
is possible that the development of the organism can be described by
a developmental system, but the actual system describing it uses a
finer subdivision into types that we could observe. This is often
experimentally unavoidable. In this case, the set of strings generated
by a given developmental system is a coding of the "real" language of
the organism which the given developmental system describes. Considering
codings for defining languages of L systems gives rise to the following
classes of systems.

Definition 2.3.1. A 0L (TQL, IL, TIL) system with coding, abbreviated
CO0L (CTOL, CIL, CTIL) system, is a pair 6 = < H,h >, where H is a 0L
(ToL, IL, TIL) system and h is a coding.

Definition 2.3.2. The language of a COL (CTOL, CIL, CTIL) system G =
< H,h >, denoted as L(G), is defined by L{G) = h(L(H)).

Example 2.3.1. Let H = < {a,b},{a = a%’,b = b},ba > and h be a coding

from {a,b} into {a,b} such that h(a) = h(b) = a. Then (< H,h >) =
n+1
{a?

n=0}.

If K is the language of a COL (CTOL, CIL, CTIL) system, then it is
called a COL (CTOL, CIL, CTIL) language. The classes of CO0L, CTOL, CIL
and CTIL languages are denoted by £(COL), £CToL), £(CIL) and L£(CTIL)
respectively.

Using codings to define languages of various classes of L systems

was considered, e.g., in Culik and Opatrny [ 10], Ehrenfeucht and



Rozenberg [20,25,27] and Nielsen, Rozenberg, Salomaa, Skyum [71,72].

2.4, Adult languages of L systems.

An interesting way of defining languages by L systems was proposed
by A. Walker (see [ 47l and [ 118l ). Based on biological considerations
concerning problems of regulation in organisms, one defines the

adult language of an L system G, denoted as A(G), to be the set of all

these words from L(G) which derive (in G) themselves and only them-

selves. Thus we can talk about adult 0L languages, adult TOL languages,

adult TL languages and adult TIL languages (their families are denoted
by symbols £A(OL), £A(TOL), £A(IL) and £A(TIL) respectively).

Example 2.4.1. Let G = < Z,P,w > be a 0L system such that Z = {a,b},
P=1{a=>A,a~ab,b >b} and w = a. Then A(G) = {b" : n = g}.

In the sequel we shall use the term L language to refer to any one
of the types of language introduced in this section.

2.5, Comparing the language generating power of various mechanisms for

defining L languages.

Once several classes of language generating devices are introduced
one is interested in comparing their language generating power. This
is one of the most natural and most traditional topics investigated
in formal language theory. In the case of L systems we have, for
example,the following vesults.

Theorem 2.5.1. (see, e.g., Herman and Rozenberg [45]).
1) For X in {0L, TOL, IL, TIL}, £(X) & £(EX).
2) For X in {0L, TOL, IL, TIL}, £(X) & £(CX).
3) £(0L) is incomparable but not disjoint with,£A(GL).

Theorem 2.5.2. (Ehrenfeucht and Rozenberg [20,27], Herman and Walker
[ (u71).

1) L(EOL) = £(COL) and £(ETOL) = £(CTOL).

2) £A(OL) ¢ L(EQL).

3. FITTING CLASSES OF L LANGUAGES INTO KNOWN FORMAL LANGUAGE THEORETIC
FRAMEWORK

The usual way of understanding the language generating power of a



class of generative systems is by comparing them with the now classi-
cal Chomsky hierarchy. (One reason for this is that the Chomsky
hierarchy is probably the most intensively studied in formal language
theory.) In the area of L languages we have, for example, the following
result. (In what follows £(RE) denotes the class of recursively
enumerable languages, £(CS) denotes the class consisting of every L
such that either L or L-{A} is a context-sensitive language, and L(CF)

denotes the class of context-free languages.)

Theorem 3.1. (van Dalen [12], Rozenberg [89], Herman [ 351).
L(EIL) = L(RE), L(ETOL) § £(CS) and L(CF) ¢ £L(EOL).

Note that this theorem compares classes of systems all of which use
nonterminals for defining languages. Thus the only real difference
(from the language generation point of view) between (the classes of)
EIL, ETOL and EOL systems on the one hand and (the classes of) type-0,
context-sensitive and context-free grammars respectively on the other
hand is the parallel versus sequential way of rewriting strings. In
this sense the above results tell us something about the role of
parallel rewriting in generating languages by grammar-like devices.

In the same direction we have another group of results of which the

following two are quite representative.

Theorem 3.2. (Lindenmayer [61], Rozenberg and Doucet [91]).
A language is context-free if and only if it is the language of an
EQL system < Z,P,w,A > such that, for each a in A&, the production

a > a is in P.

Theorem 3.3. {(Herman and Walker [u47]).
A language is context-free if and only if it is the adult language of

a QL system.

As far as fitting some classes of L languages into the known formal
language theoretic framework is concerned, results more detailed than
those of Theorem 3.1 are available. For example we have the following
results. Let L(IND) denote the class of indexed languages (see A. Aho
"Indexed grammars - An extension of context-free grammars” J. of the
ACM. 15 (4968), 647-671) and let L(PROG) denote the class of A-free
programmed languages (see D. Rosenkrantz "Programmed grammars and
iclasses of formal languages" J. of the ACM. 16 (1969), 107-1311.
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Theorem 3.4, (Culik [7] and Rozenberg [89]).
L(ETOL) $ L(IND) and L(ETOL) $ L(PROG).

Results like these can be helpful for getting either new properties
or nice proofs of known properties of some classes of L languages. For
example, the family L(IND) possesses quite strong decidability proper-
ties which are then directly applicable to the class of ETOL languages.

An example will be considered in section 8.

4. OTHER CHARACTERIZATIONS OF CLASSES OF L LANGUAGES WITHIN THE
FRAMEWORK OF FORMAL LANGUAGE THEORY

A classical step toward achieving a mathematical characterization
of a class of languages is to investigate its closure properties with
respect to a number of operations. There is even a trend in formal
language theory, called the AFL theory (see S. Ginsburg, S. Greibach
and J. Hoperoft "Studies in Abstract Families of Languages”,Memoirs of
the AMS, 87, (19569)) which takes this as a basic step towards charac-
terizing classes of languages. The next two results disblay the
behaviour of some of the families of L languages with respect to the
basic operations considered in AFL theory. There are essentially two
reasons for considering these operations. One reason is that in this
way we may better contrast various families of L languages with tradi-
tional families of languages. The other reason is that we still know
very little about what set of operations would be natural for families
of L languages. {In what follows the symbols U,.,*,hom,hom",ﬂR denote
the operations of union, product, Kleene's closure, homomorphism,

inverse homomorphism and intersection with a regular language respecti-

vely.)

Theorem 4.1. (Rozenberg and Doucet [91], Rozenberg [ 81], Rozenberg | 861,
Rozenberg and Lee "TIL systems and languages")

None of the families of 0L, TOL, IL, TIL languages 1s closed with
respect to any of the following operations: U,.,*,hom,hom“l,ﬂR.

Theorem 4.2. {(Rozenberg {891, van Dalen {21, Herman {35])
The families of ETQL and EIL languages are closed with respect to all

of the operations U,.,*,hom,hom'l,ﬂR. The family of EQL languages is

closed with respect to the operations U,.,*,hom and ﬂR but it is not

1

closed with respect to the hom™*® operation.



1"

When we contrast the above two results with each other we see the
role of nonterminals in defining languages of L systems. On the other
hand contrasting the second result with the corresponding results for
the classes of context-free and context-sensitive languages enables
ug to learn more about the nature of parallel rewriting in language
generating systems.

In formal language theory, when a class of generative devices for
defining languages is given, one often looks for a class of acceptors
(recognition devices) which would yield the same family of languages.
Such a step usually provides us with a better insight into the
structure of the given family of languages and (sometimes) it provides
us with additional tools for proving theorems about the given family
of languages.

Several machine models for L systems are already available, see
Culik and Opatrny [9l, van Leeuwen [SST, Rozenberg [ 901, Savitch [108].
(0f these, the most general models are those presented by Savitchl.

As an example, we discuss now the notion of a pre-set pushdown
automaton introduced in van Leeuwen [ 55]. Roughly speaking a pre-set
pushdown automaton is like an ordinary pushdown automaton, except
that at the very beginning of a computation a certain location on the
pushdown store of the automaton is assigned as the maximum location
to which the store may grow during the computation. Such a
distinguished location is used in such a way that when the automaton
has reached it then it switches to a different transition function.
When a pre-set pushdown automaton is constructed in such a way that
there is a fixed bound on the length of a local computation (meaning
a computation that the pointer does not move) then we call it a

locally finite pre-set pushdown automaton. We say that a pre-set push-

down automaton has a finite return property if there is a fixed bound

on the number of recursions that can occur from a location.

Theorem 4.3. (van Leeuwen ! 55,56], Christensen [6])

The family of languages accepted by pre-set pushdown automata contains
properly the family of EOL languages and is properly contained in the
family of ETOL languages.

Theorem 4.4. (van Leeuwen [ 55])

The family of languages accepted by locally finite pre-set pushdown
automata with the finite return property equals the family of EQL
languages.
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5. SQUEEZING SEQUENCES OUT OF L SYSTEMS.

From a bioclogical point of view the time-order of development is at
least as interesting as the unordered set of morphological patterns
which may develop. This leads to investigation of sequences of words
rather than unordered sets of words (languages), which is a novel
point in formal language theory. It turned out that investigation of
sequences (of words) gives rise to a non-trivial and interesting
mathematical theory (see, e.g., Herman and Rozenberg [45], Paz [ 74,
Paz and Salomaa [75], Rozenberg [82], Szilard [111], Vitanyi [116]1).
The most natural way to talk about word seguences in the context
of L systems is to consider such L systems which (starting with the
axiom) yield the unique next word for a given one. We define now one
such class of such L systems.
Definition 5.1. An IL gystem G = < Z,P,g,w > is called deterministic

(abbreviated DIL system) if whenever < a,a,R,y;> and < a,a,B,Y2 - are
in P then vi = Yz.

Note that a 0L system is a particular instance of an IL system.
Hence we shall talk about DOL systems. The most natural way to define
sequences by DIL systems is to take the exhaustive approach, which
simply means to include in the sequence of a DIL system the set of all
words that the system generates (and in the order that these words are
generated).

Definition 5.2, Let 6 = < Z,P,g,w > be a DIL system. The gequence of G,

denoted as E(G), is defined by E(G) = wg;W; ... where wy = w and for

iz1, w, 6y
1

=
-1 6 it
Example 5.1. Let 6 = < Z,P,g,w > be a DIL system such that Z = {a,b},
w = baba® and P = {< g,b,A > > ba, < a,b,A > > ba’, < a,a,p >~ a,
< b,a,A > = a}. Then E(G) = baba®?, ba*ba*,..., baKpa?k,...

Definition 5.3. Let s be a sequence of words. It is called a DIL

sequence (DOL sequence) if there exists a DIL systenm (DOL system) G
such that s = E(G).

Obviously as in the case of L languages (see section 2) one can
apply various mechanismg of squeezing sequences out of DIL systems.
Thus, in the obvious sense, we can talk about EDIL and EDUL sequences
(when using nonterminals for defining sequences) or about CDIL and
CDOL sequences (when using codings for defining sequences). Comparing
the sequence generative power of these different mechanisms for

sequence definition, we have, for example, the following result.
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Theorem 5.1. (Nielsen, Rozenberg, Salomaa, Skyum [71,72]1)
The family of DOL sequences is strictly included in the family of
EDOL sequences, which in turn is strictly included in the family of

CDOL sequences.

In the sequel we shall use the term L sequence to refer to any kind
of a sequence discussed in this section.

6. GROWTH FUNCTIONS; AN EXAMPLE OF RESEARCH ON (CLASSES OF)L SEQUENCES

As an example of an investigation of properties of L sequences and
their classes we will discuss the so called growth functions. It
happens quite often(in both mathematical and biological considerations)
that one is interested only in the lengths of the words generated by
an L system. When the system G under a consideration is deterministic
then, in this way, one obtains a function assigning to each positive
integer n the length of the n'th word in the sequence of G. This
function is called the growth function of 6. The theory of growth
functions of deterministic L systems is one of the very vigorously
(and succesfully) investigated areas of L system theory (see, e.g.,
Doucet [15], Paz and Salomaa [75], Salomaa [98], Vitanyi [118}). It
also lends itself to the application of quite powerful mathematical
tools (such as difference egquations and formal power series).

Definition 6.1. Let G be a DIL system with E(G) = wg,%; ,... . The

growth function of G, denoted as fG’ is a function from nonnegative

integers into nonnegative integers such that fG(n) = IwnI'

Example 6.1. Let 6 = < {a,b},{a -~ b,b =~ abl,a > be a DOL system. Then
fG(n) is the n'th element of the Fibonacci sequence 1,1,2,3,5,...

Example 6.2. Let 6 = < {a,b,c,d},{a = abd®,b > bed'!,c = cd®,d ~ d},
a > be a DOL system. Then fG(n) = (n+1)3,

Directly from the definition of an L system we have the following
result.
Theorem 6.1.
The growth function of a DIL system G such that L{(G) is infinite is
at most exponential and at least logarithmic.

The following are typical examples of problems concerning growth
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functions.

Analysis problem: Given a DIL system,determine its growth function.

Synthesis problem: Given a function f from nonnegative integers into

nonnegative integers, determine if possible a system G belonging to a
given class of systems (say, DOL systems) such that £ = fgi.
Growth equivalence problem: Given two DIL systems, determine whether

their growth functions are the same.

In the following there are some typical results about growth funct~
ions.
Theorem 5.2. (Paz and Salomaa [ 75])
If 6 is a DOL system then fG is exponential, polynomial or a combination
of these.

Theorem 5.3. (Paz and Salomaa [75])

If £ is a function from the nonnegative integers into the nonnegative
integers such that

(1) For every n there exists an m such that

flm) = f(m+1)

(i1) 1im £(t) = =,
o
then f is not the growth function of a DOL system.

= f(m+n), and

"

7. STRUCTURAL CONSTRAINTS ON L SYSTEMS

One of the possible ways of investigating the structure of any
language (or sequence) generating device is to put particular restric-
tions directly on the definition of its various components and then to
investigate the effect of these restrictions on the language generating
power. Theorem 2.5.1 represents a result in this direction (it says for
example that removing nonterminals from ETIL, EIL, ETOL or EOL systems
decreases the language generating power of these classes of systems).
Now we indicate some other results among the same line.

The first of these vesults investigates the role of erasing pro-
ductions in generating languages (sequences) by the class of EOL (EDOL)
systems. (A production < g,a,B > = v is called an erasing production
if vy = A).

Theorem 7.1. (Herman [39])

A language K is an EOL language if and only if there exists an EOL
system G which does not contain erasing productions such that K-{A} =
L(a).
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Theorem 7.2.
There exists an EDOL sequence which does not contain A, and which
cannot be generated by an EDOL system without erasing productions.

OQur next result discusses the need of "two-sided context" (more
intuitively: "“two-sided communication®) in IL systems.
Theorem 7.3. (Rozenberg [ 861)
There exists a language K such that K is a < 1,1 > L language and for
nom=0 is K an < m,0 > L language or a < 0,m > L language.

OQur last sample result in this line says that for the class of IL
systems with two-sided context it 1s the amount of context available
and not its distribution that matters as far as the language generat-
ing power is concerned.

Theorem 7.4. (Rozenberg [ 86])

A language is an < m,n > L language for scme m,n = 1 if and only if
it is a < 1,m+n-1 > L language. For each m 2 1 there exists

a < 1,m+1 > L Language which is not a < 1,m > L language.

8. DECISION PROBLEMS

Considering decision problems for language generating devices is a
customary research topic in formal language theory. It helps to
understand the "effectiveness™ of various classes of language generat-
ing devices, explores the possibilities of changing one way of
describing a language into another one, and, in connection with this,
it may be a guide line for a choice of one rather than another class
of specifications of languages. (For example it is quite often the
case that when a membership problem for a given class of language
defining devices turns out to be undicidable, one looks for a subclass
for which this problem would be decidable). Various decision problems
are also considered in the theory of L systems. In addition to more or
less traditional problems considered usually in formal language theory
new problems concerning sequences are also considered.

Some results concerning decision problems are obtained as direct
corellaries of theorems fitting different classes of L languages into
known hierarchies of languages. For example, as an application of
Theorem 3.4 we have the following result.

Theorem 8.1.
Membership, emptiness and finiteness problems are decidable in the
class of ETOL systems.
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The following result by Blattner (for different solutions see also
Salomaa [ 99] and Rozenberg [ 84]) solved a problem which was open for
some time.

Theorem 8.2. (Blattner [6])
The language equivalence problem is not decidable in the class of QL

systems.

The corresponding problem for the class of DOL systems is one of
the most intriguing and the longest open problems in the theory of L
systems. Some results are however available about subclasses of the
class of DOL systems.

Theorem 8.3. {(Ehrenfeucht and Rozenberg)
If G; ,62 ‘are DOL systems such that fG1 and fG2 are bounded by a
polynomial (which is decidable) then it is decidable whether they

generate the same language (sequence).

The following result points out "undecidability" of various exten-
sions of the class of 0L systems. (In what follows an FOL system denotes
a system which is like a 0L gystem, except that it has a finite number
of axioms rather than a single one).

Theorem 8.4. (Rozenberg)
It is undecidable whether an arbitrary IL (COL, EOL, FOL) system

generates a 0L language.

For L sequences we have for example the following results.
Theorem 8.5. (Paz and Salomaa [ 75], Vitanyi [ 415])
The growth equivalence problem is decidable in the class of DOL systems

but it is not decidable in the class of DIL systems.

Theorem 8.6. (Salomaa [ 98], Vitanyi [115,118]1)
Given an arbitrary DOL system G it is decidable whether fG can be bound-
ed by a polynomial. This problem is not decidable if G is an arbitrary

DIL system.

Theorem 8.7. (Nielsen [70])
The language equivalence problem for DOL systems is decidable if and

only if the sequence equivalence problem for DOL systems is decidable.

Theorem 8.8. (Ehrenfeucht, Lee and Rozenberg)
If G; ,6, are two arbitrary DOL systems and x is a word then it is

decidable whether x occurs as a subword the same number of times in the



17

corresponding words of sequences generated by G; and G .

9. GLOBAL VERSUS LOCAL BEHAVIOUR OF L SYSTEMS

The topic discussed in this chapter, global versus local behaviour
of L systems, is undoubtedly one of the most important in the theory
of L systems. Roughly speaking, a global property of an L system is a
property which can be expressed independently of the system itself
{(for example a property expressed in terms of its language or sequence).
On the other hand a local property of an L system is a property of
its set of productions (for example a property of the "graph'" of pro-
ductions of a given system), In a sense the whole theory of L systems
emerged from an effort to explain on the local (cellular) level global
properties of development.

As an example of research in this direction we discuss the so called
locally catenative L systems and sequences (see Rozenberg and Linden-
mayer [95]). Locally catenative L sequences are examples of L se~
quences in which the words themselves carry in some sense the history
of their development.

Definition 9.1. An infinite sequence of words Tg ;T1 ... is called

locally catentative if there exist positive integers m,n,i; s...,1

n
with n 2 2 such that for each j 2 m we have T: = T, Ta_: souTa_ . o
J J=1l1371s J71np

Definition 9.2. A DIL (or a DOL) system G is called locally catenative

if E(G) is locally catenative.

Very little is known about locally catenative DIL sequences. For
locally catenative DOL sequences some interesting results are avail-
able. Our first result presents a property of a DOL sequence which is
equivalent to the locally catenative property.

Let 6 be a DOL system such that E(G) = wy sy ,... 18 a doubly
infinite sequence, meaning that the set of different words occurring

in E(@) is infinite. We say that E(G) is covered by one of its words

if there exist k 2 0 and j =2 k+2 and a sequence s of occurrences of

Wy in (some of the) strings Wy 2@pps e sls g such that ws is the

catenation of the sequence of its subwords derived from respective

elements of s.

Theorem 9.1. (Rozenberg and Lindenmayer [ 95]1)
A DOL system G is locally catenative if and only if E(G) is covered

by one of its words.
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Our next theorem presents the result of an attempt to find a
Ystructural"” property of the set of productions of a DOL system such
that its sequence is locally catenative. First we need some more
notation and terminology.

If 6 = <Z,P,w > is a DOL system then the graph of G is the directed
graph whose nodes are elements of E‘and for which a directed edge leads
from the node a to the node b if and only if a = abB is in P for some
words o,B cver Z.

Theorem 9.2. (Rozenberg and Lindenmayer [ 95])

Let ¢ = < Z,P,w > be a DOL system without erasing productions such
that both E(G) and L(G) are infinite, w is in I and each letter from %
occurs in a word in E{(G). If there exists ¢ in 2 such that w==%* ¢ and
each cycle in the graph of G goes through the node ¢ then E(8) is
locally catenative.

We may note that neither of the above results is true in the case

of DIL sequences {(systems).
10. DETERMINISTIC VERSUS NONDETERMINISTIC BEHAVIOUR OF L SYSTEMS

An L system is called deterministic if, roughly speaking, after one
of its tables has been chosen, each word can be rewritten in exactly
one way. Investigation of the role the deterministic restriction plays
in L systems is an important and guite extensively studied topic in
the theory of L systems (see, e.g., Doucet [ 14], Ehrenfeucht and Rozen-
berg [17] , Lee and Rozenberg [ 52], Nielsen [70], Paz and Salomaa [ 75],
Rozenberg [ 82] , Salomaa [ 98], Szilard [111]). First of all, some
biclogists claim that only deterministic behaviour should be studied.
Secondly, studying deterministic L systems, especially when opposed
to general (undeterministic) L systems, allows us to better understand
the structure of L systems. Finally, the notion of determinism studied
in this theory differs from the usual one studied in formal language
theory. One may say that they are dual to each other: "deterministic"
in L systems means a deterministic process of generating strings,
"deterministic'in the sense used in formal language theory means a
deterministic process of parsing. Contrasting these notions may help
us to understand some of the basic phenomena of formal language theory.
Definition 10.1. A TIL system G = < Z,P,g,w > is called deterministic
(abbreviated DTIL system) if for each table P of P if < a,a,8 > = v,

and < 0,a,8 > > vy, dre in P then v; = v,.
A TOL system is a special instance of a TIL system hence we talk
about DTOL systems.
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As an example of a research towards understanding deterministic
restriction in L systems we shall discuss deterministic TOL systems.

It is not difficult to construct examples of languages which can
be generated by a TOL system but cannot be generated by a DTOL system.
One would like however to find a nontrivial (and hopefully interesting)
property which would be inherent to the class of deterministic TOL
languages. It turns out that observing the sets of all subwords
generated by DTOL systems provides us with such a property. In fact
the ability to generate an arbitrary number of subwords of an arbitrary
length is a property of a TOL system which disappears when the deter-
ministic restriction is introduced. More precisely, we have the follow-
ing result. (In what follows ﬂk(L) denotes the number of subwords of
length k that occur in the words of L).
Theorem 10.1. (Ehrenfeucht and Rozenberg [17])
Let Z be a finite alphabet such that #2 = n > 2, If L is a language
generated by a DTOL system, L € Z*, then lim Ek-é— = 0.

Yo n

Various ramifications of this result are discussed in Ehrenfeucht,

Lee and Rozenkberg [18].
11. L TRANSFORMATIONS

An L system consists of an L scheme and of a fixed word (the axiom).
An L scheme by itself represents a transformation (a mapping) from =t
into Z* (where X is the alphabet of the L scheme). From the mathema-
tical point of view, it is the most natural to consider such transfor-
mations. This obviously may help to understand the nature of L systems.
Although not much is known in this direction yet, some results about
TOL transformations are already available (see Ginsburg and Rozenberg
[31]).

Let a TOL scheme G = < X£,P > be given. (Note that each table P of P
is in fact a finite substitution, or a homomorphism in the case that
(P satisfies a deterministic restriction). The basic situation under
examination consists of being given two of the following three sets:
a set L; of (start) words over Z, a set L, of (target) words over Z,
and a (control) set € of finite sequences of applications of tables
from P. The problem is to ascertain information about the remaining
set. (Note that we can consider a sequence of elements from (P either
as a word over P*, called a control word, or a mapping from I* into Z*.
We shall do both in the sequel but this should not lead to confusion).

The following are examples of known results concerning this problem.
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Theorem 11.1, (Ginsburg and Rozenberg [ 31])
If L, is a regular language, and L; an arbitrary language then the set

¥ of control words leading from L; to L; is regular.

Theorem 11.2. (Gingburg and Rozenberg [ 31])
If L is a regular language and © is an arbitrary set of control words

then the set of all words mapped into L, by ¥ is regular.

Theorem 11.3. (Ginsburg and Rozenberg [ 31])

If L1 is a regular language and © is a regular set of control words

then the set of all words obtained from the words of L; by applying

mappings from ¥ is an ETOL language. Moreover each ETOL language can

be obtained in this fashion.

Also the following is quite an interesting result.
Theorem 11.4. (Ginsburg and Rozenberg [ 31])
There is no TOL scheme § = < £,P> guch that P* is the set of all
finite nonempty substitutions on Z*. There is no TOL scheme S =
< Z,P > such that P* is the set of all homomorphisms on Z*.

We may also mention here the following result concerning "adult L

transformations®. Roughly speaking the adult language of an IL scheme

G with an alphabet Z is the set of all those strings over £* which are
transformed by 6 into themselves and only themselves.
Theorem 11.5.

There are regular languages which are not adult languages of IL schemes.

12. GETTING DOWN TO PROPERTIES OF SINGLE L LANGUAGES OR SINGLE L
SEQUENCES

Undoubtedly, one of the aims of the theory of L systems is to
understand the structure of a single L language or a single L sequence,
Although some results in this direction are already avalilable (see,
e.g., Ehrenfeucht and Rozenberg [19,22,24] and Rozenberg [82]), in my
personal opinion, there is not enough work done on this {(rather diffi-
cult) topic.

Here are two samples of already available results.

Let £ be a finite alphabet and B & non-empty subset of £, If x is a
word over I then #B(x) denotes the number of occurrences of elements
K,B = {n : #B(w) = n
for some w in K}. We say that B _is numerically dispersed in K if I

from B in x. Let K be a language over Z and let I

K,B
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is infinite and for every positive integer k there exists a positive
integer ny. such that for every u;,u, in IK,B such that u, > u, > n,

we have u;-u; > k. We say that B is clustered in K if I is infinite

K,B
and there exist positive integers k, ,k, , both larger than 1, such that

for every w in L if #é(w) 2 k; then w c¢ontains at least two occurrences
of symbols from B which are distant less than k,.

Theorem 12.1. (Ehrenfeucht and Rozenberg [ 2u4])

Let X be an EOL language over an alphabet T and let B be a nonempty
subget of Z. If B is numerically dispersed in K, then B is clustered
in X.

Results like the above one are very useful for proving that some
languages are not in a particular class. This is often a difficult
task. For example as a direct corollary of Theorem 12.1 we have that
the language {w in {0,1}* : #{O}(w) is a power of 2} is not an EOL
language. (The direct combinatorial proof of this fact in Herman [ 35]
is very tedious.)

For DOL sequences we have the following result. (In what follows if
x 1s a word and k a positive integer then Prefk(x) denotes either x
itself if k 2 |x| or the word consisting of the first k letters of x
if x < |x|. Similarly Suf, (x) denotes either x itself if k > |x| or
the word consisting of the last k letters of x if k < [x]).

Theorem 12.2. (Rozenberg [ 82])

For every DOL system G such that E(G) = wy ,0; 5... is infinite there
exists a constant CG such that for every integer k the sequence
Prefk(wo),Prefk(wl),... (respectively Sufk(wo),Sufk(wl),.-.) is
ultimately periodic with period Cq-

The above result is not true for DIL sequences; the corresponding
sequences of prefixes (or suffixes) are not necessarily ultimately
periodic.

It should be clear that Theorem 12.2 can provide elegant proofs that

some sequences are not DOL sequences.
13. GENERALIZING L SYSTEMS IDEAS; TOWARDS A UNIFORM FRAMEWORK
As in every mathematical theory, also in the (mathematical) theory

of L systems one hopes to generalize various particular results and

concepts and get a unifying framework for the theory. One still has to
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wait for such a uniform framework for the theory of L systems, however
partial results are already available.

It was already noticed in early papers on L systems (see, e.g.,
Rozenberg [ 81} ) that the underlying operation is that of the iterated
substitution. This operation was quite intensively studied in formal
language theory, however in the theory of L systems it occurs in
somewhat modified way (one has a finite number of finite substitutions,
tables, and then performs all their possible "iterative" compositions).
This point of view was taken by J. van Leeuwen and A. Salomaa and {(as
a rather straightforward generalization of the notion of an ETOL
system) they introduced the so called K-iteration grammars (van Leeuwen
[57], Salomaa [ 103]).

For a language family K, a K-substitution is a mapping ¢ from some
alphabet V into K. The mapping is extended to languages in the usual
way. A K-iteration grammar is a construct G = < VN’VT’S’U > where V

3
VT are disjoint alphabet (of nonterminals and terminals), y
3 € (VN U VT)* (the axiom) and U = {61,...,0n} is a finite set of K-
substitutions defined on (VN U VT) with the property that, for each i
and each a in (VN %) VT), 0;(a) is a language over (Vg U VT). The
language generated by such a grammar is defined by

Le) =\Us, ...0, (8) NyE,
i i,

where the union is taken over all integers k ® 1 and over all k-tuples
(i,,...,ik) with 1 < ij < n. The family of languages generated by

K-iteration grammars is dencted by K. For t 2 1, we denote by

iter’
K;E;r the subfamily of Kiter’ consisting of languages generated by

such grammars where U consists of at most t elements.
Example 13.1. If we denote the family of all finite languages by F,
. (1) _ =
then it is clear that Fiter = £(EOL) and Fiter = L(ETOL).
The families of K-iterated languages can be related to Abstract
Families of Languages (AFL's) as follows.
Theorem 13.2. (van Leeuwen [ 571, Salomaa [103])
If the family K contains all regular languages and is closed under
finite substitution and intersection with regular languages then both

K and th) are full AFL's.
iter

iter
The notion of a K-iteration grammar was extended to the case of
context-sensitive substitutions by D. Wood in "A note on Lindenmayer
systems, spectra and equivalence" McMaster University, Comp. Sc.
Techn. Dep. No. 74/1. Some results are also available about possibly
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extending a few basic properties of the families of L systems (or L
languages) to the case of families of K-iteration grammars (or lan-
guages) (see, e.g., Salomaa [103]and the above mentioned paper by
Wood) .

14 . CONCLUSTONS

We would like to coneclude this paper with two remarks.

(1) In the first five years of its existence the mathematical
theory of L systems has become each year fruitful and popular. This
is exemplified by exponential growth of the number of papers produced
(per year), and a linear (with a decent coefficient) growth of both
the number of results and the number of people joiniﬁg the area.

(2) It may have already occurred to the reader (and it is certainly
clear to the author of this paper) that both formal language theory
and the theory of L systems have benefited by the existence of the

other.
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Summary

*
L-systems (1, 2, 3) were introduced by one of us in order to model morphogenetic
processes in growing multicellular filamentous organisms. We will show here, how a

compiiter model of the growth and flowering of Aster novae-angliae could be built

using a particular L-system.

Introduction

Champagnat (4) and Nozeran, Bancilhon and Neville (5) classified various internal
correlations in the morphogenesis in higher plants: They argue that often there is
evidence of internal correlations which involve the whole plant and of correlations
which involve parts of the plant such as organs, regions or even one tissue. Inter-
nal coprelations with respect to pattern formation in growth and flowering of higher
plants are interesting, because of the relationships between position and time of

flowering and flower development.

*Since our references are mostly to biological papers, we deviate from the format

used in this book and we list our references at the end of this article.
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There seems to be enormous diversity in the inflorescences and inflorescence forma-
tion in higher plants. Within a plant species, however, the pattern of the inflo-
rescence and its development are quite constant and show great similarity to the
patterns of related species as has been shown by Trell (6) and Weberling (7). Seve-
ral theories and models have been put forward to explain the evolution of inflo-
rescencesj¥ﬁaresquelle (8, 9, 10, 11), Stauffer (12) and Sell {13). Champagnat {4)
and Nozeran, Bancillon and Neville {5) held gradients responsible for the pattern-
formation in their plants. Maresquelle and Sell (14) also assumed gradients which in
their opinion controlled the descending inflorescences in higher plants (these are
inflorescences where flowering proceeds from the top down). Sell (15, 18) and
Jauffret (17) also gathered experimental data about correlations between growth and
flowering. However, the question how growth and flowering in plants are correlated
is still open. This is mainly due to the fact, that no suitable representation and
calculation devices are available to work out the consequences of different theore-
tical correlation mechanisms. Most correlations were supposed to depend on gradients
These gradients are supposedly formed by diffusion and/ or active transport. For the
calculation of their effects differential equations must be solved. Because the
plant is also growing, the equations camnot be solved analytically, but by step-by-
step approximations. L—systems can be used to obtain approximate solutioms. In this
case, all states of a growing filament are simultaneously replaced by new states at
discrete time steps, according to certain transition rules ( as for example growth
and division rules). Furthermore, L-systems have been defined so that computer pro-
grams can be based on themf¥haker and Herman (18, 19, 20). They are suitable for
representing and quantifying correlations in growing systems as long as these sys-

tems can be treated as simple or bramnching filaments.

In personal communication Sell advised us om the suitability of Aster as a subject
for an inflorescence development model. This genus belongs to a large family
(Compositae) that makes it comvenient to compare it with other plants. Aster novae-
angliae, a species of Aster, reaches a height of about one meter. Its pattern of

growth and flowering is quite complex. It can form up to 30 side-branches on any
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one branch. It shows apices which turn into flowers and apices which stay gyegeta-

tive. It produces hundreds of easily countable and classifyable flowers. Branches

in various parts of the plant exhibit easily recognizable patterns of growth.
Flowering is presumably triggered by an environmental signal (short days). Fully
developed flowers appear first midway along the plant and susequently appear above
and below this point (ascending and descending flowering sequence). Aster forms its
organs at the apices of its shoots. Growth in length only takes place in a zone just

under the apex, growth in girth might take place anywhere.

We had to formulate first the minimum requirements for a meaningful model. A number
of characteristics of Aster are not relevant to our purpose. Therefore, we decided
to disregard phyllotaxis and shape and size of leaves. We regarded as essential to
the model: (1) the number and order of branches, and their positions, (2) the posi-
tions and time order of the appearance of floral buds, and their development, and
(3) the lengths of all internodes. We insisted‘that the computer model should show

the same features in these respects as the actual plant.

Characteristics of Aster novae-angliae

The features of Aster novae-angliae, limited to those which were under consideration

in the computer model, were as follows.

Figures 1 and 2 (all figures which are shown have been drawn by computer, as will be

described later) show a diagrammatic representation of a plant of Aster novae-angliae

growing in a garden in Huis ter Heide, The Netherlands, on 7 Sept. 1973. The inter-
nodes on the main branch (the O-order branch), and the branches of the main axis and
their "flowers” have been indicated {Aster plants have compound inflorescences typi-
cal of Compositae, where the smallest inflorescence units are the so called “heads”.
These we shall refer to as individual "flowers”). The internodes seem to decrease
gradually in length from base to apex. The 15 lower internodes bear no branches
(leaves are not shown in these figures). The first order branches increase suddenly
in length as function of their position on the main axis (from base up) and decrease

gradually after that. The plant does not seem to posess either purely descending or
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Fig. 1. Diagram of a plant of Aster novae-angliae on 7 Sept. 1973. The main axis
with its internodes, its side branches, and the apically born flowers (heads). The

symbols {§) denote the flowers, the size of the symbols show the state of their de-
2

velopment.
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purely ascending order of flowering, the most developed flowers are found on the

branches positioned midway along the main axis.

Figure 2 is an enlarged detail of the top part of Fig. 1. Here, all intermodes and
flowers, and to some extent the order of development of the flowers, have been indi-
cated. As on the O-order branch, it can be seen that the intermnodes of the higher
order branches decrease in length gradually from base to apex. The lower placed
branckes on any branch, have shorter internodes than their mother branch above the
ranching point, the higher placed branches have internode lengths equal to their

mother branch above the branching point.

The first order branches seem to be able to grow faster than the O-order branch:
starting with the longest first order branch, they show about twice as many inter-
nodes as the corresponding parts of the O-order branch above the branching points.
This phenomenon appeared to be repeated in the higher order branches. The O-order
branch had 15 branchless internodes, the higher order branches showed always less
branchless internodes, frequently exactly 3, while the branches nearest to the base
often had the highest number of branchless internodes and the ones nearest to the
top the lowest. In total numbers this plant had on that date: 25 first order bran~
ches, 125 second order branches, 200 third order branches, 10 fourth order branches
and no fifth order branches. Other plants frequently show more branches, as well as

fifth and even sixth order branches.

The flowering order which consists of flower development starting midway along the
first order branches, was also encountered in the higher order branches. However,
the topmost flower of a certain branch was nearly always further developed than the
flowers of the side branches of that branch. We noticed that the larger a plant had
grown or the longer a particular branch had become, the less developed was the apex
of that plant or branch as compared to some of the flowers on its side-branches. In
our plant this was visible in the complete absence of a flower at the top of the

main axis.

On 26 Sept. 1973, we observed again the same plant represented in Figs. 1 and 2. We
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took new measurements of some branches and noticed that several branches had conti-
nued to grow, while others had not. It appeared that the branches nearest to the
top of their mother branch had grown more than the branches nearest to the base.
This phenomenon was strongest near the top of the plant. The flower dew
velopment had also most strongly proceeded at the top of the plant and on the
branches positioned nearest to the top of their mother biranches. The data we had
gathered about the lengths of the internodes were not complete enough to elaborate
them in a new figure. We had gathered, however, all the necessary data of the flo-
wers of the plant. Figure 3, therefore, which is identical to Fig. 2 except for the
flower development, shows all floral buds and flowers of the plant at the later
stage. A number of flowers had already formed plumed fruits (d}) and it was diffi-
cult to assign flowering stages to them. One flower, however, had lost its fruits
and therefore could definitely be classified as being the most developed flower. All

the other plumed fruits were classified equally as second in the flowering order.

The computer model

As mentioned before, Baker and Herman (18, 19, 20) and Liu (21) designed a computer
program, called CELIA, to process strings in the way L-systems do. The first version
of CELIA was followed by a second, more extensive, version (22), which we used in
our model. CELIA consists of a main program which can be instructed by a total num-
ber of 16 fixed control and data cards and by several user-written subroutines. We
wrote the developmental rules for the model in the (user-written) DELTA subroutine.
We found inspiration for the formulation of the rules for our model in the work of
Cohen {23). As "cells™ or "units" in the sense of L-systems we took already mentio-
ned segments of the plant: internodes, apices, lateral buds, and first internodes on
a branch. We instructed CELIA by the control card MODEL to process outf organism as a
branching < 1,0 > L-system. This latter system is a branching system in which the
information for a cell only comes from its own state and that of its first neighbour
on the left. The first internode of a branch receives its left neighbour information
from the internode on the motheﬁbranch which bears the branch in question. The

strings were written out in the conventional way, that is, the shoot apex at the
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right and the base at the left. We introduced four attributes per unit. For the
sake of convenience, a unit with its attributes was placed between sharp brackets.
The four attributes were, in order of appearance: TYPE, FORS, LONG,and BUIK (the

whole unit abbreviated as < T, F, L, B >}.

The variable TYPE can have only three values: 1, standing for an apex or flower; 3,
standing for an internode; and 6, standing for a later@l bud or for a first inter-

node on a branch.

FORS is a variable applicable to apices or internodes (it can have values greater
than or equal to -2). The PORS value of an apex is simply equal to the number of
internodes which were produced by that apex {from the stage of a lateral bud on).
The FORS value of an internode is equal to twice the number of internodes produced
above it on that branch. The fact that an internode keeps account of the number of
internodes produced above it does not necessarily mean that we have here to do with
long range communication between parts of a branch. An internode can simply measure
the time since its production and the degree of inhibition applicable to that branch
and compute from that at any time the number of internodes which have arisen above
it. Using twice the number of internodes in FORS is due to our wish to let the
growth function of internodes look more realistic, as we shall show later. The nega-
tive values for the number of plastochrones were introduced for practical program-

ming reasons, they had no further significance.

The variable LONG can only have values greater than or equal to zero. It stands for
the initially determined length of the mother branch of the particular bud or inter-

node. Its value has to do with the degree of inhibitiom.

We let our plant grow (expand) until a certain stage, at which stage we switch the
set of rules. This switch)called "table-switch', is meant to represent the change

from vegetative to flowering conditions in the whole plant.

Outside the scope of the table < 1,0 > L-system we make information available

concerning the length and inhibition of the branch and of its mother branch. We
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will argue that this extra information can be deduced to one-step-at-a-time left~
sided information transmission, so that it could be fitted into a table < 1,0 >

. . not
L-system, if we so desired. We will explain later why we thought it was/convenient

to do that.

The core of the model:productiodrules

The most important differences in the rules for the units are based on their first

attribute, their TYPE. Therefore we classify the rules according to their TYPE.

A unit (internode or apex) is represented by a quadruple of attributes,

<T, F, L, B >. L(L1) designates the value of the attribute LONG of the left meigh-
bour of a unit. The rules which specify how certain quadruples change to other qua-
druples are shown below. For certain combinations of attributesthe same rule is
used under both vegetative and floral environmental conditions. For other combina-
t-ions, the rule which is applicable depends on the environment (vegetative or flo-
ral condition). The term "int (¥)" indicates the integer portion of the value of the

variable F (the lower entire of F).

TYPE 3

1. If F is greater than or equal to 6 then

<3 F,L,B> —» <3, F, L, B>

This rule states that an internode unit is fully grown when the value of its

variable FORS (the number of plastochrones) is greater than or equal to 6.

2. 1f F is smaller than 6 and int (F) is equal to int (F + 2K) then

<3 F,L,B> -3 <3, F+ 2, L, B>

This states that an internode unit does not grow (does not increase the value of its
variable LONG), but just increases the value of its plastochrone number (the value
of the variable FORS) with twice the value of the variable K (the degree of inhibi-
tion - the behaviour of which will be explained later -), whenever the value of its

variable FORS is smaller than 6 and the value of the lowéer entire of its variable



F is equal to the value of F + 2ZK.

3. If F is smaller than 6 and int (F) is smaller than int (F + 2K) thenm

<3, F, L, B> => <3, int(F) + 1, L + LX(int(F) + 1L - 0.15(int(F)+1¥ ), B >.
This states that an internode unit grows and at the same time increases its plasto-
chrone: number whenever the value of its variable FORS is smaller than 6 and the
value of the lower entire of its variable FORS is smaller than the value of

FORS + 2K. The new length of the internode becomes LONG + LONG x (in{(FORS) + 1 -

- 0.15 (int(FORS) + 1)®), which can also be written as X=X, gt xt_l(t -0.15t2),

t
where x, is the length of the internode at time t and t is the plastochrone number
(0<t<6 ). This formula provides an S-shaped growth curve for the internodes,
the derivation of which shall be given later. The new plastochrone number of the
internode unit becomes int(FORS) + 1 and not (FORS + 2K) as in the preceding
rule. This is in order to make it impossible to let the increase of the plastochrone
number amount t more than one integer unit, for this would mean that the growth

formula for an internode possibly would not be applied at every integer unit, lea-

ding to false results.

TYPE 6
4. If F is greater than or equal to 6 then
<6, F, L, B>-»<6, F, L, B >,

Similar to Rule 1.

5. 1f F is smaller than 6 and int(F) is equal to int(F + 2K) then
<6, F,L,B>—2<6, F+2K, L, B >

Similar to Rule 2.

6. If F is smaller than 6 and int(F) is smaller than int(F + 2K) then
<6, F, L, B >-3<6, int(F) + 1, L + Lx (int(F) + 1 ~ 0.15 (int(F) + 1)), B >.

Similar to Rule 3.



35

TYPE 1

7. If int(F) is equal to int(F + K) then

<1l], F, L, B>-3»<1, F+K, L, B >.

This rule states that an apical unit does not give rise to new organs, but just
increases the value of its plastochrone variable by the value of K (the degree of
inhibition), whenever the value of the lower entire of its variable FORS is equal

to the value of the lower entire of FORS plus K.

8. If int(F) is smaller than int{F + K) then

<1, F, L, B >< 3,~-1, L(L1)x 0.9, B> (+ < 6,-2, L(L1), A> )< 1, F+K, L, B >.
We state here that an apical unit gives rise to a lateral bud and to an internode,
whenever the value of the lower entire of its variable F is smaller than the value
of the lower enire of F + K. The unit standing for the lateral bud is placed be-
tween parentheses and colons as follows: (:+<6, F, L, B>t ). The apex in-
creases the value of ifs plastochrone number (FORS) by X {the degree of inhibition),
as in Rule 7. The newly formed lateral bud gets a FORS value of -Z. The value for
the length (LONG) of the newly formed lateral bud is equal to the length of the
first internode on the left. The lateral bud, therefore, will have the length of
the internode, which is going to bear the new branch (Rule 9). The value for the
variable BULK of the newly formed lateral bud is equal to the value of A, which is
the length of the mother branch of the lateral bud. The behaviour of the variables
BULK and A will be explained later. The newly formed internode gets a FORS value

of -1. This negative value for the plastochrone number ensures that it will take at
least two iterations before the newly formed internode will grow {see the formula
given in Rule 3). In the meantime it is very easy to determine the initial length
of the next internode which will be formed on the same branch, because the initial
length of the previously formed internode on the branch’is still gvailable. The
LONG value of the newly formed internode is equal to the length of the first inter-
node on the left, multiplied by 0.9. This ensures that the length of the newly

formed internode will be somewhat smaller than the length of the previously formed
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internode on that branch.

TYPE 6
9. If F is equal to -2 then

<6, F, L, B >=<6, -1, 1®B, B >< 1, 0, 0, B >.
A

This rule states that a lateral bud unit (with FORS equal to -2) develops into a
first internode on a branch and into an apex. The FORS value of the newly formed
first intermode on this branch is equal to -1 (see Rule 8). The value for the length
(LONG) of the newly formed first internode is equal to LONG x BUIK, divided by A
(the length of the mother branch from base to branching point). Since the variable
BULK is equal to the length of the mother branch of the time when the lateral bud

is formed (see Rule 8), BULK divided by A implies that the initial length for the
newly formed internode depends on the increase in the degree of inhibition (an ex-
planation of this will be given later) which has taken place since the formation of
the lateral bud. The FORS and LONG values of the newly formed apex are set equal to

zZero.

TYPE 1

10, If L + EE§YE— is greater than or equal to 4, then

<1, F, L, B>—3<l, F, L+ EXX g5
1o

An gpical unit is considered to be a flower whenever its LONG value is greater than
or equal to
/4. The value for the plastochrone number of a flower does not increase anymore. The
LONG value of this unit now indicates its flowering state. According to the rule,
LONG increases by FORS x K divided by 10. The derivation of this formula shall be
given later. Under floral induction, the apices also loose gradually their ability
to give rise to internodes and to lateral buds, as a consequence of this rule.
11. If L + EX X i5 smaller than 4 and int(F) is equal to int(F + K) then

1o

<1, F, L, B>»<1, F+K, L+ E%K 5>
10
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As Rule 7, this rule also states that an apical unit does not give rise to new or-
gans whenever the value of F x K divided by 10 is smaller than 4 and the value of
the lower entire of the variable F is equal to the value of the lower entire of
F + K. The FORS value of the apex is increased by K (see Rule 7).
12. 1f L+ ¥ XX 5 smaller than 4 and int(F) is smaller than int(F + K ) then

10

<1, F, L, B >3< 3,-1, L(L1) % 0.9, B > (& < 6,-2, L(L1), A > :) < 1,F+K,L+I~K p>,
1o

Here we state tha¥ an apicalwmit gives rise to a lateral bud and to a new interncde
(see Rule 8), whenever the condition of the rule holds. The value for all variables
of the apex, the newly formed lateral bud and the internode are equal to the values

given for these variables in Rules 8 and 11l.

TYPE 6

13. If ¥ is equal to -2 then

<6, F, L, B>=><6, F, L, B >.

This states that a lateral bud unit does not develop any further if the plant is
under flowering condition. This rule prevents the formation of new branches (Rule 9)
when the plant has come under flowering conditions. This restriction is not necessa-
ry for the construction of the model. It ensures that the model plant does not be-

come too extensive, which is convenient from the viewpoint of computer processing.

Extra information

Variable A is the sum of the lengths of the intermodes of a certain branch and
variable K is the degree of inhibition of that branch. We have built a common block
of information into the CELIA main program and into the DELTA subroutine. This com-
mon block makes it possible to assign to each unit < T, F, L, B > a value for A
and a value for K. The computation of A and K at every computing step proceeds from

left to right along the filament.

14. If a unit is encountered which is of TYPE 6 and its F value is equal to -2, then

the variables A and K assigned to it have the same value which they have in the pre-
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vious unit lying on the mother branch. In other words, the values for A and K are
not affected by the encounter of a lateral bud as the computation proceeds along

the filament.

15. If a unit is encountered with TYPE 6 and an F value which is not equal to -2,
then an A value is assigned to this unit equal to the length {LONG) of the first
internode on this branch. Further, we assign a value for K equal to the K value of
the mother branch times twice the value of BULK, divided by the length of the
mother branch from its base to the branching point. (The values for K are always
greater than or equal to zero. A value for K of zero stands for complete inhibition,
values for K greater than 1 stand for negative inhibition. The main axis always has
a X value of 1). In other words, A takes as its value the value of the length of
the first internode of that branch, and K determines the degree of inhibition for
the branch according to the given formula. The derivation of this formula shall be

given later.

16. If a unit is encountered of TYPE 3 or of TYPE 1, then the value of the variable
K stays the same as in the previous unit, and the value for the variable A is in~
creased by the length of this unit. In other words, the degree of inhibition () for
the branch is not affected while the sum of the lemgths of the internodes of the
branch (A) is increased by the value of the length of the internode we are looking
at. When the end of a branch is reached (when a unit of TYPE 1 has been processed),
the degree of inhibition (K) and the length of the branch (A) are not carried on

any further.

The drawing program

A computer program was also written in order to draw diagrams based on the CELIA
output. We used this program to make diagrams of the actual plant as well, where
we indicated the lengths of all internodes and the floral states of the apices. The
computer program drew the first side branch of a certain branch always at the left
hand side and all following side branches alternately to the right and to the left.

We had an option in the program for the angles of the branches. In the pictures we
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allowed the first order branches to make angles of 70 degrees with the main axis,

the second order branches to make angles of 30 degrees with the first order branches,
and the third and higher order branches to make angles of 20 degrees with their
mother branches. The value of the variable LONG of the apices in the model deter-
mined the size of the flower (¥ ). If the value of the variable LONG was greater
than 10, we considered the flower to have formed fruits (€8 ). The numbersnext to

the flowers were handdrawn and give the time order of development of the flowers

(according to the value of the variable LONG).

The computations and drawings were carried out by a CDC 6400 { CYBER 73 ) computer

at the University of Utrecht.

Results

Starting with an initial filament of two units <6, -1, 0.9, 0.5> <1, 1.0, 0, 0>
we expanded the filament for 45 iterations. We let the table-switch from vegetative
to floral condition occur at iteration 3%5. The computer drawing program supplied us
with the drawings of the filaments at iteratioms 5, 15, 25, 35, 40 and 45. The
drawings are collected in Figs. 4, 5, 6, and 7. The drawings of the filament at
iteration 40 and 45 (Figs. 6 and 7) may be compared with the drawings of the actual
plant {Figs. 1, 2 and 3). Comparison with Fig. 1 shows that the computer output does
not have the same general appearance as the actu@i plant. This was mainly due to the
absence in the computer model of the long stretch of branchless internodes at the
base of the main axis. As we pointed out before, the main axis of the real plant

has at its base a part which is quite different in appearance from any higher order
branch. When we were building our model we discovered that we could only include
this characteristics of the main axis if we adopted a special set of rules for the
first part of the development of the plant. This seemed to us unnecessary for our
model, so we confined ourselves to building a model of the actual plant without the
basal part of the main axis. Our output, therefore, can only be compared with Figs.
2 and 3. Figure 6 is a drawing of the model plant at about the same stage of deve-

lopment as the actual plant in Fig. 2. The two figures can be matched to a
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Fig. 4. Diagrams of the early stages of the model plant at iteratioms 5, 15 and 25.
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Fig. 5. Diagram of the model plant at the moment of the table-switch from vege-

tative to flowering condition at iteration 35.
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Fig. 6. Diagram of the model plant at iteration 40. (This Figure may be compared

with Fig. 2)
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considerable extent.The model plant is somewhat smaller than the real plant, but
keeping it smaller was more practicgl for the computer simulation. If we had post-
poned the table-switch by another 10 iterations, the model plant would have been
just as extensive as the actual plant (as we have tested it in some additional si-
mulations). The strictly regular appearance of our model plant is not entirely rea-
L.istic, namely with respect to the lengths of the internodes, where the higher
positioned internodes were always smaller than their preceding ones, and with res-
pect to the lengths of the branches which increased after a certain point to a
maximum and decreased very regularly afterwards. These aspects of the model plant
are the results of exclusively deterministic values for the constants in the rules;
with stochastic values we could introduce more variation into the model. Figs. 4
and 5 could not be compared with the figures of the actual plant, because we did
not observe its comparative stages. The figures show how the computer model deve-
loped from the initial filament to the stage where it can be compared. Fig. 7 on
the other hand, was produced in order to show the progress in the development of
the model plant and should be compared with Fig. 3 {except that Fig. 3 is only ac-

curate for floral stages and not for internode lengths at that date of observation).

Discussion: The computer model vs. the actual plant

The rules and notions in our model had to satisfy the following demands: they had
to be able to produce the desired pattern, they had to be physiologically reasonable
they had to produce stable, but adaptable patterns, which were flexible encugh to
account for variations in the plants of Aster novae-angliae (and even in related

species).

The first attribute in our model, TYPE, is assumed to represent the more or less
permanently differentiated character of the units which constitute the plant. Clear-
ly, meristematic apices, internodes and flowers (or inflorescences) are both morpho-
logically and developmentally distinct plant organs. We have distinguished between
the apices which are bornm at the tips of branches, and those which are in a lateral

position. This distinction was necessary in order to be able to control the further
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Fig. 7. Diagram of the model plant at iteration 45. (This Figure may be compared

with Fig. 3).
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growth of the branch which originates from a lateral bud, by assigning it a certain
BUIK value. We also distinguished between first internodes of branches and later
internodes, for the reason that the degree of inhibition for a branch {K) can be
determined for the whole branch by using a special formula for the first internode
of the branch. This procedure was adopted here for our convenience, another model

could easily be constructed without distinction between first and lateral internodes.

Formally, we used only three symbols for designating the TYPE of a unit, namely 1,
3,and 6. The symbol 1 was used to designate apices in terminal positions as well as
flowers (no confusion arises from having the same symbols used in these two sense).
The symbol 3 was used for internodes, other than first internodes of a branch. The

symbol & was used to designate lateral buds or first internodes of branches.

The following state transition diagram shows the possible transitions among the dif-

ferentiated states of organs.

>
e

first internode

Often other differentiated units may also be recognized. Nozeran, Bancilhon and

Neville (5) for example show that at the beginning of the development of the main

axis of Phyllanthus amarus another kind of differentiation may take place. The
organs formed during this differentiation, when isolated, kept different potentia-

lities. We remarked alréady, that the basal part of Aster novae-angliase behaved dif-
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ferently from the rest of the plant. This could in our model only be reflected if
we would have applied a separate set of rules for the formation of this part of the
plant. Apart from the basal part, the main axis was in one more aspect different
from the rest of the plant (which is often observed in higher plants) : Its apex
sometimes did not form a flower (Figs. 2 and 3). According to our set of rules it
would always form a flower, although not necessarily the most vigo rous one (Figs.

5 and 6).

The question arises whether this plant could be simulated by a developmental system
in which mo interactions take place among the constituent parts (as in a < 0,0 >
L-system). But then for every lateral bud and its resulting branch there would have
to be a different sequence of states, because for every branch the slowing down of
its growth seemed to be different and dependent on its position in the plant. There-
fore, only interacting systems seemed to be suitable for the simulation of Aster. In
addition, we decided to use a table-switch, because we have seen plants of many dif-
ferent sizes in flowering condition which indicates that the production of the flo-
wering stimulus is not internally regulated. Furthermore, a table-switch is physio-

logically well defendable because of the well-known "short-day" induction mechanism.

We first thought of using a table < 1,1 > L-system. This is an interacting system
with tables in which the next state of a unit is determined by its own state, by the
state of its first neighbour on the left, and by the state of its first neighbour on
the right. This Kind of developmental control could be natural from a physiological
point of view, namely involving both apical dominance and basal information about
the extent of growth. But we decided to try first the simpler system with basal
information only. It proved possible to build a model exclusively using basal infor-
mation, represented by our table < 1,0 > L-system. Further work might prove inter-

esting on the construction of a model with both basal and apical information.

Development with interaction can be modelled not only by < 1,1 > L-systems but also
by < k,£ > L-sysjems, where each cell is influenced by k left and £ right neighbours.

Since < k,4 > L-systems can be programmed in CELIA {22), they could provide an
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opportunity to speed up the flow of information through a filament. The advantages,
however, are limited. The rules become much more complicated. We found it easier to
introduce common blocks of information in the CELIA program and in the DELTA sub-
routine rather than to make use of information arriving faster from more distant

neighbours.

The slowing down of growth (or inhibition) of branches as function of their position
had to be provided by interaction rules. It was not easy to formulate these rules.
We cannot claim that the rules we adopted are the rules which the plant uses. The
interaction rules must be of the following kind: First, inhibition must become
stranger the further the branching points are left behind the apical meristem which
split them off; this relationship is, however, not linear with distance, but is
dependent on the size of the whole branch. Secondly, the existing inhibition in a
certain branch has to govern the inhibition of its side branches. And thirdly, the
side branches near the top of a long branch have to be negatively inhibited, in
other words, they had to grow faster than their mother branch, with a factor up to

twice.

The first property could only be built into our rules by a rather complicated pro-
cess. This process involves in the first internode an imprinting (Rules 8 and 12)

of the length of its mother branch at the time that the lateral bud is formed {this
is stored in the value of the varisble BULK). In addition, the rules specify (Rule
15) that the first internode of a branch must keep a measure at all times of the
length of its mother branch (from its base to the branching point). And finally,

the rules state (Rule 15) that the first internode of a branch must compute the
degree of its inhibition from the two previous pieces of information, by dividing
the imprinted original length by the new length of the mother branch. This process
may be hard to envisage, but it produces the required property and all other methods
that we could think of involve far more complicated rules. We got the idea of having
an imprinted original length of the mother branch from Sell (15, 16). He demonstrated

that buds after isolation showed a different rate of development, depending on their
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previous position on their mother branch. This implied the imprint of some kind of

message.

The second property, that the inhibition of a side branch is controlled by the in-
hibition of the mother branch, could very easily be built into our rules. This was
done by multiplying the inhibition of a particular branch by the inhibition of its

mother branch (Rule 15).

The third property, of negative inhibition, could also be easily built into the
rules, namely by multiplying the inhibition of any side branch by the factor of

two (Rule 15).

Because the growth of the internodes exert an effect on the inhibition of their
branches it appears to be important to have a realistic time course for intermnode
growth. From data in the literature (16) we found that full growth of internodes in

Coleus takes about 5-7 plastochrone units. Aster novae-angliae may not be much dif-

ferent. More exact data on intermode growth, however, were unobtainable. Therefore
we compared the 5-7 plastochrone time-units of Coleus with the data of root growth
of Zea mays {24). This comparison gives us an indication of the order of length

increase which takes place in internodes per time-unit. We obtained a formula which
in the case of Zea mays root would push a newly formed internode in 6 plastochrone

time-units out of the growth zone 1 X =x Ry {(t-o0.15 t2), where x, the

-1
length of the internode at time t and t is expressed in plastochrone time-units

{ 0<t<6 ). We are fully aware that this formula is rather arbitrary for the

internode growth of shoots of Aster, but it proved to be adequate (Rules 3 and 6).

Apart from considering the growth rates of internodes we must also deal with diffe-
rent final sizes of intermodes throughout the plant. It appeared that the rules must
satisfy the following requirements:

First, a certain apex, which gives rise to internodes, must gradually give rise to
smaller internodes. Secondly, internodes on a strongly inhibited branch must be

smaller than the internodes on the mother branch above the branching point, while
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not heavily inhibited branches must have internodes of the same size as the mother

braunch.

The first requirement could be satisfied by letting a newly formed internode be 0.9
times the length of the preceding internode on that branch {Rule 8). The second re-
quirement is satisfied by letting the size of the first intermode and consequently
all following internodes on a new branch depend upon the inhibition exerted at the
time of formation (Rule 9). These rules were simple enough and possibly physiologi-

cally defendable.

The last phenomenon, which has to be regulated by the rules, is the process of flo-
wering. The rules for this process must satisfy the following requirements® First,
the apices must develop in a particular time sequence dependent on their position
in the plant. Secondly, after some time the process has to proceed faster in the
higher positioned apices than in the lower positioned ones. Thirdly, the plant must

continue to grow after floral induction.

It proved to be possible to satisfy all three requirements based on a principle we
call "vigour" (Rules 10, 11, 12). We define "vigour" of a certain apex as the number
of plastochrone-units that apex has gone through, multiplied by its inhibition. In
the real plant there is an observable connection between branch growth and flower
development. Therefore, the parameter "vigour" connects these two in the model.

Thanks to repeated observations of a plant of Aster novae-angliae (Figs. 2 and 3,

and explanatory text) it was possible to estimate the developmental speed of the
flowers against the continuing vegetative growth of the plant. This resulted in the

formula for the attribute LONG (as in Rule 10}.

As growth continues, "vigour" changes, and it changes in such a way that higher
positioned apices in the plant benefit more from it than lower positioned ones. The
principle of "vigour", therefore, works so well in our model, that it would not be
surprising if the real plants control the development of their flowers in this way.
Side branches near to the top of a large branch often bear more developed flowers

than the mother branch. This is possible in our model, because the increase in
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vyigour" ig related to the rate of growth of the branch, and branches near to the
apex of a large branch can be negatively inhibited up to a factor of two. This means
that the "vigour" of those branches can become larger than the vvigour" of their
mother branch and consequently that the developmental rate of their flowers is

higher than the developmental rate of the flower of the mother branch.

Finally we should require that the model be stable and flexible. In the course of
our computer work we tried a variety of values for the constants in the formulas.
These provided us with some insight in the stability of the model. Puture work with
stochastic variables might yield more stable models. The flexibility of the model
could be tested by investigating the rules for their creative power, i.e., their

power to simulate patterns of growth and flowering in related species.
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ADDING CONTINUOUS COMPONENTS TO L~SYSTEMS

A. LINDENMAYER
Theoretical Biology Group, University of Utrecht
Heidelberglaan 2, Utrecht, Netherlands

Summary
Constructions are shown for cellular developmental models with continuous parameters,
such as concentration of nutrients or inhibitors, size and age of cells or compart-
ments. It is proposed that we can make use of some of the L-system results for these
continuous component models.
Introduction
Developmental descriptions with the help of L-systems are based on discrete symbols
which stand for discrete states of cells. In accordance with our present-day under-
s_tanding of cellular processes, the ''state of a cell'" at any time is assumed to
consist of the "state of the genome" and of the "state of the cytoplasm" at that
time. By the "state of the genome" we mean the configuration of active and inactive
genes at that time. The genes being discrete entities which are either repressed or
not at any one time, the combination of active genes forms a naturally discrete
"genomic state". Nevertheless, if the number of genes n involved in developmental
regulation were large, then the number of possible combinations of active ones, 2n,
could be ummanageable. This, however, does nmot seem to be the case in the develop-
mental processes investigated so far, not more than a handful of genes being at
most implicated in each case.
But the "cytoplasmic states" are an entirely different matter. The cytoplasm con-
sists of thousands of different proteins, nucleic acids, metabolites, and other com-
pounds, each at continuously varying concentrations. Most of these materials are ne-
cessary for the normal functioning of the cell and are not involved in developmental

regulations. Again, the number of those sompounds which are developmentally impor-
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tant, such as growth hormones, inducers, cell division regulators and the like, is
probably small., Nevertheless, their diffusion and reaction rates must be taken into
account, as well as their comcentrations, in order to compute their effect on va-
rious cells. Ever since the constructions of A.M. Turing's diffusion-reaction model
for morphogenesisi a considerable number of developmental models have been published
with computer instructions and partly based on the production, diffusion, and decom-
position of morphogenetically active compounds (morphogensff Among these we may
mention the models of D. Coheﬁafor branching structures, of D.A. Ede and J.T. Law®
for the early development of chick limbs, of C.P. Raven and J.J. Bezeﬁ*for the de-
velopment of snail embryos, of A.H. Veen and A. Lindenmayer® for leaf position deter-
mination on shoot apices, and of Baker and Herman‘ for heterocyst initiation in
blue-green glgae. Only the last of these models has to do with simple (unbranched)
filaments of cells, so we chose it as the first example to introduce our ideas.

What we propose to show is how developmental models with both discrete genomic and
continuous cytoplasmic states can be expressed as counterparts of L-systems, and
that in fact these new systems represent a useful extension of the original concepts
with the hope that the results and insights gained on L-systems will carry over to
them.

The correspondence between "dynamic" systems {described by differential equations)
and discrete algorithmic systems, with reference to diffusion-reaction mechamisms,

has recently been commented upon by H.M. Martinez and R.M. Baer "discreteness can

Since the references are mostly to biological papers, we deviate from the

format of this volume and list the references at the end of the article.
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also be dynamic. It can correspond to the steady states of a physical system main-
tained far from thermodynamic equilibrium (a dissipative structure). One is accor~
dingly tempted to view this dynamic discreteness as the essential ingredient of any

biological process at the cellular level having a programmed nature”.

For a more detailed biological justification of L-systems see my reviewt and

my chapter in the book of Herman and Rozenberg? . For formal definitions and re-
10

sults see Salomaa's chapter on Lindenmayer—systems) and the rest of the above

m entioned book.

Heterocyst initiation in growing algal filaments of Anabaena

In order to account for the differentiation of heterocysts at more or less regular
intervals (every 10 cells or so) in growing filaments of the blue-green alga
Anabaena, Baker and Hermané made the following assumptions {which are widely ac-
cepted by biologists).

The heterocysts produce an inhibitor which diffuses along the filament, and into the
surrounding medium as well. A cell in which the inhibitor concentration falls below
a certain threshold value turns into a heterocyst, and starts producing the inhibi~
tor. Cells which are inhibited from turning into a heterocyst {vegetative cells)

can divide upon reaching a certain age.

Diffusion of the inhibitor is governed by the equation

B = K (L-c)tk(r-c)tk(e-c)
At

where ¢ is the concentration of inhibitor in the cell under comsideration, £, r and
e are concentrations of inhibitor inm the left and right mneighbour cells, and in the

environment. From this equation we get

N = kAt (B + T + e - Bc).
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Assuming for the present that e = o, and choosing (footnote 1) %__— as the value of

k.At, we have then the formula
-1
Ac -z(l +t - 3c)

which was used in the simulation of Baker and Hermam6 . The fact that e = o means
that each cell of the filament continually looses inhibitor to the environment. This
is why the inhibitor concentration does not keep increasing in the filament as
would be expected since the heterocysts keep producing the inhibitor.
and Herman andliu®®
The simulation was carried out by the program CELIA which Baker and Herman" AcOn-
structed for gemerating cellular one-dimensional growing array%® In the program the
state of each cell consists of a certain number of attributes. The next state of

the cell, or - if it divides - of its daughter cells, is determined by its present
state, and possibly also by the states of its left and right neighbour cells. This
means that each attribute has to be computed at each time step for each cell. The

6 . . . . . .
instructions used by Baker and Herman in their first simulation in the paper.

can be given as follows (in a somewhat modified form):

Let w= (< -, x, -> <a, y, u> <-, 7z, ~ »be a cell-triple. Then
(1) ify>t and u > O then w=#< a, £ (%, v, 2}, (u - 1}>,
(2) if y<t and u > 0 then w=#<b, h, 0>,

1(}9’ O/O

o
><a, £(x, 9, z), S >,

i = £ 10
(3) if y>t and u=0 then w—>» < a, f (%, vy, zJ, Sﬁooo 000

Finally,let

(4) <b, h, 0> = <b, h, 0 >.

The attributes of each cell are shown between sharp brackets. The first attribute

Footnote 1. The diffusion rate constant k is taken here to be the same between cells
along the filament, and between cells and the environment. This obviously is a gross
simplification. The choice of the value z for k.At has the consequence that if the
length of the time step At can be estimated from other data then k can also be esti-
mated. Baker and Herman considered At ® 10 sec. a valid estimate from life cycle
data, which gives then k = 0.025 sec” ! as the estimate for the diffusion rate con-
stant, a rather high rate.
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of a cell has only two values, a or b, standing for vegetative cells and heterocysts,
respectively. The second attribute is the concentration of the inhibitor, and the
third attribute is the age of the cell. The first instruction states that the center
cell in state < a, y, u >, with its left neighbour having an inhibitor concentration
X, its right neighbour an inhibitor concentration z, if y is greater than threshold
t and u > O,must go into a cell in state < a, £ (%, y, %), (v - 1) >. The function

f in this case comes from diffusion considerations and is assumed to be
1
f(x, ¥, 2) =Y+Z(X+z“ 3y)

by using the formula derived previously. The age of the cell is computed by sub-
tracting 1 from u at each step. Thus, as long as the imhibitor comcentration remains
in a cell above the threshold concentration t {chosen as t = 3 in this simulation),
the cell remains in the vegetative state a, its inhibitor concentration changes ac-
cording to the diffusion law, and its (reverse) age decreases by one.

The second instruction specifies that if y < t and u > O then the center cell turns
into a heterocyst (b), its inhibitor concentration goes to a constant value of h,
and its age to O. According to the fourth instruction, cells of this type remain
from then on in the same state.

The third instruction specifies a division of the cell < a, y, u > into two new celly

o
10 /0 s
° / stands for a stochasti-

o

each in the state <a, £ (x, v, 2), § >. The term Smo/o
8000 6000
cally chosen value of age from an integer set with average 6000 and standard devia-
tion of 100/0. This transformation takes place if y > t and u = 0, in other words,
when an inhibited vegetative cell reaches age 0.
The genomic states in this developmental system are clearly the states of the first
attribute of each cell, a and b, standing for its vegetative and heterocyst condi-
tion. The switch from one genomic state to another ( a=*b), and the decision for a
cell to divide (a-#aa) or not to divide {a—» a), are controlled by the two cyto-
plasmic attributes (inhibitor concentration and age) with respect to the two
threshold values {3 and 0). Once a cell is in state b, it remains so (b-=»b).

The simulation of Baker and Herman was successful in generating acceptable hetero-

cyst distributions along growing filaments. For practical reasons they allowed the
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inhibitor concentration in any cell to assume integer values only, those between O
and 999 (in the heterocysts the concentration was at the constant value h = 999).
The use of integer values did present some difficulties when the inhibitor concentra
tion in the environment had .to be varied (e > 0). As we have seen, the instructions
of this developmental system were, however, formulated with the help of the conti-
nuous function f ( x, y, z ) and its computations could be carried out to any de-
sired degree of accuracy.

The point we wish to make concerning this developmental system is that it could de~
monstrably be formulated in a mammer analogous to an L-system with twdsided inputs
(called a "ZL~system" or "< 1,1 >-system”) in spite of having continuous and
stochastic functions as components. Furthermore, the analogy of this model with L-
systems goes much deeper than just a common form of expression. For all practical
purposes the computation of the function £ { %, y, z ) would be carried out only to
some finite accuracy, which would mean that the concentration parameter would in
fact be discretized (just as Baker and Herman have done it). Any discretized para-
meter within finite bounds could be regarded as a finite set of states. Thus, al-
though we define the developmental system by a continuous function, we would in rea-
lity be working with a discrete state system, in other words, an L-system. The
stochastic aspect of the gbove instructionms could also, for most purposes, be re-
placed by non-deterministic ones.

Once we recognize that certain developmental systems with continuous and / or
stochastic components are fundamentally related to certain types of L-systems, the
results available for the latter become direétly or at least by amalogy applicable
to the former.

Unfortunately the theory of L-systems with interactions is not sufficiently strong
yet to provide many useable results concerning the behaviour or equivalence proper-
ties of such systems. The only theorems we might mention are those of Rozenbergﬁ
concerning the normal forms of L-systems with k left and £ right neighbours with in-
puts. He showed that for any k and £, the class of < k,# > L-languages is identical
with the class of < k+4-1,1 > L-languages, or with the class of < 1,k+£-1 > L-langua-

ges. Furthermore he proved the existence of a hierarchy of < k,4 > L-systems, in the
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sense that for every k and £ one can find a language which cannot be generated by a
< k,£ >L-system, but can be generated by a < k+1,£ >L-system. In a simulation, the
sizes of k and £ correspond to the rates at which active substances can travel along
a filament in one or another direction. Thus these results may have a bearing on

the simulation parameters chosen in a particular biological model.

The results on growth functions of L systems with interactionslqu‘ﬁd) may also
be eventually useful in answering questions concerning growth rates of filaments
when growth is regulated by a process involving interactions among the cells, such
as {possibly oriented) diffusion of hormones.

As more properties of L systems with interactions become known, more insights will

hopefully be gained of development governed by diffusion-reaction mechanisms, such

as the one concerning heterocyst differentiation discussed here.

Branching growth of barley roots

The situation concerning useable L-system results is quite different when we con-
sider developmental processes in which no interaction takes place among the units,
as illustrated in the following.

We take as basis of this example the mathematical description by CuHackett and D.
A. Rose'®of the development of the seminal root of barley. The essential features of
their description are: each root member grows at its apex by a constant rate, and
produces subapically branches at constant distances from each other. According to
their observations: "The development of the root system of barley . . . proceeds in
such a manner that relations between the total number, length, surface area and
volume of root members remain approximately constant during the vegetative stage of
growth. The existence of this property of root development implies that the plasti-
city of root form so evident to the eye is achieved within a framfyork of some re-

markably constant principles."
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In a simplified form, the description of Hackett and Rose consists of giving apical

growth rates v

0:V1sVp, -+ and branching densities 9,919, +++ for zero, first,

second, etc., order branches. Growth rates v, are given in terms of mm per day, and
branching densities q, are in terms of branches per mm. They derive approximations
of the total numbers and total lengths of first, second and third order branches as
functions of time, and attempt to show how these formulas can be fitted to observa-
tions by suitable choice of parameters (the v, and q; values).

Our purpose is to show that this developmental model can be expressed in a formalism
analogous to OL-systems, and that, in spite of the continuous parameters employed,

recurrence formulas can be found for the developmental sequence it generates (cf.17)

Let us assume the following interactionless production rules for all i > O:

(1) if x <1 then < a, x>=—¥<a, x+v, >
q i i i J)
i

1
(2) ifx>1 then < a;, x> —p<b, 1 <a,,,0>| <a;, x+v, -=>,
q. q: 4

i

(3) <b,x > —» <b,x > for all x>0,

Each cell in this case represents a root segment, either an apical segment (above
the highest branch), or an internodial segment (between two branches), or a basal
segment {below the lowest branch and the branching point). The square brackets in-
dicate branches, as in previous articles. The state of each segment consists of two
attributes. The first attribute has the value g;and b, standing for apical segments
and for intermodial or basal segments, respectively. The second attribute indicates
the length of the segment.

The first instruction determines that as long as the length of an apical segment on

an ith order branch is below the required distance between branches , the segment

1
9
should grow by an amount v,.
The second instruction states that once an apical segment on an ith branch exceeds
1
the required distance P it should produce a new branch of order ( i + 1 ) with
. 1 . .
zero length at a point - distance above the last branch. An intermnodial segment is
i

cut off this way in state < b,'a >, and a new apical segment is formed which re-
H

ceives the left over length of the original segment (which has been extended by vi).
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The third instruction shows that internodial segments do not grow or branch any
further.

For the sake of this simple example let us assume that for all i > 0, v, = v and

q,

; = 4. Consequently we also have a, = a. Let us chasignate%1 as r. The constants v

and r may take any positive real value. The term LXJ designates the lower integer
bound of x. The series of integers k,, k,, k , . . «, k;, « . . are defined as l;l,

2 3 i
s - I (- IS
v 4 2l T4 ’ e >

The following developmental sequence can then be obtained from the axiom < a, O>.

sa = < 3,0 >
8, = < a,v>
Sx = < a,2v >
Skl = < a,kyv >
sklﬂ = <b,r> [<2a,0>] <a, (k1+ v -1r>
Sk1+2 = <b,r> [Skl_glﬂ] < a, {kl +28)v-1r>
Sk2 = <b,r > [Skg"kl“lj <a, kv-r >
sk2+1 = < b,r > [Sx2~klﬂ <b, r> [<a,0>] <a, (k2+ 1) v - 2r >
sk2+2 = <b,r> [skg_klﬂ] < b,r > {skz_k’:u] < a, (kpt 2} v - 2r >
S, = <b,r >[s8, "'kr“l] <b,r >[s, eend <o ksv— 2r >
< 3 3 2
ska+1 = <b,r> [sk?)”kl ] <b,r> [sks"kg':\ <b,r > [< 8,0 >] <a, (k3 + 1) v - 3>
S’“s+2 : < b,r > [sks_klﬂ] < b,r > [Sks-kgﬂ] < b,r > [Sks-k3+1] <a,(k3+ 2)v - 3r>

It is not difficult to see that the following formulas can be obtained, for all in-

tegers i and m such that 1 > 1 and 0 <m < (k,, - k).

i=1

Sx, = 3 (<byr>{s, , |, 1) <a kyv-(i-1)r
j?l i-" 5=
ski+m = Jﬁ. ( <b,r> [Ski-kj—1+m 1) < a, (ky+ m)v - ir >

The ¥} operator in these formulas indicates concatenation of strings.



62

The length x of the apical segment (the right-most segment in each string) is always

such that 0 < x < r. This we can prove by recognizing that

tEEJ v < ir
v
for any r and v. Thus we also have
kv-(i-1)r<r

and (k, +m)v - dir <r
The above general formulas apply to strings produced at every step n such that
n >{§J)but they are actually not recurrence formulas, because the difference~terms
(k1+1 -k } and. the length-terms of the apical segments may keep changing in an ir-
regular fashion as i increases without bound. However, since in all practical
examples % is a finite fraction, both the difference-terms and the apical length-
terms must follow a cyclically repeating sequence. Thus, if for some r and v values
the cycles of terms are determined, we can also obtain true recurrence formulas for
these systems.
The availability of recurrence formulas for such continuous component systems is
clearly of great advantage. Among others, formulas for total numbers and lengths of
different orders of branches are then obtainable.
It is of some interest to ask in general what requirements must a developmental
system with continuous components fulfill in order to yield recurrence formulas. One
requirement is obvibusly that no interactions should take place among the units.
Another one seems to be that the numerical values which appear in the formulas should

remain between certain bounds.

Infloregcence development in Aster

Our third example of a developmental system with continuous components is that con-
structed by D. Frijters and A. Lindenmayer (in these Proceedings) for the growth and

flowering of Aster novae-angliae. This developmental process combines certain as-

pects of both of our previous examples: branching filamentous growth (as im the root)
as well as differentiating structures (like the heterocysts) are involved in it. A

new aspect of this process is that an environmentally triggered major change occurs
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in the course of development: a change from vegetative to flowering condition takes
place when the lengths of days under which the plants are growing get shorter than
a certain critical value. Asters are namely "short-day" plants, they are induced to
flower only when day-length falls below about 10 hours, in late August at our lati-
tude. This major change in developmental program is presented in the form of two
tables of instructions, one for vegetative and ome for floral development.
Four attributes are used for each segment of the plant. The first attribute {again
the controlling genomic attribute) has three values in this case: 1 for apical seg-
or flowers
mentg, 3 for internodial segments, and 6 for lateral buds or Ffor-
basal segments ). The second attribute is a biological age parameter (called here
"number of plastochrones"; related to the plastochrone index of R.O.
Erickson and F.3. Michelini ¥, The third attribute is segment length, just as in
the case of root segments. The fourth attribute is "bulk”, interpreted as "assimi-
late intake-capacity”, and having a role similar to the inhibitor concentration in
the blue-green algal model.
In addition to these four "local" or "cellular" attributes, two other atributes, A
and K, are also computed for each segment. A is computed as the sum of the lengths
of the segments from the nearest branching point to the internodial segment under
consideration. K is a variable standing for an inhibition value controlled by the
"bulk"” value of the first internode on a branch. The value of E thus represents an
inhibitory effect imposed on a whole branch depending on the position of the branch.
Sets of instructions are given for both vegetative and floral conditions. Some of
the instructions take into account not only the attributes of the segment itself
which is being computed, but also those of its nearest left neighbour segment. These

two properties of the model, having two 'tables" of instructioms, and taking the
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left neighbours into account, would make it a T lL-system with continuous components,
were it not for the fact that the variables A and X are not locally computed . This
feature of the model is, however, not essential, A and K values could be carried
along as two additional attributes for each segment. This would make the computation
less efficient, however.

Assuming that we are dealing here with a continuous counterpart of a T 1L-system, we
can make use of the recent results concerning those systems {cf. Lee and

Rozenberg“l

L-systems with continuous components

We have discussed three examples of developmental descriptions with continuous para-
meters, the first one a counterpart of a non-deterministic 2L-system, the second one
of a deterministic OL-system, and the third one of a deterministic TlL-system (all

of them were propagating systems, i.e., without cell death). We might ask what pro-
perties, in general, would be requived, from a biological point of view, of L-systems
with continuous components.

First, let us consider interactionless L-systems (OL-and TOL-systems) with continu-
ous components. We could formulate deterministic production rules in the following

completely general form:

<ayy ay, eeey a, >F<E (a, eeny 8 ), £, (a3, cee, a)), eeey £ (8, een, 8 ) >

if no division takes place, or

<a;, 855 =05 &y >—=» < d; {fl(al) LR an>); ey dn(fn (31; LER Y an)) > m-
1times

<d; (£{a, «evy a)), «on, a (£ (a, +-0, a)) > ... j

n
ce<dy (£ (a;, e, an)), cees d (£ (a5 +evy a)) >

n n

if division takes place. We let here each cell have n attributes; we allow each
attribute to influence the values of all the attributes at each computation step by
specifying the functions £;, f,, . . ., £ ,; and, finally, when a cell divides into

m new cells, we introduce distribution functioms d,, d

>+« +, d  to distribute the

new values of the attributes over the newly produced cells.

We are thus proposing here a next-state function F = (f;, £

s+« +y £.) and a dis-

tribution function D = (d,, d e, dn) such that for each i, 1 < i < n, f, is a

2? 1
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mapping from A" into A, and d, is a mapping from A into A" , where A is the set of
values over which the functions range. We have thus

F:A"x A" —» A7

D& A"p A" x A"
The functions fx’ e e e fn may be of very simple form. For genomic attributes they
usually consist of simple step-functions, such as represented in the root example by
the first-attribute rules for all i > O that : if x <-é; then a,-pa,

if xz% then a b [a

i

Similar step-functions with externally determined (constant) thresholds are built

1431840

into the other two examples discussed. One should in fact, require on biological
grounds that in each L-system with continuous components there must be one genomic
attribute, and the next-state function for this attribute must be a step-function
with one or at most two previously specified thresholds (the thresholds may not be
computed). The reason for this requirement is the well-known Jacob-Monod model for
gene activation and repression. For the same reason, the genomic attribute should
always be a discrete one.

The next-state functions for the other attributes may be freely chosen as long as
their values remain non-negative and between finite bounds. In no biological situa-
tion would one expect to find a parameter which increases without bound or which be-~
comes negative.

The distribution functioms d;, . . ., d,  are in most realistic systems rather
simple. In our first example the distribution function is the identity function for
both new cells as far as the second attribute is concerned (both new cells receive
the same inhibitor concentration f (x, y, z D. In our second example the distribu-
tion function for the second attribute is such that the new length x + v of an api-
cal segment { where x + v exceeds the threshold value) is divided into three portions
of lengths xr, 0, and x + v - r, respectively, which together add up to x + v, Dis-
tribution functions are mostly of one of the above two types, most biological para-
meters being such that either they appear at the same value in both daughter cells
{concentration, temperature, etc.) or they are subdivided among the daughter cells

(length, mass, etc.). Occasionally there is also need for an unequal and non-addi-
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tive distribution function, such as the age assigmment (the third attribute) in
Baker and Herman's model.

The construction of non-deterministic L-systems with continuous components presents
no particular problems. One simply has to specify the set of new cells or strings of
cells from which one can choose the next-state of a cell. Similarly, continuous com-
ponent table L-systems can be easily comstructed, as shown by Frijters and
Lindenmayer {in these Proceedings).

An additional remark: in a sense the principal effects exerted by next-state func-
tions in interactionless L-systems are timing effects. Certain parameters increase
or decrease to a point where they exceed a threshold value, when a new genomic state
comes into operation, but no spatial effects can be exerted by them. The fact that
OL~systems are composed of timing sequences and cycles was recognized and further
elaborated by D. Wood lﬁ‘

In systems with interactions we have, in addition to timing sequences, the possibi-
lity of sending and extinguishing signals, and setting up oscillations (standing or
propagating waves). In continuous component L-systems with interactions the next
value of each attribute may, in general, be a function of not only all the attri-
butes of the same cell but also of all the attributes of the neighbouring cells. As
shown by the models of Baker and Herman and of Frijters and Lindenmayer, the next-
state function of one attribute may depend ounly on the same attribute in neighbouring
cells, or on several attributes. The genomic attribute is usually involved in the

functions of all other attributes.
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FORMAL LANGUAGE THEORETICAL APPROACH TO

INTRACELLULAR BEHAVIOR
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The fact that a gene in the DNA is a string over the alphabet
of 64 codons, which describes a string over the alphabet of 20 amino
acids is a great scientific discovery with an obvious relationship
to formal language theory. We have begun the process of translating
into formal language theoretical terminology the concepts associated
with the fact that an organism carries a description of its
developmental rules in the DNA of every cell. It is our hope that
we shall thus be able to formulate precisely (and possibly answer)
some problems related to the origin of life: i.e., how the unique,
arbitrary genetic code utilized in organisms today could have first
arisen.

For example, one may start with the following definitions.

molecular soup is a 4-tuple M = <A, C, E, G>, where

is a finite nonempty set of constructor units {(amino acids),

A
A
C is a finite nonempty set of descriptor units (codons),
E ¢ 2t is the set of constructors {enzymes) ,

G

+ :
ccC is the set of descriptors (genes),

such that #A < #C < #E < #G.
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A production scheme is a 7-tuple S = <a, C, E, G, F, fl’ f2>,

where

<A, C, E, G> is a molecular soup, the soup of §,

FCE, #F = #C,

fl: F >+ C,
f2: C + A,

f2 can be extended to an f3 s0 that f3: G ~+ A+, in the

usual way.

A production scheme S = <A, C, E, G, F, fl, f2> is said to
be self-coding if and only if

(i) £ is one-to-one onto,

ot

(ii) f2 is onto A,

{(iii) f3 is onto F.

Example. Consider the following molecular soup,
M= <A, C, E, G>, where A = {a, b}, ¢= {0, 1, 2}, E = {ab, bab,

aa, b}, ¢ = {02, 212, 10, 0, 11}. Let F, fl’ fz, F, T

1 and f2

be defined as follows.

F = {abt bab, b},

fl(ab) = 0: fl(bab) = l' fl(b) =

L
N
-

£,000 =b, £,(1) =a, £,(2) =b,

F = {ab, bab, aal}l,

fl(ab) =0, fl(bab) = 1, ?l(aa) 2,

'f_z(O) = a, 'fz(l) = a, 7:"2(2) = b.
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It is easy to show that both <A, C, E, G, F, £ £.> and

17 "2
<A, ¢, E, G, F, fi, f2> are self-coding production schemes whose

soup is M.

Using such definitions we can now state precisely problems
like the following: "Characterize those molecular soups for which
there is one and only one self-coding production scheme of which
it is the scup." (This guestion is related to the unigueness of
the genetic code in living organisms. However, this might not be
the only possible way in which a unique code may arise. A more
general question is: "How do the formal, time-independent
relationships proposed in our definition constrain the real-time,
dynamical behavior of a molecular soup, to result in a unigue code?")

Because of the finiteness of the domain and range of fl
and f2, it is of course decidable for any molecular soup whether
or not it is the soup of a unique self coding production scheme.

The systems we have considered so far are quite simple, but
they indicate the type of approach we have in mind. We plan to
continue to work to improve these definitions so that one can ask

really meaningful questions about the origin of the genetic code.
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1. INTRODUCTION.

The theory of L systems and languages (see, e.g., [u5}, [66], [75]
and their references) is one of the fast growing areas of formal lan-
guage theory. Still it is a rather young field (it originated in 1968
from the work of Lindenmayer, (see [59])) and a number of basic pro-
blems remain to be solved. One of the open areas within the theory are
characterization results for various subclasses of the class of L lan-
guages. The kind of results the absence of which feels rather badly in
the theory are the characterization results which would allow one to
prove that particular languages do not belong to particular subclasses
of the class of L languages. So far, almost exclusively, most of such
proofs involved combinatorial arguments directed very much at specific
properties of the specific language in question (see, e.g., [81] and
[ 911 for proofs of such a kind). This led to the situation that each
time it appeared necessary to prove that a given language is not of a
particular kind, a whole new proof, mostly ad hoc, must be produced.
(The drastic example of this kind is the proof from {35] of the faet
that the language {x € {a,b}*: the number of occurences of the letter
a in x is a power of 2} is not an EOL language. This proof reguires
from the reader guite an investment of time to follow involved combi-
natorial arguments, and yet to prove that a slight variation of the

above language is not an EOL language could pose a serious problem to
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the reader).

In this paper we want to present three results, which, although
far from resolving the difficulties discussed above, should signifi-
cantly contribute to this open avea. The first of these results pro-
vides a partial characterization for a subclass of ETOL languages (see
[831), the second one provides a partial characterization for a sub-
class of deterministic ETOL languages (see [89]) and the last one pro-
vides a partial characterization for a subclass of EOL languages (see,
e.g., [35]). The consequences of these results for comparison of vari-
ous classes of L languages are also discussed.

In this paper we use standard formal language terminology and
notation. In particular A denotes the empty word, |x| denotes the
length of x and7%A denotes the cardinality of A. Also if x is a word
over an alphabet I and a is in I, then;#é(x) denotes the number of

occurrences of a in x; furthermore if B C L then;ﬁ%(x) = . é B-ﬁ%(x).
Finally abs(n) denotes the absolute value of n.

2. ETOL SYSTEMS AND LANGUAGES.

The class of ETOL systems and languages was introduced in [ 89]
and is one of the actively investigated topics in the theory of L sys-
tems (see, for example, [6], {161, [27], [ 71] and [72]).

Definition 1. An ETOL system is a construct G = <V,L,%w>, where

1) V is a finite set (called the alphabet of G).
7) P is a finite set (called the set of tables of ), P = {Pl""’P

for some f 2 1, each element of which is a finite subset of V x V¥,

£

Psatisfies the following (completeness) condition:
. (VP;a(Va)V(Ha)W(<a,a> € P).
3) w € V (called the axiom of G).
4) L €V (called the target alphabet of &).
(We assume that V, Z and each P in & are nonempty sets.)

Definition 2. An ETOL system G = <V,I,P,w> is called:
1) Deterministic jif for each P in P and each a in V there exists exac-
tly one o in V* such that <a,a> € P.
2) An EQL system if #&£= 1.
3) An OL system if #% = 1 and (V-I) = ¢.

+
Definition 3. Let & = <V,I,%,w> be an ETOL system. Let x € V ,
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X T ag..-a, where each aj, 1< j <k, is an element of V, and let
y € V*. We say that x directly derives y in G (denoted as x = y) if,
and only if, there exist P in % and Pyae-eoPy in P such that

Py = <a1,a1>, P, = <a2,a2>,..., Py = a0 and y = LTRRRI Further-
more é denotes the reflexive and transitive closure of the relation .

Definition 4. Let 6 = <V,I,#,w> be an ETOL system. The language
*
of G, denoted as L(G), is defined as L(G) = {x € £*: w Z %x}.

Definition 5. Let L be a language. L is called an ETOL (determi-
nistic ETOL, EOL or 0L) language if, and only if, there exists an ETOL
(deterministic ETOL, EOL or OL) system G such that L(G) = L.

Example 1. G, = <{a,b,C,D};{a,b},{Pl,Pz,PS},CD>, where
p, = {a > a,b > b,C > aCb,D > Da}, P, = {a > a,b > b,C > Cb,D = D} and
P, = {a > a,b > b,C 2> A,D~ A}, is a deterministic ETOL system such
that L(G) = {a"™p™a": n > 0, m 2 n}. (Following usual notation we write
x = o for an element <x,a> of a table.)

Examgle 2. GZ =z <{A1,B1,C1,a1,bi,cl,F,a,b,c},{a,b,c},{P},A1B1C1>,
= - - -> - —>
where P {Al Alal’Bl 31b1’C1 Clcl’Ai a,B1 b,C1
a1 - a,b1 -+ b,e, * c,a > F,b>F,c >TF,F =+ TF} is an EOL system such

that L(G,) = {a bt on > 1),

—%c,

Example 3. G3 = ;{a},{a},p,a>, where P = {a = az} is a Q0L system
such that L(GB) = {a2 :n =0},

3. ETOL LANGUAGES OVER RARE SUBALPHABETS.

In this section we provide a partial characterization result for
a subclass of ETOL languages.

Definition 8. If L is a language over an alphabet I and B is a
nonempty subset of Z, then

(1) B is called nonfrequent in L if there exists a constant CB,L such
that for every x in Lﬁ#é(x) < CB,L; otherwise B is called frequent in L.
(2) B is called pare in L if for every posgitive integer k there exists
a ny in N such that for every n larger than oy if a word x in L con-
tains n occurrences of letters from B then each two such occurrences

are of distance not smaller than k.
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Example 4. Let L = {(abk)k: k 2 1} and B = {a}. Then B is frequent
in L and also B is rare in L.

Theorem 1. If L is an ETOL language over an alphabet I and B is a

nonempty subset of I which is rare in L, then B is nonfrequent in L.

Here are three examples of applications of Theorem 1.
Corollary 1. Let ¢ be a function from positive integers into positive
integers such that, for every positive integer n, ¥{(n) 2 n. Then the

(n)>n

language {{(abv n 2= 1} is not an ETOL language. Proof: Directly

from Theorem 1 and Definition 6.

It is known (see [89], Theorem 19) that the class of ETOL langua-
ges is properly included in the class of A-free context-free program-
med languages (introduced in Rosenkrantz, Programmed grammars and
classes of formal languages, Journal of the A.C.M., 16, 107~131).
Using Corollary 1 we can provide numerous constructions of A-free con-
text~-free programmed languages which are not ETOL languages. Thus for
instance we have:

Corcllary 2. The language {(abk)k 1 k 21} is a A-free context-

free programmed language, but it is not an ETOL language.

Proof. It is not difficult to construct a A-free context~free
K X 2 1}. But B = {a} is ob-

viously rare in L whereas it is also frequent in L. Thus by Theorem 1,

programmed grammar generating L = {(abk)
. is not an ETOL language.
4, DETERMINISTIC ETOL LANGUAGES.

In this section we provide a partial characterization for a sub-
class of deterministic ETOL languages. First we need a definition.
Definition 7.
(1) Let I be an alphabet and x € t*. We define u(x) as the minimal po-
sitive integer n such that any two non-overlapping subwords of x are
different.
(2) Let L be a language. L is called exponential if there exists a po-
sitive integer CL larger than 1 such that for every Xqs X, in L, if
> ]x

B then |x1[ > CL|X21.

1l > 1%l
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Example 5. If & = {a,b,c} and x = abcaba then u(x) = 3. The lan-
guage {x € {a,b,c}* : [x| = 2" for some n > 0} is an exponential lan-

guage.

Theorem 2. If L is an exponential deterministic ETOL language
then there exists a positive integer constant FL such that, for every
. ixl
- < .
x in L-{A}, we have ne3) FL
As an application of this theorem we can prove now that there
exigts ETOL languages which are not deterministic ETOL languages.
(This was posed as an open problem in [89]). In fact we have even

stronger result.

Corollary 4. There exists a OL language which cannot be generated
by an EDTOL system.

Proof. Let L = {x € {a,b}* : |x| = 2" for some n > 0} - {b}. The
reader can easily check that L is generated by the 0L system
<{a,b},{a,b},P,a> where P = {a * aa,a - ab,a = ba,a = bb,b * aa,b > ab,
b = ba,b = bb} and so L is a 0L language. On the other hand L is expo-
nential, but it does not satisfy the statement of Theorem 2, and so it

is not a deterministic ETOL language.
5. EUL LANGUAGES OVER NUMERICALLY DISPERSED SUBALPHABETS.

In this section weprovide a partial characterization for a sub-

class of EOL languages. We start with a definition.

Definition 8. Let L be a language over an alphabet I and let B
be a nonempty subset of L. Let IL,B = {n € N : there exists a word w
in L such that#B(w) = n}l.
(1) B is numerically dispersed in L if, and only if, IL,B is infinite

and for every positive integer k there exists a positive integer oy

such that, for every PR in I if Uy ES Uys U >n and u, > n

L,B? 1 X 2 X

then abs(ul—uz) > k.

(2) B is clustered in L if, and only if, IL B is infinite and there

b
exist positive integers ki’ k2 both larger than 1 such that, for every
word w in L, if%ﬁB(w) = kl’ then w contains at least two occurrences

of symbols from B which are of distance smaller than k2.
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Example 6. Let L = {x € {a,b}* :;#{a}(x) = 2" for some n > 0} and
let B = {a}. Obviously B is numerically dispersed in L, but B is not
clustered in L. However, the language {aba} ¢+ L is such that B is

clustered in L.

Theorem 3. Let L be an EOL language over an alphabet I and let B
be a nonempty subset of L. If B is numerically dispersed in L, then B

is clustered in L.

As an example of the application of Theorem 3 we have the follo=-

wing result. (A language L is called a deterministic TOL language if

there exists a deterministic ETOL system G = <V,I, ,w} such that
L(G)Y = L and V = L.)

Corollary 5. There exist deterministic TOL languages which are
not EGL languages.

m, 20 20 .
Proof. Let L = {(ab ) :m,n = 0} Y {¢ :nZ0}. L is a deter-
ministic TOL language, because it 1s the language of the system

<{a,b},{a,b},{Pl,PQ,PB},c> where P, = {a > a,b * b,c ~ cz}, P,

{a * a,b > b,c > al and PB = {a ** ab,b * b,c > c}. On the other hand

{a} is numerically dispersed in L but it is not clustered in L. Con=-

sequently, by Theorem 3, L is not an EOL language.
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ABSTRACT

Languages genersted by monogenic (i.e. deterministic) context independent Linden~
meyer systems {DOL systems) are investigated. Necessary and sufficient conditions are
established under which the language generated by a DOL system is finite. Thus, sharp
bounds on the cardinality of such & language are obtained. A feasible solution for
the membership problem is given. The problems are solved of what is the minimum sized
alphabet over which there is e DOL language of cardinality n and, conversely, what is
the maximum sized finite DOL language over an alphabet of m letters. This in turn pro-
vides us with some number theoretic functions, interesting in their own right, of

which several properties, interrelations and asymptotic approximations are derived.

1. INTRODUCTION

Lindenmayer systems are a class of parallel rewriting systems introduced by Lin-
denmayer [59,60] as a model for the developmental growth of filamentous organisms. A
Lindenmayer system consists of an initial filament, symbolized by a string of letters,
and the subseguent stages of development are cobtained by rewriting all letters in a
string simultaneously et each time step. It is called deterministic if the system is
essentially monogenic, i.e. each string has a unique successor. It is called context
independent if the rewriting of a letter does not depend on its neighbors.

The study of Lindenmayer systems and the languages they generate has gone a long

way since its original biological motivation. It has found its own place within the

*)
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body of formal language theory by the growing interest in parallel processes and the
different notions, problems and technigues particular to this field, see e.g. Herman
and Rozenberg [L45]. For instance, the notion of generating languages by monogenic re-
writing systems is altogether foreign to the ususl generating grammar approach since
there such a language would either be empty of contain one element. It is in this di-
rection that our present investigations take place. We shall be concerned with deter-
ministic context independenﬁ Lindenmayer systems and the languages they generate.
This family of languages has been studied in detail, e.g. with respect to its place
in the Chomsky hierarchy [91,117], (anti)closure properties [91,102], and the growth
of word length [111,15,75,98,116]. The membership problem for DOL langueges has been
solved affirmatively in [14] vhere a gigantic upper bound on the size of such a lan-
guage is given in case it is finite.

The present paper comsists of two parts. In the first part we establish, by a
simple combinatorial argument, necessary and sufficient conditions (With respect to
the production rules) under which the language generated by a deterministic context
independent Lindenmayer system is finite. These conditions yield sharp bounds on the
size of such a language depending on the size of the alphabet and the production
rules. Furthermore, a feasible decision procedure for the membership problem is pro-
vided and we solve the problems of what is the minimum sized alphabet over which there
is a deterministic context independent Lindenmayer language of size n and, conversely,
what is the maximum sized finite deterministic context independent Lindenmayer lan-
guage over an alphabet of m letters. The solutions to these last two problems provide
us with some number theoretic functions, interesting in their own right, which form
the object of study in the second part of our paper. We derive several properties,

interrelations and asymptotic approximations to these functions.

2. FINITE DETERMINISTIC CONTEXT INDEPENDENT LINDENMAYER LANGUAGES

We assume that the standard terminology of formal languege theory is familiar,
We customarily use, with or without indices, i1,j,k,n,m,p,q to range over the set of
natural numbers W= {0,1,2,....}; a,b,c,d to range over an alphabet W; v,w to range
over w*, i.e. the set of all words over W including the empty word \. A deterministic
econtext independent Lindenmayer system (DOL system) is a triple G = <W,8,w> where W
is a finite non-empty alphabet, & is a total mapping from W into W called the set of
production rules, and w € Wi* is the axiom. We extend § to W' by defining §(A) =
and 6(a1a2.. 8 ) = G(a )6(a, 2) i is the
comp051t10n of i copies of § and is inductively defined by & (v) v and 8 ( ) =
= §(§*" (v)) for i > 0. The DOL language generated by G is L{G) = {6 (w) | 120}, A
letter a € W is mortal (aeM) iff 6i(a) = A for some i; vital (aeV) iff a % M; recur—

...d(a Y. (I.e. § is a homomorphism on W*.) 8

sive (aeR) iff §%(a) € W {elW* for some i > 0; monorecursive (aeMR) iff s (a) €



80

¢ M*{a}M* for some i > O. Clearly, if a ¢ M,R,MR then there is an i as above such

that i s #M,#R,#MR, respectively, where #Z denotes the cardinslity of a set Z.

Lemma 1. Let G = <W,§,w> be a DOL system. If there is an i and a b ¢ B-MR such that

b is a subword of 8 (w) then L(G) is infinite.

Proof. If b ¢ R-MR then there is a j < ¥R and & ¢ e V such that SJ(b) = v1bv2cv3 or

GJ(b) = v1cv2bv3. Hence, if lgv(v) denctes the number of cccurrences of vital letters

in a word v, we have

PI00)) > 1,(6™ () > n,

(1) lg (68

¢
and L(G) is infinite. [

Lemma 2, Let G = <W,8,w> be a DOL system. If there is an i 2 #{(V-R) and a b ¢ V-R
such that b is a subword of 37 (a) for some a ¢ W then there is a j < i and a ¢ € B-MR

such that ¢ is a subword of 6J(a).

Proof. There is a sequence of letters a 285 such that a. = a, ai = b and a.

018 o 341
is a subword of §(a.) for 0 £ j < i. If b € V-R then aj e Vior0<yj<i. Since

there are at least #(V-R)+1 aj's there is one which is recursive and therefore there

iz a j] < 1 such that a. € R. It is easy to see that for a recursive letter d always
1
holds that ét(d} contains a recursive letter as a subword for each t. Therefore,
i=3 i-3
5 1(aj1) = vjdvzbv3 or & ?(aj1) = v1bv2dv3 where @ € R and b € V-R. Hence aj1 €
€ R-MR. By taking c equal to aj the lemma is proved. [J
1

Lemma 3. Let G = <W,8,w> be a DOL system. If ét(w) € (MUMR)* for t = #(V-R) then L(G)
is finite.

Procf. Suppose

#{V-R) _
(2) 8 (w} = VB VB,V BT,

where BisByyeeesd € MR and v ¢ M. Wow it is easy to see that for each

VasveesV
10722 *n+1

. MR <k.s#MR) and a . . e . t ; - =

a € here is a k. ( k ) 1, sequence a Q Py} 1 Py %) k. such that a 0

= i1 = N P S < . P t ) vi -
& . # a, for O d 1 J2 < k ’ and a 1 ¢ MR is he nly 1tal let

ter in 6(aij), D« k,. Also,

ai.
dq

(3) sy =2 for all b e M.

Hence, for all e, ¢ MR and all t,t' 2z #M holds

1
5t (a.) for t = t' mod k.,
1 1

(La) St(ai)
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t ! ' *
(hp) § (ai) # V.8 (ai}vg for t # t' mod k., for all v,,v, € W .

By (2), (3) and (4) we have that for all t = #(W-R) holds:

t
(5) SU(W) = Gy Ogs seaO .
131 232 ng,

3.
where o,. =6 “{a.), j. =tmodk, and M < i, < #+k,, 1 < i <n, By (2), (&)
i i i i i i

and (5):
t £
(6a) 5§ (w) # 8 (w) for all %,t' such that
#(W-R) £t < t' < #(W-R) + l.c.m. (k1,k2,...,kn);
+ t! ,
(6b) §7(w) = &8 {w) for all t,t' such that t,t' 2 #{W-R) and
t = t' mod (l.c.m. (ki,kg,...,kn)).
Therefore
(7} i.c.m. (kj,kg,...,kn) < #L{G) <€ l.c.m. (k1,k2,...,kn) + #(W-R). 0

" We sre now ready to state the main theorem of this section.

Theorem 1. Let G = <W,8,w>bea DOL system. L(G) is finite iff 6t(w) e (MWR)” for
t = #(ViR).

Proof. "If". By lemma 3.
"only if".
Case 1. 8%(w) € W (R-MR)W'. By lemma 1 L(G) is infinite.
Case 2. §°(w) € W{(V-R)W for t = #(V-R). By lemms 2 there is & t' < t such that
6t'(w) € W*(R—MR)W*, and therefore case 1 holds and L(G) is infinite.

Hence, if 8U(w) ¢ W (V-MR)W* for t = #(V-R) then L(G) is infinite, i.e. if L(G)
ig finite then dt(w) € (MUMR)* for t = #(V-R). 0O

From the previous lemmas and the theorem we can derive some interesting corol-

laries.
Corollary 1. L{G) is finite iff 5t(w) e (MWMR)™ for all t = #(V-R).

Corollary 2. A DOL language is finite iff all recursive letters which are accessible

from the axiom {i.e. which occur in words in the languege) are monorecursive.

Since all letters which can be derived from a certain letter {or word) are de-
rived within #W steps, it is easy to determine whether a letter is mortal, vital, re-

cursive, monorecursive. The quickest way is to determine subsequently M, V, R and MR.
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Corcllary 3. There is an slgorithm to determine whether the language generated by a
DOL system is finite or not. (Hint: determine M,V,R and MR and apply theorem 1 or
corollary 2.)

Next we consider the membership problem: given a DOL system G = <W,§,w> and a
word v € W*, decide whether or not v is in L(G). (Equivalently, is there an i such
that § (w) = v). Now assume that L(G) is finite and
#(V-R)(

W) = V.8.V.8. ...V 8 V

6 171272 nnn+l’

*
where 31,32,...,an € M3 and v1,v2,...,vh+1 € M . Assume further thst v = a1j]a232...

...0_. where a.. = 6 “{a.) for some J: such that #¥M < j, < #M+k., 1 < i < n. By
ng 1ds 3 1 1

n
3 i .., . .
. . #M < LYo #MEk,
(bv) & (ai) # v,8 (al)v2 for all 3;»J;" such that M < 3 <3y < M+kl and all

i

VsV, € W, 154i<n. Therefore, the parse of v (if it exists) is unique and can be
executed easily from left to right given ét(ai) for all t and i, #M <t < ¥k,

1
1<i<n, Since by (La) 5t(ai) = st (ai) for all t,t' 2 #M such that t = t' mod k.

i

the problem can now be restated as follows: ig there a positive integer u such that

u = (j.-#M) mod k., 1 < i < n. The solution is well known.
i i

Lemma 4. (Chinese remainder theorem 1). Let k1,k2,...,kn be positive integers and let
t1,t2,...,tn be any integers. There is exactly one integer u which satisfies the con~
ditions

0 <u<l.c.m. (k1,k2,...,kn),

uzt, mdk, (1<izn)
1 1

i

. e
iff t; tj mod (g.c.d. (ki’kj)) (1gi<j<n).
There i no integer u = t; mod ki,'(lsisn), if not t, = tj mod {g.c.d. (ki,kj)},

(1<i<j<n).

#{YW
Therefore, if u exists then v = § (v R)+u(w) and v # Bt(w) for all t 2 #{W-R)
otherwise. If a parse of v as mentioned is not possible then by (5) v # 6t(w) for all

t > #(W-R). Hence we have

Theorem 2., There is an algorithm which solves the membership problem for DOL lan-

guages.

Proof. The proof consists in giving an outline of the algorithm.
(i) Determine whether L{G) is finite or not (corcllary 3). If L{G) is infinite then

generate successively W,G(w),éz(w},... and compare each 8 (w) with v. Is

1 ggg e.g. Knuth,D. Seminumerical algorithms. Addison-Wesley, Reading (Mass.)(1969),
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. t
&t (w) # v for all 1 < tO and § O(w) contains more occurrences of vital letters

than does v then v ¢ L{G). By (1) to < #V(lgv(v) - lgV(w) + 1).

(ii) L{G) is finite. Generate successively W,G(W),...,ég(wnR)(w) and compare each
Si(w) with v. Is Si(w) # v for all i such that 0 £ i < #(W-R) then try to parse
v as discussed sbove, Is the parse successful then apply the Chinese remainder
theorem. Depending on whether or not an integer u, as stated in the theorem,
exists v does or does not belong to L{G). If the parse is not successful then

v 4 L{e) O

The decision procedure for the membership problem for DOL languages we gave a-
bove is wnusual under mathematical decision procedures in that it is feasible, i.e.
gives answers to reasonable questions within a reasonable time2, as testified by an
ALGOL 60 implementation, Vitényi [114]. Of course, if L(G) is finite we can test for
membership by genersting the whole of L{G). But as will appear from the next corol-
lary and the asymptotic approximations in section U, even for a modest alphabet of,
say, & hundred letters, this may turn out not to be feamsible.

By the inequality (7) we can easily determine the cardinality of a finite DOL

language.

Example. Let G = <{a,a1,a2,a3,b1,b2,c],c2,c3}, {6(a) = c1a1b1c3, 1800

6(a2) = cply 6(a3) = c5eg8, 6(b1) = c1b2c1, é(be) = c2b101, 6(01) = cplq 6(c2)=

d(al) =c

= cgs 6(c3) = A}, ciaCBa}b2c2>.

Then:

1

{01,C2,C3},
= {a,a1,az,a3,b1,b2},
b1,b2}.

i

MR = {a1,a2,33,

#(v-R)

Since a does not occur in a value of &, § (c1ac ab.ec ) e (MUMR)*: .L(G) is fin-

37122
ite. The different pertods k1,k2 are 2 and 3, Therefore, by (7)

l.c.m. (2,3) < #L(G) < l.c.m. (2,3) + 9-5,
or,

6 < #1{Gg) < 10.

By writing out L(G) we see that #L(G) = 10,

From the inequality (7) we obtain the following corollary (see also [114]) which

forms the basis of the sequel.

2 See ¢.g. Parikh, R. Existence and feasibility in arithmetic, J.Symb.logic. 3b
(1971), 49k - 508.
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Corollary 4., (i) Let P: N +~ I be defined as follows. P(m) is the largest natural

number n which is the least common multiple of k1,k kq’ for all possible parti-

seves
tions of m into g = 1,2,...,m positive integral sumiands, plus the number of summands
equal to 1. By (7) P(m) is the maximum cardinality of a finite DOL language over an
alphabet of m letters.

(ii) Let 8: I » N be defined as follows. S(n) is the smallest natural number m such
that there exists a partition of m into positive integral summands k}’k2’°"’kq’

g £m, and l.c.m. (k1,k2,...,kq) + #{ilki=1} =n. By {7) 8{n) is the minimum cardin-
ality of an alphabet over which there is a DOL language of cardinality n.

The remainder of the paper will be concerned with the investigation of the num-
ber theoretic functions S, P and some variants. Thus we derive lower bounds on the
size of the slphabet as a function S of the size of a finite DOL language over such
an alphsbet, and upper bounds on the size of a finite DOL language as a function P of
the size of the alphabet.

3. FUNCTIONS WHICH RELATE SIZE OF LANGUAGE WITH SIZE OF ALPHABET

The number theoretic functions S and P of corollary 4 have a much broader set-
ting than Just their connection with DOL systems., Imagine a process which starts by
counting until some number & and then initializes some number q of periodic counters.
Then S(n) and P(m) have a natural interpretation as the smallest number of states
needed to generate a prescribed number n of distinguishable configurations and the
largest number of distinguishable configurations which cen be generated by using a
prescribed number m different states, respectively. If we have the additional restric-
tion 4 = 0 then, in the latter case, we ask in effect for the maximum order of a per-
mutation of the m-th degree. (The order of a permutation of the m~th degree is the
exponent of the smallest power of a permutation on m elements which is equal to the
identity permutation,) Already Landau’ investigated the maximum order f(m) of a per-
mitation of a given degree m. I.e. f: I + N where f(m) is defined as the maximum of

the least common multiple of k,,k. ...,k for all possible partitions of m into ¢ =
2 aQ

19
= 1,2,...,1 positive integral summands. We shall return to this connection with Lan-

dsu's work in section L.

According to corollary L,

q
(8) S(n)=m1n{2k+d]lcm.(k

sk ) +4d=n},
i=1 a

12 2,...

8 Lendau, E. Uber die thzmalordnun% er Permutationern gegebenen Graodes, Archiv der
Math. wnd Phys., Dritte Reihe, 5 (1903}, 92 - 103.



q
(9} P(n) = max{l.c.m. (kl’kz""’kq) + 4 !iz1 k. +d=n},

For the smallest values of n we find:
n 1 2 3 b 5 6 7 8 9 10 11 12 13 14
s{n) 1 2 3 L 5 5 6 7 8 7 8 7 8 9

P(n) 1 2 3 b 6 T 12 15 20 30 31 60 61 84
For instance,

S(1k)

247 = L+342 = 9 since 1k = 247 = L4x3 + 2,
P(1kL)

2%2%3%7 = %347 = 8k since 14 = 2+2+3+7 = L+3+7,

Hence, the corresponding representations of S{(n) and P(n) in k1,k2,...,kq,d are not
wnique. Clearly, in (8) and (9) the E1’E2""’Ei for which the extrema are reached

for a given n will be relatively prime. Suppose we can factorize a Ei’ 1<iz<g,

into two relatively prime factors gi? and EiE:
T T P L LI PR
Then
k. - (k K =k, «k., - (k. +k, = (k. - K. .~ -
By Oy gtk ) = By kg, = Oy gtiyp) = (kg =1 (Egp=1) - 1 2 0.

Therefore, it suffices to look for E1,E2,...,Ea which are powers of distinct primes.

Hence we replace (8) and (9) by

(10} 8{n)

n
g

min{Zpa +4a | ﬂpa + 4a

(11) P{n) max{ﬂpa + 4 ] Zpa + 4

i
(=]
N

-

where p denotes some prime. To obtain a canonical representation for S(n) and P(n)
we take the representation with the smallest d for which the extrema are reached. By
the unique factorization property of the natural numbers this representation will be

unique. Additionally we define

(12) §'(n) = min{zp” + a | mp" + 4 2 n},

{13) P'(n) max{ﬂpoe + 4 | sp” + 4 < n},

(Then S'(n) is the number of letters in the smallest alphsbet over which there is a
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finite DOL langusge of at least cardinality n and P'(n) is the cardinality of the
largest finite DOL language over an alphsbet of at most n letters.) It is convenient

to introduce also
(1k) s{n,d) = Epa + d such that npa = n-d,

since by the unique factorization property s{(n,d) is found immedistely; and we see

that
{15} S(n) = min{s(n,d) | 0 < d < n}.

The first 2000 values of S(n) were determined by computer and showed a quite erratic
behavior. E.g. S{(1971) = 61, 8(1972) = 50, 8(1973) = 51 and s(ﬁgoo) = 39. (¢sterby”
contains a detailed computer analysis of S(n) for 1 <n < 510 . Furthermore, S'(n)
and P(n) are computed for a large number of values. He considers e.g. the question in
how many different ways S(n) can be obtained from n.)

Now let us teke a closer lock at the general behavior and interrelations of our
functions. It is at once apparent that, since P(n+1) = P(n)+1 for all n, P is strict-
ly increasing and therefore P' = P, 8(n+1) < S(n)+1 and S(8) = 8(10) = T while 5(9) =
= 8. Therefore, S is not monotonic. By its definition S' is monotonic increasing and

S'(n) < 8(n) for all n. A crude approximation gives us (for n > 1):

(16a) P(n) < o™
(16b) s(m)50) 5 4,
(16c) S'(n)s'(n) > n.

From {16b) and (16c) it follows that S{n) » = and S'{(n) » «» for n + =, In section k
we shall derive asymptotic approximations for P, S' and inf 8; it will appear that
these functions are intimately related to the distribution of the prime numbers. We
use the notation £{x} ~ g(x) for £(x) is asymptotiec to g(x), i.e. %ig flx)/g(x) = 1.
It is well known® that the number of primes n(x) not exceeding x is asymptotic to

x/log x: n{x) ~ x/log x. Furthermore, the i~th prime Py is assymptotic to

i log i: p; ~ i log i. It then follows from {16a) that elogP(n)zsen 198 B 14 there-
S'(n
) (n)

fore log P(n) < n logn ~ Py Since S'(n 2 n, similarly log n < S'(n) log S'(n).

4 $sterby, 0. Prime decompositions with minimum swms. Univ. of Aarhus, Comp. Sci.
Dept. Tech. Rept. DAIMI-PB 19 (1973).

5 Hardy, G.H. & Wright, E.M. dn introduction to the theory of numbers, Oxford Univer-
sity Press (1945), 9 - 10.
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By noting6 that x/log x is asymptotic to the function inverse of x log x we have that

S8'(n) 2 g{n} for some function gln) ~ 33§2§;§:; ~ 7{log n). Therefore, S(n) = g(n)
also.

Since P is strictly increasing and P(6) = 7, P(7) = 12: P: W+ N is an injec-
tion but no surjection; since S{n+1) < S(n)+1 and S'{(n+1) < §'(n)+1 for all n,
S{n) + = and 8'(n) » » for n » =, 8(5) = 8'(5) = 8(6) = 8'(6) = 5; 8,8': W+ N are
surjections but no injections. ¥rom the definitions we would expect S and 8' to be
some kind of an inverse of P. Since P is the maximum size language over an alphabet
of n letters, and since P is gtrictly increasing, an alphabet of size n is the mini-
mum size alphabet over which there is a language of (&t least) size P{n). Therefore,
if we denote the set of values of P by & = {P(i) | i = 0} we obtain S(P(n)) =
= 3'"(P(n)) = n for all n € IN. Hence the restrictions of S and S' to A are the in-

verse of P:
= 1 =
(17) S/A S /A P .

From the definitions we also see that between two consecutive velues of P, S' is con-
stant (S' is monotonic, 8'(P{n)) = n for all n, 8'(P(n)+1) = n+1 for all n) and

therefore:
(18) $'(m) = P~ () for all m, P(F '(n)-1) <m <n,

where n € A, Since S'(n) < S{(n) for all n we have therefore by (17)

(19) S(n) = 8'(a) = P '(n) end S(m) = P '(n),

for alln ¢ A end 8ll m > P{P—1(n)-1).

Therefore, S' is a stepfunction where every step of 1 takes place at a value of
P. Furthermore, S' is the greatest monotonic increasing fuunction which is a lower
bound on S,

In looking at the function S and trying to distinguish its features we readily
notice that if n is a prime or the power of a prime then S{n) = 8(n-1)+1. The way
S is defined, however, does not give us a general method, to find the value of 5 for
a certain argument, better than by trial and error. The following theorem is cne of

the main results of this section and provides an inductive definition of 8.
Theorem 3. n for n = 0,1,2,3,k4,5.
S(n) =

min{S(n-1)+1, s(n,0)} for n > 5.

& Hardy & Wright. Op. eit. 9-10.
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Proof. By induction on n. The theorem holds for m = 0,1,2,3,4,5. Suppose the theorem

is true for all n < m. Since

S(m+1) = min{s(m+1,4) | ©

IA

d < m+1l},
and

g(m'+1,d'} = s(m',d'=1)}+1,
for all m' and all 4' such that 0 < &' < m'+1, we have

S{m+1) = min{s(m)+1, s(m+1,0)}. [

The following corollary of theorem 3 is also stated by ¢sterby7 and gives a re-

cursive definition of S{n}. By theorem 3 we have for all n:
8(n) = min{s(n,0), s(n-1,0)+1,...,s8(1,0)+n-1, n}.

Since for all k such that n = k > 8(n} holds S(n) < s(n-k,0)+k, we have:
Corpllary 5. S(n) = min{s{(n,0), s(n-1,0)+1,...,s(n-8(n),0)+5(n)}.

Hence we only have to compute s{n,d), i.e. the sum of the highest powers of
primes in the factorization of n—d,for<i=o,1,...,k0 where kO is the minimum of the
previously computed values of s(n,d)+d.

The snsalogue of theorem 3 for P is
n for n = 0,1,2,3,4
P(n) =
max{P(n-1)+1, max{m | s(m,0) = n}} for n > k,
This does not help us very much, essentially because slthough the factorization of a
natural number is unique, a partition is not. If we assume that the following conjec-

ture by Landau8 is true, viz. P(Z§=1pi) = ﬂ§=1pi for all k, then since P is strictly

increasing we can slightly limit the number of m's which have to be investigated:

n for n = 0,1,2,3,4
Pln) =

k k+1

mex{P(n-1)+1, maxim| s(m,0) =nand Mp, <ms T p.}}
i=1 1 i=1 %
k k+1

for z P; <n s z Pis

i=1 i=1

7 @stervy, Op. cit.
8 Landau, Op. cit.
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where we denote by P; the i-th prime and Py = 2.

L, ASYMPTOTIC APPROXIMATIONS

In this section we investigate the asymptotic behavior of our functions.

proves that for f{n) = max{ﬂpa | Zpu < n}:

{20) log f{n) ~ va log n .

Theorem 4. log P(n) ~ v log n .

Proof. By (20) log f(n) ~ Va Iog n , i.e.

1lim log f(n) =1
n+® \n log n

Also,

lim log (£{n)+n) 1+ lim log {14n/f(n) = 1.
n->e Vo log n nve v log n

Since by (11) and the definition of f(n) we have:
f(n) £ P(n) < £(n)+n, i.e., log £(n) < log P(n) < log (f(n)+n),
and we proved above that

log f(n)} ~ log (f{n)+n) ~ v log n ,
we have

log P(n) ~vn logn . 0O

Corollary 6. log P(n) ~ VE; » where p  is the n-th prime.

2
—og n
Theorem 5. S'(n) ~ o 2 .
log log n

Proof. If log y = V¥x log x , then log'2 ¥y = x log x and

log log2 y = log x + log log x ~ log X.

° Landau, Op. cit.

Landa§
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Since

lo 2 1o, 2
=—l-f-—‘§ wehaveXN—g—%—-
g log log ¥y

By this argument and since log P(m) ~ vir log m it follows:

log2 P(m)
m o~

log log2 P(m)
or

2
P-i(n} ~ __}25__2__ forn e {P(i) | i 2 0}.
log log n

Denote 1og2 n/log log2 n by h{n). By (18) 8'(n) ~ h(n) for n in the range of P. This
cannot tell us anything about the sup S'(n) since the restriction to special values

of n can only yield a lower bound but not an upper bound. According to (18), however,
we have for all pairs of consecubive values of P, say 0,00

S’(n1} < st{n) £ 8'(n,.) = S’(n1}+1, n

< .
2 1 2
Since h is strictly increasing,
1im S'{m)/n(m) 2 lim S‘(m)/h(ng)
o >
z lim (S'{(n,)-1}/n(n,)
2 2
mee
= 13 '
lim (8 (nz)/h(nE) ..1/h(n2))
1, e
2
L
= 1 - 1lim 1/h(n2) =1,
n.—ro

2

Ansalogous we prove that lim S'{m)/h{m) £ 1, and therefore 8'(m) ~ h{m) for all

me W, [J mre

Corollary 7. 8'(n) ~ 1Y(ZLog2 n).

The greatest monotonic increasing function which is a lower bound on S is
8'(n) ~ hin). Therefore:

2
inf S(n) ~ —i0& D
log log n

Corollary 8.

Because of theorem 3 inf S(n) ~ inf s(n,0) and we have:
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Corollary 9. The greatest monotonic increasing function which is a lower bound on the
sum of the greatest powers of primes in the factorizetion of n, i.e. s{n,0}, is asymp-

totic to hi{n). Hence:
2
inf s(n,0) ~ ——;95——%—— .
log log n

As is to be expected, this lower bound is reached for the special sequence of values
n = ﬂ?=1 Pis k ¢ N.

10 2
Lemma 5. z p ————E——g—— s, Where n =

[ e iy

p; and k ¢ WM.
=1 jog log =n i=1
Proof. The number of factors in a factorization of a natural number n is denoted by

w(n). According to Hardy & Wrightlo

- log n
w(n) log log n °

m(n}

Therefore, Z§=1 p; ~ i log i. Bounding this discrete summation on both sides by

an integral we obtain.

w{n) wln) {n)+1
J ilog i di < z ilog i< J i log i di,
1 i=1 2
w(n)  w(n) w(n)+1
ll—i2 log i = i2/2] < z ilogi s l{i2 log i - i2/2] R
2l 1 i=1 2 L

n

(2 (108 wln)=D2) < § i log i < H{uln)+1)*(logluln)+1)=3) -k log 2 + 2).
=1

Hence if n-»= through this particular series of values we have

X
) »; ~ %(m(n)2 log w(n) - w(n)?/2)

~ —;-w(n)a Tog w(n)

N lqg?(n) (log log n ~ log log log n)
2 {log log n)2

log2 n 1082 e}

= . g
2 log logn log log 2 n

14

10 Hardy & Wright, Op. cit., 355.
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A numerical verification shows:

(2+3+5)/(1og® (24345)/1og log” (2%3+5)) ~ 0.47
(2+3+...+17)/(log2 (2%x3%...%x17)/1og log2 (2%3%. . .%17)) =~ 0.58

2

(243+...497)/(Log™ (2%3%,..%97)/1locg 1og2 (2%3%...%97)) 0,75

2
{2+3+...+173)/(1og” (2#3%.,..%173)/1log log® (2%3%...%173)) ~ 0.79.
Resuming the results of this section we have:

log P(n) ~vn log n ~ vﬁ; ;

2
§'(n) ~ inf S(n) ~ inf s(n,0) ~ —~;23-%~— ~ Tr(log2 n);
log log n

and, furthermore,

2
8{n,0) ~ __EEE_,E__
log log n

3

for n+e through the particular series of values n = ﬂ?=1 P
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INTRODUCTION

The notion of a "deterministic machine" or a "deterministic language"
(as opposed to their nondeterministic éounterparts) ig one of the
oldest and most investigated in the theory of computation and in formal
language theory. One can however observe that whereas the notion of a
deterministic machine is usually the natural one (in every situation
there is at most one possible "move" the machine can make), the notion
of a deterministic language is often not natural at all. In fact a
deterministic language is almost always defined as a language which
can be recognized by a deterministic machine, although in many cases
the languages themselves are being defined by grammars rather than by
machines. The typical situation is of the following kind: first a class
of languages £ is defined by a class of grammars ﬁ, then one finds an
"equivalent" class of machinest, and then by considering the deter-
ministic subclassJ{D of the ClaSSuM one obtains the deterministic sub-
class £D of the class £. What subclass of g generates £D is mostly not
understood at all, or, in the best case, it is the "translation" ofa%D
into the subclass of'g, which could neither be called natural nor give
any insight into the nature of the deterministic restriction. The basic
difficulty lies in the fact that the notion of a deterministic language
is defined via recognizers whereas the languages themselves are often
defined in terms of generative devices.

In this paper we want to point out several classes of languages for
which the notion of "generative determinism" (deterministic restriction
defined in terms of grammars rather than recognizers) is not only a
very natural one but it alsc lends itself to mathamatical treatment.

The theory of L systems and languages originated with the work of

1) This paper is based on part of this author's Ph.D. thesis.
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Lindenmayer [59], [60]. Its purpose was to model the growth of
filamentous organisms. From the formal language theory point of view,
L systems are string rewriting systems. They have provided us with an
alternative to the now standard Chomsky framework for defining lang-
uages. Basically L systems differ from Chomsky grammars in the lack

of nondeterminals and in the totally parallel manner of rewriting
(meaning that in a single derivation step one must rewrite all
occurrences of all the symbols in the string being rewritten). For
more detailed discussion see, for example, [45] or [66]. In the theory
of L sgystems the deterministic restriction arose for a number of
natural and "practical" reasons. Its investigation has led to novel
fields like growth functions (see [75] and its references) and to new
research on rather established topics like the deterministic simulation
of one kind of system by another (see, for example, [12]). This paper
continues the study of the role determinism plays in various classes
of L systems.

A possible division line in the theory of L systems is the
distinction between systems without interactions and systems with
interactions. Accordingly the present paper is divided into two parts.
In the first part we treat systems without interactions, while the

second part is concerned with systems with interactions.

PART T

L systems without interactions

In an L system without interactions, the rewriting of a letter in
a string does not depend on the context in which the letter occurs
(in other words, each occurrence of the same letter may be rewritten

in the same way).

I.1 TOL systems and languages.

TOL systems and languages were divised to model special cases of
development in which no cell interaction takes place but there is a
finite number of possible environments. In different environments,
the behaviour of the same cell may be different. TOL systems were
introduced in [81]. Their formal definitions and basic properties can
be found there. (TOL systems, or languages, abbreviates "table L

systems, or languages, without interactions™.)
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A TOL system has the following compOnentSZ):

(i) A finite set of symbols %, the glphabet.
(ii) A finite set P of tables of productions. Each production in a
table is usually written in the form a = o, where a € £ and o € Z*.
The meaning of a = o is that an occurrence of the letter a in a string
may be replaced by a (where each replacement is "context-free"). In
general, a table may contain several productions for each symbol. In
every step of a derivation, all symbols in a string must be simul-
taneously replaced according to the production rules of one arbi-
trarily chosen table.
(iii) A starting string, o, the axiom.

Thus a TOL system G is usually specified as 6 = < Z,P,0 >, The
language generated by G, denoted as L(G), consists of ¢ and all

strings which can be derived from ¢ in a finite number of steps. A
language L is called a TOL language if there exists a TOL system G
such that L = L(6).

Example 1. Let G = < {a,b}, {{a > a*, b > b*}, {a » a®, b > b¥}},
ab >. Then mom o.nom

L(g) = {a? ¥ p?°? In,m > 0}.

I.2. Deterministic TOL languages. A limit theorem.

If we view TOL systems as models of development, then each table
of the system represents a particular environment. A TOL system is
called deterministic if in each environment there is only one choice
for the next developmental step. This means that each next string in
a derivation starting from the axiom is uniquely determined by the
previous one and the table applied.

Formally the deterministic restriction is defined as follows.

Definition 1. A TOL system G = < 2,P,0 > is called deterministic
if, for each P in P and each a in Z, there exists exactly one @ in Z*

such that a »> o 1s in P. A language L is called a deterministic TOL

language if there exists a deterministic TOL system G such that
L = L{(G).

It is not difficult to construct examples of languages which can

2) Throughout this paper we shall use standard formal language
notation, as for example in (Hopcroft & Ullman, Formal Languages
and their Relation to Automata, Addison-Wesley, 1969). We use 1x‘
for the length of a string x and #A for the cardinality of a set A.
The empty string is denoted by the symbol A. If we write that L is
a language over an alphabet £, or just L € Z*, then we also mean
that each letter of X occurs in a word of L.
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be generated by a nondeterministic TOL system but cannot be generated
by deterministic TOL systems. One would like however to find a non-
trivial (and hopefully interesting) property which would be inherent
to the class of deterministic TOL languages.

Investigating the set of words genevated by a particular grammar
is one of the most basic activities in formal language theory. It is
however often interesting and well motivated physically to investigate
the set of all subwords (subpatterns) generated by a particular gram-
mar. Quite often one is interested in just the number of different
subwords of a particular length encountered in a given language.

It turns out that the ability to generate an arbitrary number of
subwords of an arbitrary length is a property of a TOL system which
disappears when the deterministic restriction is introduced. More
Precisely, if L is a deterministic TOL language over an alphabet
containing at least two letters, then the ratio of the number of
different subwords of a given length k occurring in the words of L to
the number of all possible words of length k tends to zero as k
increases. Formally this is stated as follows.

Theorem 1. Let ¥ be a finite alphabet such that #2 = n 2 2. If L is

a deterministic TOL language, L C Z*, then
wk(L)

k

lim
ko n

= g,

where wk(L) denotes the number of all subwords of length k occurring

in the words of L.

The proof of Theorem 1 appears in [ 17].
All other results presented in this paper have not yet been published
before.

Note that this result is not true if #X = 1 (the language
n
{a2 In > 1} is a deterministic TOL language). Neither is it true for

nondeterministic TOL languages (2* is a TOL language for every
alphabet Z).

We believe that the above results 1s a fundamental one for charac-
terizing deterministic TOL languages. It can be used, for example, in
both intuitive and formal proofs that some languages are not deter-
ministiec TOL languages (an example of such an application is a proof
that if £ = {a,b} and F is a finite language over Z, then E£*-F is not
in the class of deterministic TOL languages).

One has however to be careful in understanding this result. Note
for exampleAthatkif z = {a15...5a,} for some n 2 2, then the deter-

ministic TOL system G = < E,{P,,...,Pn~1},an >, where
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P, = {a *’anai} u {aj - aj{1 € j € n-1} for 1 < i < n-1 is such that,
for each k =2 1, ﬁk(L(G)) > (n-i)k. The ramifications of Theorem 1 will

be discussed in more detail below.
I.3. Some subclasses of the class of TOL languages.

We will explore now further the subword point of view of the deter-
ministic restriction in TOL systems. In particular we will see that
this way of viewing deterministic TOL systems and languages possesses
one very pleasant and desirable feature. It is "very sensitive" to
various structural changes imposed on the class of TOL systems. In
fact we will be able to classify a number of subclasses of the class
of TOL systems according to their subword generating efficiency.

First we need some definitions.

Definition 2. A TOL system ¢ = < Z,P,0 > is called:

1) a OL system if #=P = 1,

2) propagating, if for every P in P, P C 2 x E+,

3) everywhere growing, if for every P in P and every a in Z*,

whenever a = o is in P (for erbitrary a in Z), then |a| > 1,

4) uniform, if there exists an integer t > 1 such that, for every
P in P and every o in Z*, if a = o is in P (for arbitrary a in Z),
then [a| = t.

Definition 3. A TOL language L is called propagating, everywhere

growing, uniform or a 0L language if L = L(G) for a propagating TOL

system, everywhere growing TOL system, uniform TOL system or a 0L

system, vespectively.

We will use the letters P, G and U to denote the propagating,
everywhere growing, and uniform restrictions respectively. Thus, for
example, a UTQL system means a uniform TOL system and a deterministic
G0L system means a deterministic everywhere growing 0L system. It
should be obvious to the reader that a GTOL system {(language) is also
a PTOL system (languége) and that each UTOL system (language) is also
a GTOL system (language).

Example 2.

1) ¢ = < {a},{{a > a, a = aa}},a > is a POL system. It is not
deterministic. Thus {a}+ is a POL language.

2) The TOL system from Example 1 is a deterministic GTOL system.

ongm Hhgl . e
Thus {a b [n,m > 0} is a deterministic GTOL language.
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We would like to point out that the restrictions which have been
defined in this section (propagating, 0L, etc.) were not introduced
for the purpose of this paper; they have already been studied earlier
in the theory of L systems.

I.4%. Everywhere growing deterministic TOL languages.

As has been indicated at the end of section I.1, even deterministic
PTOL systems can generate "a lot" of subwords (say, for each k = 0,
at least (n—i)k out of the total number nk of possible subwords of
length k in an alphabet of size n # 2). The situation is however gquite
different for deterministic GTOL languages.

Theorem 2.

1) If L is a deterministic GTOL language, then there exist positive
constants @ and B, such that, for every k > 0, ﬂk(L) < akB

2) For every positive number 2, there exists a deterministic UTQOL
language L such that if «,B are positive constants such that, for
every k > 0, ﬁk(L) < ukg, then B > 1.

I.5. Deterministic OL languages.

The class of deterministic OL systems is one of the most important
and most intensively studied classes of L systems (see, e.g., [45],
[75], [82] and [95]). In this section we shall investigate the "sub-
word complexity" of deterministic 0L languages as well as how various
structural restrictions on the class of deterministic 0L systems
influence the subword complexity of the corresponding classes of
languages.

As to the whole class of deterministic OL languages we have the
following result.

Theorem 3.

1) For every deterministic 0L language L there exists a constant o,
(L) < g, k2.

> Tk L
2) For every positive number ¢ there exists a deterministic POL

such that, for every k > 0

language L such that ﬂk(L) > 2.X* for infinitely many positive
integers k.

If we restrict ourselves to languages generated by deterministic
OL systems in which each letter is rewritten as a word of length at
least 2, then we get the following subword complexity class.
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Theorem 4.

1) For every deterministic G0L language L there exists a positive
constant o; such that, for every k > 0, m (L) < aL-k-lcg k.

2) For every positive number £ there exists a deterministic GOL
language L such that Wk(L) Z L.k.log k for infinitely many

positive integers k.

Further restriction to deterministic uniform 0L systems yields us
a class of generative devices with very limited ability of subword
generation.

Theorem 5.

1) For every deterministic UOL language L there exists a positive
constant o, such that, for every k >0, m (L) < ap -k,

2) For every positive number £, there exists a deterministic UOL
language L such that ﬁk(L) # L.k for infinitely many positive
integers k.

PART II

L systems with interactions

In an L system with interaction, the rewriting of a letter in a
string depends on the context in which the letter occurs (in other
words, two occurrences of the same letter may have to be rewritten
in different ways if they are in different contexts).

This part of the paper will be organized in more or less the same
way as Part I so that the reader can more easily compare and contrast
the results for L systems without interactions and those for L systems

with interactions.
II.1. TIL systems and languages.

Whereas TOL systems attempt +to model growth in different environ-
ments but with no cell interactions, TIL systems also allow interac-
tion among cells to take place in addition to environmental changes.
They were introduced in (Lee & Rozenberg)3), where the relevant formal
definitions and basic properties can be found. (TIL systems, or lang-
uages, abbreviates "table L systems, or languages, with interactions™.)

A TIL system G has four components, G = < Z,P,0,g >, where
(i) Z is the alphabet,

[

3) Lee & Rozenberg: TIL systems and languagess submitted for publication.
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(ii) o© 1is the axiom, as in the TOL case.

(iii) The symbol g is a new symbol, called the environment symbol.

It represents the envirvonment and its usage will be clear from the
following description of productions in G.

(iv) P is a finite set of tables of productions. Each production is
of the form < a,a,B > vy, where a € Z,0 € g*Z*, € T*g*,y € Z*, Tor
each particular system G, there are numbers k,% 2 0 such that ]a[ = k-
and |B|= & for all productions in G. The meaning of < a,a,B8 > = y is
that an occurrence of the letter a in a word, with the string of
letters o immediately to its left and the string of letters g immedi-
ately to its right, may be replaced by the string v . o and B are

thus the left and right contexts for a, respectively. Productions for
letters at the edges of a string will have an appropriate number of
environment symbols g in the context. A string x is said to derive a
string v 1f the letters of x in gkxg2 can be rewritten in the above way
to produce the string y, where all productions are from an arbitrarily

chosen table.

The language generated by a TIL system G, denoted as L(G), consists
of ¢ and all strings which can be derived from ¢ in a finite number
of steps. A Language L is called a TIL Jlanguage if there exists a TIL
system G such that L = L(G).

Example 3. Let G = < {a},{{ < g,a,A > = a® ,< a,a,A > +na;},
{ <g,a,A >=> 3% ,<a,a,pA >~ a%}},a° ,g >. Then L(G) = {a? 3 _1[n,m2>1}.
Here the amount of left context is k = 1 and the amount of right

context is £ = 0.

It should be noted that TOL systems can be identified with those
TIL systems whose productions are of the form < A,a,A > = a.

II.2. Deterministic TIL systems.

A TIL system is called deterministic if for each particular environ-
ment, a letter in a given context can be replaced by only one string.
Fdrmally, the deterministic restriction is defined for TIL systems as
follows.

Definition 4. A TIL system G = < Z,P,0,g > is called deterministic
if the following condition holds: For each P €P, ecach a € z, if
< 0,a,B > vy; and < a,a,B > > vy, are productions for a in P in the

context of o and B, then ¥; = ¥, . A language L is called a
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deterministic TIL language if there exists a deterministic TIL system
G such that L = L(G).

In the rest of Part II we shall look at the role determinism plays
in TIL systems from the subword point of view.

First we may remark that the analogue of Theorem 1 for deterministic
TIL languages does not hold. It is an easy exercise to construct, for
any alphabet Z (with #2 = n), a deterministic TIL language L such that
vk(L) z nk for every k 2 0; hence for this L,

wk(L)

lim = 1.
Je=eo nk

II.3. Some subclasses of the class of TIL languages.

Analogous to the TOL case, we have the following definition.

Definition 5. A TIL system G = < £,P,0,g > is called

1) an IL system if #P= 1.

2) propagating if for every P € P, pcC g*Z* x T x E*g* x =t

3) everywhere growing if for every P € P and every v € £ , whenever
< a,a,8 > >y is in P (for some a € X, o € g*X*, B € L*g*), then
[y > 1.

4) uniform if there exists an integer t > 1 such that for every
P €P and y € Z¥, if < qg,a,B > 2> vy is in P (for some a € Z, o € g*Z*,
B € Z*R*) then [y| = t.

Definition 6. A TIL language L is called propagating, everywhere
growing, uniform or an IL language if L = L(G) for a propagating TIL
system, everywhere growing TIL system, uniform TIL system or an IL

system G, respectively.

We shall also use the letters P, G, and U to denote the propagating,
everywhere growing and uniform restrictions regpectively, as explained
for the TOL case.

Example 4,
1) The TIL system G from Example 3 is a deterministic GTIL system.

n,m :
Thus the language {az s 1In,m Z 1} is a deterministic GTIL language.

2) Let 6 = < {a},{{ < A,a,g > > a*, < A,a,a >~> al}l,a,g >. Then-G
is a deterministic PIL system and so {a}+ is a deterministic PIL

language.
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II.4. Everywhere growing deterministic TIL languages.

At the end of section II.2, we have remarked that given any alpha-
bet Z a deterministiec TIL system can be found generating all possible
subwords over Z. The addition of the everywhere growing restriction
reduces this subword generating ability as in the case of L systems
without interactions. In fact the analogue of Theorem 2 {(concerning
deterministic GTOL languages) for deterministic GTIL languages holds.

Theorem 6.

1) If L is a deterministic GTIL language, then there exist positive
constants o and B, such that, for every k > 0, wk(L) < aks.

2) Tor every positive number £, there exists a deterministic UTIL
language L such that if o,B and positive constants such that, for
every k > 0, wk(L) < aks, then B > %.

II.5. Deterministic IL languages.

Theorem 3 states that for a deterministic 0L language L, the number
of subwords of length k is proportional to k. Thus the subword
generating ability of a OL system is reduced from nk (where n is the
cardinality of the alphabet) to k®by the addition of the deterministic
restriction. The situation is different concerning IL languages.
Vitanyi (personal communication) has a construction which, for any
alphabet Z, produces a DIL system G with alphabet X U {a,b} (where a,b
are new symbols) which generates all possible subwords over £. Thus the
foilowing theorem is true.

Theorem 7. Given any integer n > 2, there exists a DIL language L
such fhat, for any k = 0, ™, (L) = (n-Z)k.

The above theorem says that the addition of determinism to IL systems
(in general) reduces only slightly their subword generating ability.
Despite this, we find that deterministic GIL and deterministic GOL
systems, as well as deterministic UIL and deterministic UOL systems,
have the same subword generating power. This can be seen from the
following two theorems and Theorems 4 and §.

Theorem 8.

1) For every deterministic GIL language L there exists a positive
constant a; such that, for every k > 0, Wk(L) < a7 -k.log k.

2) Tor every positive number g there exists a deterministic GIL
language such that mk(L) # %.k.log k for infinitely many positive
integers k.
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Theorem 9.

1) For every deterministic UIL language L there exists a positive
constant o  such that, for every k > 0, ﬁk(L) < a; k.

2) For every positive number &, there exists a deterministic UIL
language L such that wk(L) 2 L.k for infinitely many positive

integers k.
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ABSTRACT

Growth functions of context dependent Lindenmeyer systems are investigated,

Bounds on the fastest and slowest growth in such systems are derived, and a method

to obtain (P)D1L growth functions from (P)D2L growth functions is given. Closure of
context dependent growth functions under several operations 1g studied with special
emphasis on an gpplication of the firing squad synchronization problem. It is shown
that, although all growth functions of DILs using a one letter alphabet are DOL growth
functions, there are growth functions of PDILs using a two letter alphabet which are
not. Several open problems concerning the decidability of growth equivalence, growth
type classification etc. of context dependent growth are shown to be undecidable. As
a byproduct we obtain that the language equivalence of PDILs is undecidable and that

a problem proposed by Varshavsky has a negative golution.

1. INTRODUCTION

Lindenmayer systems, L systems for short, are a class of parallel rewriting sys-
tems. They were introduced by Lindenmayer [59,60] as a model for the developmental
growth in filamentous organisms. These systems have been extensively studied, see
e.g. Herman & Rozenberg [45], and, from the formsl language point of view, form an
alternative to the usual generative grammar approach. A particularly interesting top-
ic in this field, both from the viewpoint of the biological origins and in its own
right, is the study of the growth of the length of a filament as a function of time.

An L system consists of an initial string of letters, symbolizing an initial one di-

*)

This paper is registered at the Mathematical Center as IW 19/Tk.
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mensional array of cells {a filament), and the subsequent strings (stages of develop-
ment) are obtained by rewriting all letters of a string simultaneously st each time
step. When the rewriting of a letter may depend on the m letters to its left and the

n letters to its right we talk about an (m,n)L system. When each letter can be rewrit-
ten in exactly one way in each context of m letters to its lef£ and n letters to its
right we talk about a deterministic (m,n)L system. All L systems considered in this
paper are deterministic (i.e. essentially monogenic rewriting systems) since this al-
lows a cleaner theary of growth to be developed. However, most of the results concern-
ing growth types and decidability we shall derive hold under appropriate interpreta—
tion also for nondeterministic L systems.

The general family of deterministic L systems is called the family of determin-
istic context dependent L systems or DIL systems. The best investigated subfamily is
that of the D(0,0)L (i.e. DOL) or deterministic context independent I systems. Growth
of the length of strings in this latter class has been extensively studied, cf. sec-
tion 2, and almost all questions posed have been proved to be decidable by algebraic
means [111,75,98] and some by combinatorisl arguments [116]. The study of the growth
of length of strings in the general case of context deﬁendent L systems has been more
or less restricted to the observation that the corresponding proﬁlems here are still
open, cf. [45, chapter 151, [751 and [102]. We shall investigate the growth of length
of strings in context dependent L systems and we shall solve some of the open prob-
lems by quite elementary means. By a reduction to the printing problem for Turing
machines we are able to show that e.g. the growth type of a context dependent I sys-
tem is undecidable, even if no production is allowed to derive the empty word; that
the growth equivalence problem for these systems is unsolvable; and that the corres-
ponding questions for the growth ranges have similar answers. (As a byproduct we ob-
tain the results that the language equivalence for PDiLs is undecidable and that a
problem proposed by Varshavsky has a negative solution.)

Furthermore, we derive bounds on the fastest and slowest growth in such systems;
we give a method for obtaining growth functions of syétems with a smaller context
from systems with a larger context; it is shown that all bounded growth functions of
context dependent L systems are within the realm of the context independent growth
functions whereas for each type of unbounded context dependent growth functions there
are growth functions which are not; similarly, all growth functions of context depen-
dent L systems using a one letter alphabet are growth functions of context indepen-
dent L systems whereas this is not the case for growth functions of the simplest con-
text dependent L systems using a two letter alphabet; we give an application of the
firing squad synchronization problem, etc.

The paper is divided in three parts. In section 2 we prepare the ground by giv-
ing a cursory review of some results on growth functions of context independent L
systems. In sections 3.1-3.3 we develop outlines for a theory of context dependent

growth functions and give some theorems and illuminating examples. In section 3.L4
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we prove the undecidability of several cpen problems in this area.

2. GROWTH FUNCTIONS OF CONTEXT INDEPENDENT L SYSTEMS

We assume that the usual terminology of formal language theory is familiar. Ex-
cept where defined otherwise we shall customerily use, with or without indices, i,J,
k,m,n,p,r,t to range over the set of natural numbers W = {0,1,2,...}; a,b,c,d,e to
range over an alphabet W; v,w,z to range over W* i.e. the set of all words over W
including the empty word A, #7 denotes the cardinality of a set Z; 1g(z) the length
of & word z and lg(i) =

An L system is called deterministic context independent (DOL system) if the re-
writing rules are deterministic and the rewriting of a letter is independent of the
context in which it occurs. With each DOL system G we can associate a growth function
f Mhere f (t) is the length of the generated string at time t. Growth functions of
DOL systems were studied first by Szilard [111], later by Doucet [15], Paz & Salomaa
[75], Salomaa [98] and Vitényi [116,115].

A semi DOL system (semi DOL) is an ordered pair S = <W,8> where W is a finite
nonempty alphabet and § is a total mapping from W into W' called the set of produc—
tion rules. A pair (a,8(a)) is also written as a - §(a). We extend § to a homomozr~
phism on W by defining §(A) = A and 6(& e By ) = 5(& )G(a )...5(a Yon > 0. 6
the composition of i copies of & and is 1nduct1vely deflned by 5 (v) = v and § (v) =
= 6(61 1(v)) for i > 0. A DOL system (DOL) is a tyiple G = <W,8,w> where W and § are
as above and W € wW* is the awiom. The DOL language generated by G is L(G) =
= {8"(w) | i > 0}. The growth function of G is defined by f,{t) = lg(ét(w)). Clearly,
for each DOL G = <W,§,w>, if m = max{lg(s(a)) | a ¢ W} thenufG(t) < 1glw) m?. Hence
the fastest growth possible is exponentially bounded. We classify the growth of DOLs
as follows [116]:

A growth function Ty is expomential (type 3) if lim fG(t}/xt > 1 for some x > 1;
treo
f, is polynomial (type 2) if lim fG(t)/p(t) 2 1 and lim f (t)/q(t) 1 for some un-
1 toe oo

bounded polynomials™ p and q; £ is limited (type 1) if 0 < fG(t) < m for some con-
stant m and all t; f, is terminating (type 0) if fG(t) = 0 but for a finite number
of initial arguments.

By an application of the theory of homogeneous linear difference equations with
constant coefficients, Salomas [98] gave an algorithm to derive an explicit formula

of the following form for the growth function of an arbitrary DOL G:

s t
(1) tolt) = 1 (%) o,
i=1

1, function £(t) is said to be unbounded if for each n, there is & t. such that

£{t) > n, for all t > t. 0
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where p; is an ri—th degree polynomial with complex algebraic coefficients and c. &
complex algebraic constant, 1 €1 < n, Z?=1(ri+1) = #W, From this it follows that the
above classification is exhaustive in the DOL case; that the growth type of a DOL can
be determined and that the growth equivalence for two DOLs is decidable {two DOLs G,
G,(t) for all t).

The approach of [98] becomes too complicated for large alphabets and does not

G' are said to be growth equivalent iff fG(t) = f

tell us anything about the sitructure of growth, viz. the local properties of produc-
tion rules which are responsible for types of growth [116]. By considering DOLs with
one letter axioms we can talk about growth types of letters, and clearly the growth
type of a DOL is the highest numbered growth type of the letters in its axiom. Given
a semi DOL, different types of growth may result from different choices of the axioms;
therefore the growth type of a semi DOL is a combination of the growth types possible
for different choices of the axiom. (Written from left to right according to decreas-
ing digits, e.g. 3210, 321, 21.)

Example 1.

2
G = <{a},{a>a"},a> ¢ growth type 3.

t t
V51 (145 Vo-1 (125
G =< b ~b ,b>ab > t) = : .
{a,b},{a"b,b>ab},a fG( ) oV ( 5 ) + Y= ( > ) growth type 3
(fG(t) is the t-th term of the Fibonacci sequence)
G = <{a,b},{arab,b>b},a> fG(t) = t+1 :  growth type 2.

2
8 = <{a,b,c,d},{ara b,b*be,cred,dA}> ;. growth type 3210.

The following theorem, [116], tells us which combinations may occur in the DOL

case,

Theorem 1., Type 2 never occurs without type 1. All other combinations are possible.

(I.e. there are no semi DOLs of growth type 320, 32, 20 or 2).

It is, however, easy to show that growth type 2 may occur without growth type 1
for the simplest context dependent L systems, i.e. the one letter alphabet PD1Ls.
(cf. example 2, section 3).

Furthermore, in the DOL case, necessary and sufficient conditions for the growth
type of & letter a ¢ W under a set of production rules are obtained from the empty-
ness of the intersection of the set of letters, derivable from a, with three disjoint
classes of recursive letters, where a letter b ¢ W is recursive if 5i(b) = v, bv, for

172
*
some i » 0 and some VsV, € w, [116].

2
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3. GROWIH FUNCTIONS OF CONTEXT DEPENDENT L SYSTEMS

The general form of a context dependent L system was introduced by Rozenberg
{861. We define a deterministic (mynl)L system (Di{m,n)L) as a triple G = <W,§,w>, where

W is a finite nonempty alphabet, the set of production rules § is a total mapping from
noo n .
U WX W ox U Wwinto W and w e Wi* is the axfom. & induces a totsl mapping § from
i=0 =0
* . * - = . .
W into W as follows: 8{A) = A and 6(a1a2...ak) = a40,...0, if for each i such that
1 < i <k we have

S(a, _a. P9 E- 70 R - T - T = o,
( i-m i-mt] T R T B B0 1+n) i

where we take a, = A for j < 1 and j » k. The composition of i copies of § is induc-
tively defined by go(v) = v and 3°(v) = §(§i-1(v}), i > 0. When no confusion can re-
sult we shall write § for §. The D(m,n)L language generated by G is L(G) =
= {5i(w) | i 2 0}, and the growth function of G is fG(t) = lg(&t(w)).

A semi D(myn)L is a D{(m,n)L without the axiom. A propagating D(m,n)L (PD(m,n)L)
is a D(m,n)L G = <W,8,w> such that &(v) # A for all v ¢ Wi*. In the literature a
'D(o,GJL is usually called a DOL, a D{(1,0}L or D(0,1}L is usuelly called a DIL, a
D(1,1)L is usually called a D2L and a D{m,n)L (m,n20) a DIL., The corresponding semi

L systems are named accordingly.

Bxample 2. S = <W,8> is a semi PD(0,1)L where W = {a} and 8(),a,}) = a2, §(X,a,8) = a.
It is essily verified that for every axiom ak, k > 0, S yields the growth function

£(t) = k+t. (At each time step the letter on the right end of the string generates aa
while the remsining letters generate a.) Therefore, even for PD1Ls using a one letter
alphabet growth type 2 can occur without growth type 1 and sll combinations of growth
types 0,1,2,3 are possible. (Contrast this with the situation for DOLs in theorem 1.)

In section 2 we defined growth types 3,2,1,0 which were exhaustive for the DOL
case. However, as will appear in the sequel, this is not so for DILs. Therefore we
define two additional growth types to £ill the gaps between types 1 and 2, and types
2 and 3. We call the growth in a DIL G subexponential (type 2%) iff the growth is not
exponential and there is no unbounded polynomial p such that fG(t) < plt) for all %
subpolynomial (type 1%) iff T
that lim fG(t)/p(t) = 0.

T
For DOLs the following types of problems have been considered and solved effec-

G is unbounded and for each unbounded polynomisl p holds

tively (ef. section 2 and the references contained therein).

(i) Anelysis problem. Given a DIL, describe its growth function in some fixed pre-

determined formalism.
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(ii) Synthesis problem. Given a function f in some fixed predetermined formalism and

some restriction x on the family of DILs. Find a DIL which satisfies x and whose
growth function is f. Related to this is the problem of which growth functions
can be growth functions of DILs satisfying restriction x.

(iii) Growth equivalence problem. Given two DILs, decide whether or not they have the

same growth function.

{iv) (Classification problems. Given a DIL or & semi DIL, decide what is its growth

type.
(v) Structural problems. What properties of production rules induce what types of
growth?

Furthermore we have the hierarchy problem. Is the set of DOL growth functions a

proper subset of the D1L growth functions and similer problems?
In section 3.4 we shall show that even for PD1Ls the problems (i)-{v) are re-

cursively unsolvable.

3.7. Bounds on unbounded growth

Sinece it is difficult to derive explicit formulas for growth functions of the
more involved examples of DILs, and according to section 3.4 impossible in general,
we avail ourselves of the following notational devices.

Lf(t)] is the Zower emtier of f£(t), i.e. for each t,[f(t)]| is the largest integer not
greater than £(t).
() ~ gls): £{t) is asymptotic to gl{t), i.e. lim £(t)/glt) = 1.

trew

£{t) a> g{t): £{t) slides onto g{t} {terminology provided by G. Rozenberg) iff for
each maximum argument interval [t',t"] on which g(t) has a constant value holds that
f(t) = g(t) for all t and some t" such that t' < t"' <t < ",

As in the DOL case, for each DIL G = <W,§,w> holds that fG(t) < 1glw) n’ where
m= max{lg(é(v1,a,v2)) | VsV, € W oand a e W}.»Hence the fastest growth is exponen-—
tial, and for each DIL there is a DOL which grows faster. We shall now investigate
what is the slowest unbounded growth which can occur. Remember that a function f is

wnbounded if for each n, there is a t, such that £(t) » n, for t > ty

Theorem 2.

(i} For any PDIL G = <W,8,w> such that f, is unbounded holds:

G

lim fG(t)/logr t 21 vhere r = #W > 1.

1>

{ii) For any DIL G = <W,§,w> such that f, is unbounded holds:

G

t
lim 2
tro 1=

f(t)/ i Llogr{{r—1>i+r)J > 1 where v = #W > 1.
o] i=0
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Procf.
(i) Order all strings in W™ according to increasing length. The number of strings
k-1 _i rk—r
of length less than k is given by t = DR i = #Y, Hence t = ——; and there-

fore k = logr((r—1)t+r). If we define £(t) as the length of the t-th string in
W then, clearly, f(t) = [logr((r—l)t+r)j and %ig f(t)/logrt = 1. The most any
PDIL system with an unbounded growth function can do is to generate all strings
of WW* in order of increasing length and without repetitions. Therefore

lim f.(t)/log t 2 1.
oo G r
(ii) The most any DIL with an wnbounded growth function can 4o is to generate all

strings of W in some order and without repetitions. Therefore,
. t t .

1im z._ £ (t)/2;_, £(i) =2 1. 0O

N =0 "G 1=0

In the sequel of this section we shall show that theorem 2 is optimal.

{051,2,5...,0=1,¢,8} (r>1);

8(A,i,s) = i+1 for

Example 3. Let G, = <W,8,%w> be a PD{0,1)L such that W
§(A,¢,i) = ¢ for 0 < i s r-1, 6(A,$,8) = ¢0, 6(1,i,x)
05 i <r=1, 8{A,8,0) = 1, 8(A,8,0) = 8§(r,s,1) = 0, §(A,r=1,1) = 8(A,r=1,8) = s,
8(A,i,3) =1 for 0 £ i,j < r-13 w= ¢0.
The starting sequence is: $0, ¢1, ..., fr-1, ¢s, $01, ..., §0r-1, ¢0s, ¢11,
vy fr=tir=1, $r=t.,.0-18, $r=1...7=181,..., $800..., $0000..0, ...
k x k-1 % k-2 x

Observe that G counts all strings over an alphabet of r letters., When an incre-
ment of the length k is due on the left side it needs k extra steps. Furthermore,

there is an additional letter ¢ on the left. Therefore,

fG1(t) = Llogr((r—1)t+r - Llogr((r~1)t/r+1)J)J + 1

N>Llogr((r—1}t+r)J + 1.

Hence fG (t) ~ logrt. Hence, with a PD11l using r+2 letters we can reach the slowest
1
unbounded growth of a PDIL using v letters.

Some variations of Example 3 are the following:

Exemple L, Let G, be a PD{0,1)L defined as G, but with 6{(x,¢,s) = ¢1. Then, essen~

tially, G2 counts on a number base r and

f(t}=23 0<%t < r
G
2
fGe(t) = |1log, (t-| 10g, t/r])] + 2
~>|log, t] + 2, tzr,
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Example 5. Let G3 = <{0,1,2,...,r-1} x {0,¢,s}, 63, {0,¢)> be such that the action

is as in G1 but with § and s coded in the appropriate letters. Then,

fG3(t) = Llogr((r-1)t+r - Llogr((r—1)t/r+1)J)j

ﬁ»Llogr((r~1)t+r)j

Example 6. Let Gh be as G2 with the modifications of G,. Then

3
£, (t) =1, 0st<r
Gy
th(t} = Llogr(t-Llogr t/r])] + 1
a>llog t]+ 1, t 2z,

Examples 3-6 all corroborate the fact that for any PDIL with an unbounded growth
function there is a PD1L with an unbounded growth function which grows slower, al-
though not slower than logarithmic. That theorem 2 (ii) cannot be improved upon fol-

lows from the following lemma, implicit in van Dalen [12] and Herman [33].

Lemma 1., For a sultable standard formulation of Turing machines 2, e.g. the quintuple
version, holds that for any deterministic Turing machine T with symbol set S and

state set Q we can effectively construct a D2L G. = <W 65,w5> which simulates it in

5 >

real time. I.e. the t-th instantaneous description of T is equal to 65(w5). There is

a required G5 with WS = 5 u @ and a required propagating G5 with WS =Qu {8 x Q).

Since T can expand its tape with at most one tape square per move we see that

+ < +1.
fGB(t 1) £, {£)+1
It is well known that a Turing machine can compute every recursively enumerable

set A = {1f(t) | £(t) is & 1:1 total recursive function}. We can do this im such a

way that for each t when £(t) has been computed the Turing machine erases everything

else on its tape. Subsegquently, it recovers t from f(t) by f_j, adds 1 and compubes

£{t+1). In particular, the simulating D2L G_ can, instead of replacing all symbols

>
except the representation of f{t) by blank symbols, replace all the superfluous blank

letters by the empty word A. Suppose that A is nonrecursive. Then, clearly, it is not

the case that for each n. we can find a t. such that Ty (t) > n

0 o for t > to, although

¢}

such & t, exists for each D, Hence theorem 2 (ii) is optimal for D2Ls, and as will

appear from the next lemma also for Dils.

2 For results and terminology concerning these devices see e.g. M. Minsky, Computa—
tion: finite and infinite machines. Prentice-Hall, London (1967).
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Lemma 2.

(i) Let G = <W,8,w> be any D2L. We can effectively find a DIL G' = <W',8',w'> such
that for all t holds: 82 (w') = ¢6%(w) for some ¢ & W.

(ii) Let G = <W,8,w> be any PD2L. We can effectively find a PDIL G" = <W",§",uw">
such that for all t holds: 5"2t(w") = ¢6t{w}$t for some ¢,% & W.

Proof.

(i) Let G = <W,8,w> be any D2L. Define a D{0,1)L ¢!

<W',8",w'> as follows:

W' Wou (W ox (Wulad)) v {¢), ¢4 Wy w' o= fwy
§'{r,a,c) = {(a,c), §' (A, ¢, (a,e))
8'(A,¢6,e) = ¢, 51 (A, (a,0),4)
§1{x,{a,b),(bse)) = 8{a,b,c),

]

#8{A,a,c),
Ay

n
]

for all a,b ¢ W and all ¢ ¢ Wu{A}. (The arguments for which &' is not defined,
shall not ccecur in our operation of G'.)

*
For all words ve Wi, v= a1a2...ak, holds:

8% (¢a,0,m) = 67 ($(a;08,)(5y08,). 0 (8,0)) =

¢6(A’a?,32)6(8'1’&2’23)'.'d{ak-'l’ak,;x) =

¢6(a1a2...ak).

t

Since, furthermore, 6'2(¢) = ¢ we have therefore §'° (w') = ¢5t(w) for all t.

(ii) Let G = <W,8,w> be any PD2L. Define a PDIL G" = <W",§",w"> as follows:

W= Wou (W= (Wulad)) u {¢,8}, ¢,3 ¢w; " = ¢wy

§"(x,a5e) = (a,e), §"(ay(a,b),{b,e)) = 8(a,b,e),
§"(xs8,%) = (a,)), §"(A,¢,(a,e)) = §8(X,a,c),
8"(x,%,8) = §, 6" (0, (8,0 050) = 8", (a,0),8) = $,
8"(x,¢,8) = ¢, §"(x,8,0) = %,

for all a,b, € W, all ¢ ¢ Wu{i} and all 4 « Wu{2,$}. Analogous with the above
we prove that if ét(w) # A for all t then G"Zt(w") = ¢5t(w)$t. 0

Theoren 3.
(i)  If £(t) is a D2L growth function then g(t) = £(t/2])+1 is a DIL growth func-
tion.

(ii) If £(%) is a PD2L growth function then g(t) £([t/2])+|t/2]#1 is a PDIL growth

1t

function.
(iii) 1f £(t) is a PD2L growth function then g(t)

(iv) If £(t) is a PDR2L growth function then g(t)
function.

£{[t/2]) is a DIL growth function.
r(lt/2))+|t/2] is a PDIL growth

1

]
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Proof. (i) and (ii) follow from lemma 2 and its proof. (iii) and (iv) follow from
lemma 2 and its proof by the observation that we can encode the left end marker ¢ in

the leftmost letter of a string and keep it there in the propagating case. [J

Note that by lemma 2 the transition in theorem 3 is effective, i.e. given a D2L
G, of which f is the growth function, we can construct a required D1L Q' such that
fG’ = g,

3.2. Synthesis of growth functions

In the last section we saw that if £{t) is the growth function of a D2L G then
g(t) = £({t/2])+1 is the growth function of a DIL G' and there is a uniform method
to construct G' given G. In this sense we shall treat some methods for obtaining
growth functions. We consider operations under which families of growth functions are
closed. An important tool here is an application of the Firing Squad Synchronization
Pﬁoblem3. Stated in the terminology of L systems it is the following. Let § = <WS,6S>
be a semi PD2L such that 1g(6s(a,b,c}) = 1 for all b ¢ Wy and all a,c € wsu{,x}, and
there is a letter m in Wy such that Gs(m,m,k)= ds(m,m,m) = m. The problem is to de~
sign an § satisfying the restrictions asbove such that 5k(n)(mn) =, re W, for all
natural numbers n and a minimal function k of n, while Gt(m?) € (WS—{f})n for all t,
0'st < k(n). BalzerL+ proved that there is a minimal time solution k(n) = 2n-2. In
the PD2L case we can achieve & solution in e.g., k{(n) = n-1 by dropping the restric-
tion 5S(m,m,k) = m and having both letters m on the ends of an initial string act
like "scldiers receiving the firing command from a general’ in the firing squad ter~
minology. Assume that 8 = <WS’
k(n) = n-1. Let G = <¥W,8,%w> be any (P)D2L, We define the (P)D2L G' = <W',8',w'> as

follows:

SS> is such & semi PD2L simulating a firing squad with

w'

W x W

S;
! = =
W (al,m)(ag,m)...(ak,m) for w 88,8,
5'((8‘93')9(bab,):(cgc')) = (b,b") for 5S(a!,b',c') = b" and

a'v'e’ # £rf,

(b1,m)(b2,m)...(bh,m) for &{a,b,c) = b1b2...bh,

5'((a,f),(b,f),(c,f‘)) =

A for 6(a,b,c) =

L
>

We easily see that if &(v) = v' for v,v' ¢ W then

8 See e.g. Minsky, Op. cit., 28-29,

4 Balzer, R., 4n 8 state minimal solution to the firing squad synchronization prob-
lem, Inf. Contr. 10 (1967}, 22-k2,



114

5187 (o m) (2 m). .. (aom) = (b, m) (0, ,m) .. (3, m)

1g{v)
= LI . 1 =
where v = a.8,...a &nd v b1b2...bh, and § {(a1,m)(a2,m)...(ak,m)) x» for

v' = A. Therefore we have:

Lemma 3. Let G be any (P)D2L. We can effectively find a (P)D2L G' such that

fG(O) for all t such that 0 £ t < fG(O),

() z) =

T T+1
£ (1+1) for all t such that Z f(i) st < z £ (i).
¢ Lo'e Lo e

1=0

Since we can simulste an arbitrary (but fixed) number of r firing squads in sequence
plus s number j of production steps of G' for each production step of G, we can ef-
fectively find a (P)D2L G' for each (P)D2L G such that:

fG{O) for all © such that 0 £t <r fG(O) + 3
£,,(t) =
G T
£o(t+1)  for all t such that ’ foli)+(e+1)] < 8 <
i=0
T+1
) fG(i)+(T+2)j.
i=0

from f, as defined in (2)

Let us call the operation to obtain a growth function fG' G

FSS. Then f, = FSS(fG).

A cascade of r firing squads working inside each other, such that one production

step of a {P)D2L G is simulated if the outermost squad fires, gives us a {(P)D2L G'

hy .
such that f,, = FSS (fG), i.e.
£,(0) for all t such that 0 £ t < fG(o)r
{3) fG,(t) =
T r T+1 -
£ (t+1) for all t such that ; £.(i) =t < § £,(i)".
¢ izo ¢ iz ¢

Example 7. Suppose that f, is exponential, say fG(t) = 2%, Then FSS(fG) = f where
| 1og, t)
2

) : :
£(t) = 2™ for 3i_ 2% <t < 51| 2. Hence £(2 and £(t) = 2 .

0 0
i.e. £{t) = £,  We can obtain analogous results for arbitrary exponential functionms.

T+1_1) - 2T+1

5e = g asserts that f is of the same order of magnitude as g, i.e. c1g(t) < f£(t) <
< czg(t) for all t and some constants CysCye
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Example 8. Suppose that Ty is polynomial, e.g. fG(t) = p{t) where p(t) is a polyno-

mial of degree r. Then FSS(f,) = f where f(2§=o p(i)) = p(t+1). Since ZE_O p{i) =q(t)
. -+ ~

where g(t) is a polynomial of degree r+1 we have f(t) X tr/r 1 By (3) we see that

. W
FSSJ(fG) = f where £(t) < tr/(r J).
Hence we have:

Theorem 4, For each rational number r, 0 < r < 1, we can effectively find a PD2L G

such that 2,(t) < t¥.

Proof. Since r = r'/r" such that r",r' are natural numbers and r" 2 r', and according
to Szilard [111] we can, for every monotonic ulbtimately polynomial function g, find a
rt/r

.

PDOL G' such that fq1 = & by example 8 we can find a PD2L G such that fG(t}:: t
a

t+1

Example 9. Let f () = [log2 t}. Then FSS(fG)‘= T, where £((t-1)2" '+4) = t+1, i.e.

G
£(t) = log t.

Hence we see that the relative slowing down gets less when the growth function
is slower,

By theorem 3 everything we have obtained for D2Ls holds for DilLs if we substi-
tute |t/2] for t in the expression for the growth function and add 1. However, even
for D1Ls we can achieve a greater slowing down. Let G be some D2L. We can construct
a DIL G' which simulates G such that for each production step of G, G' does the fol=-
lowing.

(é) G' counts all strings of length fG(t) over an r letter alphabet by the method of
example 3. When an increase of length is due on e.g. the left side,

(b} G' initializes a firing squad, making use of the simulation technigue of lemma 2,
When the firing squad fires, G' simulates one prodﬁction step of G and subsequent-
ly starts again at (a).

Hence, if h(t) < £

g then we can effectively find a DIL G' such that f

(t) = t then fG,(t) < log, t, t > 1.

(t) < g(t) for a D2L G and monotonic increasing functions h and
(Zt 1'}'L(i)

. +1). in-
i=0 } < g{t+1). For in

GV
stance, if fG

We can combine processes like the above to obtain stranger and stranger, slower

and slower growth functions. Similar to the above application of the Firing Squad
Synchronization Problem we could apply the French Flag Problem (see e.g. [371).

The next theorem tells us under what operations the family of growth functions
is closed. In particular, the subfamilies of (P)D2L, (P)DIL and (P)DOL growth func-

tions are closed under (i)-(iii).

Theorem 5. Growth functions are closed under (i) addition, (ii) multiplication with
a natural number r > 0, (iii) entier division of the argument by & natural number
r > 0, (iv) F8S. Growth functions are not closed under (v) subtraction, (vi) divi-

sion, (vii) composition.
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Proof.
(i) Let G1 = <W1,61,w1> and G2 = <W2,62,w2> be two DILs with disjoint alphabets.
Define G3 = <WTUW2,53,W1W2>.
such thet £, =% + f .
G3 G1 GQ

(ii) Pollows from (i}.
(iii) Let G

Then it is easy to construet 63, given 51 and 52,

= <W1,61,wf be & DIL, Define G

1 2 272

= £, (J]t/r]). This is easily achieved by introducing a cycle of length r for
1

= <¥_.,8,.,%.> such that £ {(t] =
2 G,

each direct production of G1.
(iv) By lemma 3.

(v)-(vi) Trivial. .
(27)

(vii) 2t is a growth function while 2 is not. 0O

We conclude this section with some conjectures. The evidence in favor of in par-
ticular conjecture 1 is overwhelming, but we have not been able to derive a formal
proof.

t+Llog2 t]
Conjecture 1. Growth functions are not closed under multiplication. (E.g. 2

can hardly be a growth function.)

Conjecture 2. Unbounded growth functions are closed under function inverse. (E.g.
£(t) = rt is a growth functicn for r is a constant. g(t) ~ f-1(t) = logr t is a
growth function too.)

Conjecture 3. There are no PDIL growth functions f(t) X +¥ where r is not a natural

number. (It is hard to see how & string can determine its length in the PD1L case.)

3.3. Hierarchy

The first PDIL growth function of growth type 13 was "Gabor's sloth" in [75,
p.338]. Examples 3-6 and section 3.2. provide us with an ample supply of this growth
type. A more difficult problem is to construct a DIL of growth type 23. The first
{and until now only) DIL of growth type 2% is the PD2L of Karhumiki [50] with growth
function f where 2\/E < f(t) = (2\/3)%. By lemma 2 we can construct a PDIL G such that
2‘/1?7‘—2—I + [t/2] < () < (2V§}V%7§T +>Lt/2J. From these results and theorem 5 (1)

follows:

Theorem 6. There are PD1L growth functions of growth types 13,2,23,3 which are not
DOL growth functions.

Hence the family of (P)DOL growth functions is properly contained in the family
of (P)D1L growth functions. However, if we restrict ocurselves to the bounded growth

functions the situation is different.
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Theorem 7. Let G be any DIL such that £, is of (i) growth type 0, or, (ii) growth

G
type 1. Then we can construct a DOL G' such that fG’ = fG.
Proof.
(i) Let fG(t) > 0 for all © < %, for some to and fG(t) = 0 otherwise. Then fG, = fG
where G' = <W',8',w'> is a DOL constructed as follows:
fG(O)—1
W' = {ao,a1,...,at ,bl; w' = aob ;
0
fG(i+1)-1
§'(a;) = a, . for all i, 0 i <%,

(ii) I fG is of growth type 1 for some DIL G then f, is ultimately periodic, i.e.

G

fG(t) = fG(t—u) for all t > to+u for some tO and u. The construction of the ap-

propriate DOL G' is similar to the construction in (i). O

Corollary 1. The family of bounded (P)DIL growth functions coincides with the family
of bounded {P)DOL growth functions.

Thecrem 8. Let G = <W,8,w> be a wnagry (i.e. #W = 1) DIL. Then there is & DOL G' such
that £y, = £,

Proof. Suppose f, is bounded. By theorem T the theorem holds. Suppose T is un-
bounded, and let G be a D(m,n)L. Purthermcre, let p = 1g(6(am,a,an)),

x = Z?;é 1g(s(at,a,a™)) + Z?;g lg(é(am,a,aJ)). Since fq is unbounded there is a %
such that fG(tO) > 2(m#n)+x+i. For all + 2 to the following equation holds:
(4) fG(t+1) = p(fG(t)—m—n) + x.

Case 1. p = 0. Then fG(t} < (min)y vhere y = max{lg(ﬁ(v1,a,v2)) | Vs, € W),

Therefore fG is bounded: contradiction.
Case 2. p = 1. Then x-m-n > O since fG is bounded otherwise. It is easy to comstruct

a DOL G' such that fG' = fG in this case.

Case 3. p » 1. Construct a DOL G" = <W",8",w"> as follows:

" o . " - " = P‘2 f .
W {ao,a1,a2,a3}, 8 (ao) As 8 (a1) 8,285 s 8§ (ae) a a

mn fG(tO)-Q(m+n)—1 6

P
&, 3

" = PR
§ (as} a3 ;W (aoai)

It is easy to prove by induction on t that £ ,{t) = fG(t+to) for all t. By using

GH

6 We define 8§ for DOLs as in section 2.
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n
=
=

n
23

“

theorem 7 we construct a DOL G' = <W',§',w'> such that W" ¢

t
§' O(w') = w" and fG‘(t) = fG(t) for 0 st < t_. Then T.,

0 G G’

"
+h

It may be worthwhile to note that the solution to the difference equation (L)
is given by:

fG(to) + (x—m—n)(t—to) for p = 1,

=t i %o
P fG(tO) + (x~p(m+n)) 7:% for p > 1,

for all t > to.
Therefore, the growth function of & unary DIL is either linear or purely ex—

ponential, which by equation (1) gives us

Corollary 2. The family of growth functions of unary DILs is properly contained in
the family of growth functions of DOLs.

Theorem 9. There is a binary PDIL G = <W,8,w>, (i.e. #W = 2), with a one letter axiom

such that there is no DOL G' such that fG' = fG.

Proof. Let G = <W,8,w> be a PD(1,0)L where

by §(Asb,A) = aa, §(a,a,\) = a,
b, 8(a,b,A)

W= {a,b}; w
8(bsa,k)

a; S(A,a,1)
b, &6(b,b,1\)

ad.

The initial sequence of produced strings is:

a, b, aa, ba, aab, basa, aabaa, ba3ba, a?bahb, ba3ba5, agba

azbaubaébaz, ba3ba5ba7ba, a2bahba6ba8b, basbasbaYbag,'.....

zkoa)“, ba3ba5b33,

Every second time step one b is introduced on the left and starts moving along the
string to the right. Every time step b moves one place to the right and leaves a
string a2 on the place it formerly occupied. When a letter b reaches the right end
of the string it dissppears in the next step leaving aa. Therefore, on the one hand,
every second production step there enters a length increasing element in the string;
on the other hand, with exponentially increasing time intervals one of these elements
disappears. The strings where a b has just disappeared in the above sequence are:

3.5

a) = baasa, 69(a) = baba 3paba va’

65( , 615(a) = ba~“ba’ba'ba’,

Now introduce the notational convenience H§_1 v(i) where v(i) is a function
from W inte W'. E.g. if v(i) = albzl then H§=1 v(i) = abgaebua3b6.
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X

2 .
Claim. St(x)(a) = 1 ba?l+1 where t{x)} = 2X+1 + 2x + 3.

i=1

Proof of claim. By induction on x.

x = 0. Ss(a) = ba3.

x > 0. Suppose the claim is true for all x < n. Then

n
2 . n
+ .
Gt(n)(a) = T bazl [ ...ba2 2 1
i=1
This last occurence of b will just have disappeared at time t' = t(n) + 2.2" + 2 =

= t(n+1). The distance with the preceding occurence of b was 2.2".1 and therefore

n n n
a2.2 -1+ 2(2.27+42) - 2(27+1) - ...ba2'2 +1.

(5) st )y o

At time t{n) the total number of occurences of b in the string was 2n; at time t(n+1)

this is 2%+2%+1-1 = 2% ana

(6) s () = wadh. .. .

i, i
Since it is easy to see that for all t+ = 0 holds if St(a) = v1ba 1ba zbvz for some

n+1 3
127 then i2 = i1+2, it follows from (5) and (6) that Gt(n+1)(a) = ﬂ§=1 baelH

which proves the claim.

v ’

Hence,

22(
T o2(i+) = 2%(2%43) = 1/8(t(x)-2x-3) (t(x)-2x+3)

i=1

f,(t(x))

1/b £(x)%x £(x)+x° - 9/k.

Since t{x) = 2X+3+2x+3 we have x RS> Llog2 t(x)/2] and therefore:
(1 14lelx)) e 17k 2007 = [1og, t(x)/2]6(x) + |10g, t(x)/2]" - o/h.

From (7) and the general formula for a DOL growth function (1) it follows that fG

cannot be a DOL growth function since

fG(t) -1/ t2 ~ 1t logt. O

That context dependent L systems using a two letter alphabet cannot yileld all
DOL growth functions is ascertained by the counterexample £{0) = f(1) = £(2) = 1 and
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f(t) = t for t > 2, which is surely a (P)DOL growth function.

Corollary 3. The family of binary (P)DIL growth functions has nonempty intersections
with the family of (P)DOL growth functions and neither contains the other.

An open problem in this area is: does the family of (P)D1L growth functions co-
incide with the family of (P)D2L growth functions. A proof of conjecture 3 would
show that the family of PDIL growth functions is properly contained in the family of
PD2L growth functions.

Using a similar technique ag in lemma 2 we can, however, say the following.

Theorem 10.
(i} If £(t) is a PD2L growth function then f{t) is & D(2,0)L growth function.
(ii) If £(t) is a D2L growth function then £(t)+1 is a D{(2,0)L growth function.

Proof.

{i) Let G = <W,8,w> De a PD2L. Define a D{2,0)L G' = <¥W',8',w'> as follows.

o= . og! o= = .
W= WuWx {¢} vhere ¢ ¢ Wy w a8, n_1(an,¢) for w = aa,...a8;

2
§'(ab,c,A) = S(a,b,c), §T(A,c,h) = A,

Gi(abas(cs‘;)a)\) = S(a,b,c)ajag...am_l(am,‘}) if 5(b,C,A) = &132...3‘&,

81 (hs(es8)s2) = ayap.nimy ((a,,8)  if 8(h,c50) = 8,8,
for all b,c ¢ W and all a ¢ Wu{i}.

t
' L]
Then &' (w') b1b2.

(ii) Let G = <W,8,w> be a D2L. Define a D{2,0)L G' = <W',§8',w'> as follows.

. t
<oy (b ,$) if §7(w) = b b,...b , and therefore T, = .

W' = Wu{¢} where ¢ ¢ W; w' = w§;

§'(ab,c,n)

#

6(a,b,c), 6’<)\;Ca)\) =),

L}

5,(aba¢:)\) 5(8.,‘{),}\)?‘, 5’(k,¢,§\) = ¢9
for all b,c € W and all a ¢ Wu{A}.
Then G't(w') = Gt(w)¢ and therefore fG,(t) = fG(t)+1. 0

Rogzenberg [86] proved that & D(m,n}L can be simulated in real time by a D{k,%)
if k+f = mtn and k,%,m,n > O. Therefore, by using the same trick as above we have

the following:

Corollary L.
(i)} If £(t) is a PD(m,n)L growth function then £{t) is a D(k,%) growth function

where k+f = mtn,
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{(ii) If £ is a D(m,n)L growth function then f{t)+1 is a D(k,%) growth function where
k+{ = mtn,

In particular, (i) and (ii) hold for k = m+n and & = 0 and vice versa.
3.4, Decision problems

According to section 2 and the beginning of section 3 (and the references con-
tained therein) the analysis, synthesis, growth equivalence, classification and
structural problems all have a positive solution for context independent growth, i.e.
there is an algorithm which gives the required answer or decides the issue. {This is
not completely true for the synthesis problem, see theorem 33 in Paz & Salomas [75].)
The corresponding problems for the general case of DIL systems have been open. It
will be shown here that for DILs these problems all have a negative solution essen-
tially because already PDils can simulate any effective process. (Note that by theo-
rems 8 and 9 the above problems have a positive solution if we restrict ourselves to
unary DILs or to DILs with a bounded growth function.) Furthermore, we shall show
that similar questions concerning growth ranges of DILs have similar answers. First
we need the notion of a Tay system7. A Tag system is a 4 tuple T = <W,§,w,8> where W
is a finite nonempty alphabet, § is a total mapping from W into W*, W e Wi is the
initial string, and B is a positive integer called the deletion number. The operation
of a Tag system is inductively defined as follows: the initial string w is generated
by T in O steps. If w_ = a8, ..2 is the t-th string generated by T then w =

t n £+1

= a8+1a8+2...an6(&}) is the (t+1)-th string generated by T.

Lemma 4 {Minsky). It is undecidsble for an arbitrary Tag system T with 8 = 2 and a

given positive integer k whether T derives a string of length less than or egual to

k. In particular it is undecidable whether T derives the empty word.

We shall now show that if it is decidable whether or not an arbitrary PDIL has
a growth function of growth type 1 then it is decidable whether or not an arbitrary
Tag system with deletion number 2 derives the empty word A. Therefore, by lemma 4 it
is undecidable whether a PDIL has a growth function of type 1.

Let T = <V,

T)(STQWTS
G = <W,8,w> as follows:

2> be any Tag system with deletion number 2. Define a PD(T,O)L
P 1
W= Wy U WL U Wk v {¢,%1,

3 t 1 = ¥,
where Wi = {a | aec Wpls Win Wy = ¢ and $,% ¢ WU

7 Minsky, Op. cit.

8 The idea of simulating Tag systems with 1Ls occurs already in the first papers on

L systems i,e. [33] and [12].
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v = WT¢3

§(x,8,1) = 8($,a,0) = §(3,(a,b),A) = g,

§(h,gs2) = 6($,8,0) = 8(2,5,0) = 8($,8,0) = 8($,6,0) = 8(1,¢,0) = §,

6(&,1’),}\) = S(EQ(b)c)’k) = 6(&,(b,c),}x) =D,
8{a,¢,0) = ¢,

5(}3,0,)\) = 6((a,b),c,)\) = (C:b),

8(2at,0) = 6((a,0),4,0) = §_(0)¢,

for s8ll a,b,c € WT and all 8,b, € Wé.

A sample derivation is:

T G
a1a2a3aua5 a1a2a3aha5¢
aBahaSGT(a1) 51a2a3aha5¢

a56T(a1)GT(a3), ete. $(a2,a1)333ha5¢
$32(a3,a1)aha5¢
$$a3(au,a1)a5¢
$$§3ah(a5,a1)¢
$$$(ah,a3)a56T(a1)¢
$$$gh(a5,a3}6T(a1)¢, ete.

In the simulating PD1L G signals depart from the left, with distances of one
letter in between, and travel to the right at an equal speed of one letter per time
step. Therefore, the signals cannot clutter up. It is clear that if the Tag system T

. . . to k t
derives the empty word, then there is a time t. such that 6 (w) = $°¢ and § (w) =

0
k+1
=%

for some k and for all t > to. Conversely, the only way for G to be of growth
type 1 is to generate a string of the form $k¢. (If the string always contains letters
other than § and ¢ then at each second production step there appears a new occurrence
of § and the string grows indefinitely long.) Therefore, T derives the empty word iff
G is of growth type 1. Since it is undecidable whether or not am arbitrary Tag sys-
tem with deletion number 2 derives the empty word it is undecidable whether or not a
PDIL is of growth type 1.

Theorem 11.

(i) It is undecidable vhether or not an arbitrary PDI1L is of growth type i,
ie {1,14,2,23,3].

(ii) It is undecidable whether or not an arbitrary DiL is of growth type i,
i ¢ {0,1,1%,2,23,3}.

(iii) It is undecidsble whether an arbitrary PDIL has an unbounded growth function.
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Proof.

(i)  Let G1 = <W1,51,W1> be a FD(1,0)L simulating a Tag system T as discussed gbove.

Let G, = <W2,62,wé> be a PD{1,0)L of growth type i, i e {1,13,2,23,3} such that

wgnw12= ¢. Define G3 = <W3,63,w3> as follows:
W = W,uldds vy = w3
8= 6, U {63($,$,x)=53(x,$,x)=$} u {63($,a,x)=62(h,a,k) | ae Wyl
Clearly, fG3 = ng. Now construct a PD(1,0)L Gu = <Wh’6h’wh> as follows:
WLL = W3UW1; Wh = w1;

8, =85 u (61-{61($,¢,x>=$}> u {8, ($,¢,1) = v ).

t t
If there is a time to such that 610{w1) = $k¢ for some k then Sho(wh> = $k¢
t+to+1 Kt
and & (w,) = §6.(w.,) for a1l t, i.e. £  {(t+t +1) = £ (t)+k., If there is
k4 b 3'73 G, 0 G,

no such time to then fG (t) = £, (%) for all t. In this latter case it is easy

Gq(

to see that fG (t) = t, i.e. Gh is of growth type 2. By the previous discussion
1

it is undecidable whether such a time to exists and therefore whether fG is of
I

growth type i or 2.

(ii) Follows by a similar argument if we talk sbout D{1,0)Ls instead of PD{1,0)Ls,
chenge everywhere 8, (A,$,)) = § into §,(2,$,2) = A, and let i range over
{0,1,1%,2,23,31.

(iii) Follows from (i). [J

Corollary 5. There is no algorithm which, for an arbitrary PDIL G, gives an explicit

expression for fG in a formalism we can use.

The undecidability of whether a (P)D1L is of a certain growth type holds {be-
cause of the proof method) also for future refinements of the classification. We could
have proved theorem 11 by simuleting Turing machines with PDILs (cf. lemmas 1 and 2)
and reducing everything to the printing problem for Turing machines. This, however,
would have caused some difficulties with the slow growth types.

Theorem 11 has some interesting corollaries. Two DIL systems G1,G2 are said to
ve language equivalent if L(G1) = L(Gg). Now it is known that the language eguive~
lence for e.g. OL languages is undecidable. The status of the language eguivalence
problem for DOL languages is unknown as yet, {Cf. [5,99,841,) By the special tract-
able nature of PDIL systems it might well be that the language equivalence problem

is decidable in this case. However, in the proof of theorem 11 (i) it is clearly
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undecidable whether L(Gh) = L(G1). Therefore we have:

Corollary 6. The language equivalence of PDIL languages is undecidable. (According
to theorem 12 this is even the case if we are informed in advance that both PD1Ls

concerned are of the same growth type i, i ¢ {2,23,3}.)

V.I. Varshavsky proposed the following problem: "Conmsider the class of D2L gram-
mars producing strings which stabilize at a certain length. Make some reasonable as-
sumptions about the maximal production length (e.g. 2) and axiom length (e.g. 1) and
find the maxims]l steble string length as a function of the number of letters in the
alphabet."g The restrictions as stated in the above problem are no restrictions on
the generating power of any usual subfamily of DILs since it is clear that by enlarg-
1 by a DIL G2 where G2 takes k1 production
steps to generate the axiom of G1 and takes a constsnt number k2 of productions steps

k, +k t
172
2

(This is similar to deriving e.g. the Chomsky Normal Form for context free grammars.)

ing the alphabet we can simulate any DIL G

of G2 to simulate one production step of G1, i.e. 8 (wz) = 6?(w1) for all t.
Suppose we restrict ourselves to the family of PD1Ls and there is a function as pro-
posed by Varshavsky where, moreover, this function is computable. Then it would also
be decidable whether or not a PDIL G simulating a Tag system T ever generates a

string of the form $k¢ for some k: contradicting lemma L. Therefore, we have

Corollary 7. Let V be the family of PD1Ls G = <W,§,w> such that #W = i, w ¢ W,
tott to
1g(s{a,b,r)) <2 for all b € W and a € Wu{)r}, and 1g(8 (w)) = 1g(§"Y(w)) for some
to and all t. Let v(i) = max{lg(v)|veL(G) and GeVi}. There is no computable function
f such that v(i) < £{i) for all i, i.e. v increases faster than any computable function

and hence Varshavsky's problem has a negative solution.

Theorem 12.

(i) It is undecidable whether or not two PD1Ls are growth equivalent even if we
have the advance information that they are of the same growth type i,
i e {2,23,31.

(ii) It is undecidable whether or not two D1Ls are growth equivalent even if we
have the advance information that they are of the same growth type 1,
ie {14,2,23,3}.

(iii) The growth equivalence of two DILs is decidable if we have the advance infor-

metion that they both have bounded growth functions.

Proof. Taeke an arbitrary Tag system T and simulate it with a PDIL G, as in the proof

1
of theorem 11.

(i) Now construct two variants of G1’ called G2 and G3, which act like G1 until $¢

oceurs in & string. Then G2 and G3 start different growths albeit of the same

° In: Unusual automata theory. Univ. of Aarhus, Comp. Sci. Dept. Tech. Rept.

DAIMI PB-15 (1973}, 20.
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growth type i, i € {2,23,3}. Now let f be another growth function of type 1i.
Since PD1L growth functions are closed under addition (theorem 5) both g =

= £ +f and h = £, +f are PDIL growth functions of type i, say of Gh and G

G2 G3 5

Ir $¢ never occurs in a string then £, =f, = £ +f and £, {t) =t. If $¢
Gh G5 G1 G1

oceurs in a string then f., # fG . Since it is undecidable whether $¢ occurs

GQ 5

in a string it is undecidable whether or not f, = fG , Where it 1s known that

Gu 5
bgth f; and f, are of growth type i, i e {2,2},3}.
L 5

(ii) Similar to (i). Since we talk here about D1Ls we can slow the growth function

G < log, t, r > 1, {cf, discussion after example 9).
1 1

{iii) Trivial., 0O

£, down to fG' where fG'
1

Note that the theorem above leaves open the decidability of the guestion of two
PD1Ls being growth equivalent if we are informed in advance that they are both of
growth type 1i. This is because in our simulation method of Tag systems all simulat-

ing PD1Ls are either of growth type 1 or growth type 2.

Theorem 13. It is undecidable whether two PD2Ls are growth equivalent even if we are

informed in advance that they are both of growth type 13.

Proof. Take a PD2L G1 simulating a Tag system T. Comstruct a PD2L G2 which simulates

G, such that £ {t) < log_ f., (t)} {cf. discussion after example 9). Since £ {(t)= ¢

1 G2 v G1 G1

or £, (t) £ m for some constant m, f
G1 GE

of proof of theorem 12 (1). O

is of growth type 13 or 1. Then use the method

Theorems 11-13 have analogues for the growth ranges of DIL systems. The growth
range of a DIL G is defined by R(G) = {1g(v) | v e L(G)}. Although the results on
growth ranges are not corollaries of theorems 11-13 they follow by the same proof

method. Two DILs G, and G, are sald to be growth range equivalent iff R(G1) = R(Gg).

Theorem 14. The growth range equivalence is undecidable for two PD1Ls G. and G2 even

1
if we have advance information that they both are of growth type i, i e {2,23,3}.

Proof. The proof of theorem 12 (i) will do since we can choose fG and fG such
1 2

that they are strictly increasing at different rates iff a substring $¢ oceurs. 00

Under appropriste interpretation we can prove the undecidability of growth range
type classification etc. analogous to theorem 11-13. Note, however, that the growth

range type can be different from the growth function type of a DIL. E.g. fG(t) =

- 2L10g2 t] H |

is of growth type 1 whereas R(G) = {2 i = 0} and therefore is expon-

ential.
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A fortiori all undecidability results gbove hold under appropriate interpreta-

tion also for nondeterministic context dependent L systems.



SOME GROWTH FUNCTIONS OF CONTEXT-DEPENDENT L-SYSTEMS

J. KARHUMAKT
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1, Introduction

Lindenmayer systems or shortly L-systems were introduced by Linden-
mayer, [59] and [60], for describing the development of filamentous or-
ganisms. Because of this biological origin one interesting aspect in
the study of deterministic L-systems is the theory of growth functions.
It is known, [75] and [104], that if a DOL-system grows faster than any
polynomial it grows exponentially. In [50] there is an example which
shows that the same does not hold for D2L-systems. Here we deal with
this example shortly.

Functions f(n)=k" and g(n):nk, where k is a natural number, are
DOL growth functions. The inverse functions of these, i.e., logarithm
functions and fractional powers, are D2L growth functions, cf. [104],
but they are not DOL growth functions. So after we have established the
existence of a D2L-system with the growth type 2%, a natural question
arises: is there any context-dependent DL-system such that its growth
function lies between logarithm functions and fractional powers? In Sec~
tion 4 of this paper we shall give a positive answer to this question.

For more backround material concerning growth functions the reader

is referred to [75], [104] and [116].
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2, Preliminaries

We use standard formal language notations, c¢f. [102]. Here we de-
fine only growth types of deterministic L-systems. We say that the
growth in a DL-system with the growth function f(n) is exponential or
type 3 iff there exist n, and a constant t > 1 such that

f(n) » for myn .
Iff there are polynomials pq(n) and pz(n} {with positive rational
coefficients) such that f(n) satisfies the condition

p,(n) < £(n) < py(n)

we say that the growth is polynomial or type 2. In the case, where the

empty word does not beleng to the sequence and the growth function is
bounded by a constant, we say that the growth is of type 1. Iff the
growth function becomes ultimately O we say that the growth is of
type O.

This classification is exhaustive for DOL-systems, cf. [104]. The
same does not hold for context-dependent DL-systems. As we mentioned,
logarithm functions and fractional powers, which lie between growth
types 1 and 2, are D2L growth functions., We say that this kind of
growth is of type 1%. Furthermore we say that the growth is of type 2%
iff the growth function is neither bounded by a polymomial nor of

type 3.

%, Growth type 2%

In this section we give an example of a PD2L~-system with the
growth type 2%. First we informally describe the development of our or-
ganism.

At certain intervals our organism is of the form (gak}mg. Thus,
consider the word gakg. The letter g is called a node. These nodes al-

ways send messengers b and B to the right and to the left, respectively.
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At the same time g changes to an inactive form g (which does not send
any messengers). While moving on, messengers b and b duplicate every
letter. When b and b meet, they create a new node which is in the in-
active form. Furthermore, b and b disappear and new messengers f and ¥
are born. They travel to the right and to the left, respectively.

At the beginning, g sends to the right also another messenger
(letters c and d). This messenger travels at the rate which is only
half of the rates of the other messengers. When this messenger and T
meet, this slow messenger changes to the messenger f. Now we have three
messengers travelling on. Moreover, these are synchronized in the sense
that they reach each an inactive node simultaneously. When this hap-
pens, they disappear and transform the nodes to the active form g.

During this process, we increase the number of a’s between letters

k+1gak+1g , i.e.,

g by one. So the word gakg has changed to the form ga
it has essentially duplicated. Note that the time in which the organism
duplicates its length increases linearly.

The development, described above, can be obtained as follows. Con-

sider a PD2L-system with the following productions:

838 5 Ba ,
822 5 ab s
baa
aaE
baE
dax - C if x=a or x=b,

faX for all x,

£
Xaf -» 7 for all x,

aae -

[}
-

e.a , ¢
-

hpa g,
a2, 4,

ab 75,



~

Xd

Above o« is the input from the environment. To simplify the

-5

->

d

-y
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d if x#a or y4f,

a if x#a or y4%,

a for all x and vy,
a for all x and vy,
f,

a if x4d or ya,

gd ,
ag ,
agd ,
h for all x,
h for all x,

g for all x,
g for all x,

x otherwise.

growth

function we use two kinds of nodes, g and h. The details of the fol-

lowing are in [50]. If we take g
then after 3n2 steps, where n2>3, the organism is of the form

n-3
(haZn—1)2 L h

4

So the growth fumction f{n) satisfies the condition

£(3n2) = 2n 227794 4

s 2 3 .

a'g to the 19th word of our system,

From this we obtain easily, because our system is \~free, the result
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that there exists n, such that

2J5.5 f(n) € (ngsJE- ,n2n

So our system is indeed of the growth type 2%.

o

4, Growth between logarithm functions and fractional powers

In this section we show, how we can obtain PD1L growth functions
which lie between logarithm functions and fractional powers. Particu-
larly, we show that there is a PD1lL-system such that its growth func-
tion is asymptotically equal to the function (210g n )2. The develop-
ment of our organism can be described as follows,

The organism consists of two parts. The left one is called the
growing part and the right one is called the control part. The growing
part is a DL-system, and it determines essentially the length of the
organism. The purpose of the control part is to tell to the growing
part when it has to take one step. This can be accomplished by means
of a messenger which is sent at certain intervals by the control part
and which travels through the growing part.

In the next example the control part will be a PDil-system with
the growth function asymptotically equal to the function 210g n , Fur-
thermore, the growing part will be a PDOL-system which grows asympto-
tically like the function n2. So it is needed 2" steps to change the

2

length of the organism from n“ to (n+1)2.

Now we go to the formal example. Let H be the following PDOL~-
system
H = ({a,b,c}, v, = cc, {a>a, b~-»ba, c = chal).
(Note that we have not specified the axiom vo). Using the methods of
[98], one can easily see that the growth function g(n) of this system
satisfies the equation
g(n) = (@+1)? = (n+1) ,n> 1.

This will be the growing part of our system.
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Now we define the whole system G, The alphabet V is
V= {e0,1,8 UV, U7V, ,
where V, = {a,b,c} and 71 = {a&,b,c,8}. The input from the environ-
ment iz g. The axiom is not specified, but w3 is the word cceO, The

productions are as follows:

¥ - a for all xeV,

5% » ba  for all xeV,

g% » cba for all xeV,
8%+ e  for all xeV,
&S » 50 ,

x = % for all x€V, and §GV1,

nn W

%7 x otherwise.

Assertion 1. Let P be an arbitrary word over V. Then for all
i 2> 1, the following two conditicns hold
. i .
(1) po1t =27 pr43*T gng

k

(11) if Po1t =¥ P'xQ , where k < 2%, XeV and 1g(Q) = i , then

X differs from the letter S.

Proof. Because the productions for the letters S, 0 and 1 are
length preserving, the word P above derives exactly the word P’ in
both cases. Moreover, the rewriting of our system depends only on the
right neighbour of a letter. Thus, we may assume that P and P~ are
empty words.

Consider the derivations
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01 = 08 =11,
011 = 018 = 081 = 108 = 111 and
0111 = 0118 = 0131 = 0305 = 1011 = 1018 = 1051 = 1108 = 1111

So the Assertion is true if 1< 3.

Assume now that the Assertion is true for every k £ i-1 , where
i > 3 . Consider now the derivation starting from the word O1i. Let 3
be the least natural number such that i+1 ¢ 29. Then clearly
3¢ 3 & i-1, After i+1 steps the word O’li has changed to the form 10R.
So by the induction hypothesis, the considered derivation begins as

follows:
01141111

011 %1145
011‘41131
011-*1s0s

011“45011

2

_________ 25 4+ ...+ 23-1 steps

_______ 23 4 L4212 steps

Note that during this part of the derivation the leftmost symbol dif=-
fers from S. During the next 21'1 steps the second letter from the left

differs from S by induction hypothesis. So the leftmost symbol differs

i-1

from 1. Furthermore, the word 01 changes to the word 1t

Thus, the word 01" has changed in

141424 ... #2720t

steps to the word 1i+1, and in every stage the leftmost symbol differs

from S. So we have proved Assertion 1.

Assertion 2. For all i > 1 , the following is true
i 21+1

(1) o1t = o1t

and

(11) if e1t =¥ rg , where k < oM ang E¢{e,e}, then E =&
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if and only if k =1+ 1 .

Proof. One can easily see that the Assertion is true if i ¢ 3 .
If i > 3 , the derivation starting from the word e1t begins as fol=~

lows.

e11%1111 = 134118 = 111181 = 1141508 = e1i 45011 .

Now S is travelling on to the left., At each step it changes to 0 and
the next 1 changes to S. When S meets e, it disappears and e changes
to the word 0. At the next step this bar disappears.

By Assertion 1, the {(i+1)st letter from the right differs from S
during the first

14142+ 0., + 28 203

steps. Thus, by Assertion 1, the word e1i changes in Zi+1 steps to the

word e1i+1. Clearly, the claim (ii) is also true.

Let E(H) and E(G) be the sequences generated by H and G, respec-
tively. Denote

E(H)

E(G)

it

Vos Vq = CCyp Vosees

B

Wor Wys Wo, w3 = cce0, Wyseeo
The whole derivation according te G is as follows:

ccel

i

WB

Wy, ccel

#

cced
cced
cce0S
w, = cchael
cbacbae18
cbacbaeS1
cbacbasC0S
cbachae011
cbacbae01s
cbatbaae0S1
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cbacbabaae108
Wig = cbacbabaae111
cbhaacbabaae11S
v3e181
w32 = vee €1111
V4e111S
Wgn = v5e11111
i
W21+1 = v,el
The word v:.L_,‘e’li"1 changes in (i+1) + 1g(vi_1) steps to the word

v4EP, where Ee{e,e}. Thus, it follows from the fact
2l > (i+1) + (4%-1) , 15

that the general formula for w is indeed as above,

2i+1

If f(n) is the growth function of our system, then
2y = (141)2 , 1> 5.

l+1’21+2]'

Assume nel2 Then, because our system is A-free, the following

approximations are true for n > 32
£(n) < £(2¥2) = (1+2)2 ¢ (Plog(n) + 1)° and
£(n) > 2211 = (1+1)% > (Prog(n) - 1)2 .

Thus, the function f(n) is asymptotically equal to the function
(2

log n )2.

We can generalize the above example as follows. Let p and r be
natural numbers. The function (n+1)T-(n+1) is a PDOL growth function,
¢f. [111]. Moreover, there exists a PD1L-system with the growth func-
tion asymptotically equal to the function plog n (P. Vitdnyi, personal
communication). So the above construction gives us a PD1L-system with

the growth function asymptotically egual to the function (Plog n )¥.
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INTRODUCTION

L systems (also called Lindenmayer systems or developmental
systems) have recently gained considerable attention in both formal
language theory and theoretical biclogy (see, e.g., [ 45], [60], [66]
and their references). Among the developmental systems which are under
active investigation now are the so called DOL systems (see, e.g.,
[1u], [45]1, [751, [82], I83] and [95]). One of the most interesting
and physically best motivated topies in the theory of L systems is
that of "local versus global properties". It is concerned with explain-
ing on the local level (sets of productions) global properties (i.e.,
those properties of the language or of the seqguence generated by an L
system whose formulation is independent on the L system itself).
Examples of papers in this dirvection are [95] and [116]1.

This paper is concerned with the topic of "local versus global
properties” in the case of DOL systems. It provides structural charac-
terization of those DOL systems whose growth functions (see, e.g.;

[98] and [111]) are polynomially bounded.
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We use standard formal-language theoretical terminology and
notation. (Perhaps the only unusual notation is " ¢2(x)“ meaning "the

number of occurrences of the letter a in the word x".)

1. DOL SYSTEMS, SEQUENCES AND LANGUAGES

In thig section we introduce basic definitions and terminolo-
gy concerning DOL systems.

Definition 1. A deterministic L system without interactions,

abbreviated DOL system, is a triple G = (I,d,w) where I is a finite
nonempty set {(the alphabet of G), @ is a nonempty word over I {(the
axiom of G8) and 8 (the transition function of G) is a homomorphism

from £ into . G is called a propagating DOL system, abbreviated

PDOL system, if § is a homomorphism from I into Z+.

Definition 2. Let G = (£,8,w) be a DOL system and let, for
i=z0, Si denote the i-folded composition of §(with 8° being the
identity function on £*). The sequence of G, denoted &(G), is the
gequence wy,W, ;... 0f words over ¥ such that W, = w and W, = Si(m)
for every i1 2 0. The language of G, denoted L(G), is defined by L(G) =
{x e £ di(w) = x for some 1 > 0}. A letter a from I is called use-

ful (in §) if a occurs in 6§ (w) for some i > 0.

Definition 3. Let X be a language (a sequence of words). K is

called a DOL or a PDOL language (sequence) if for some DOL system G or

for some PDOL system G respectively £(8) = K (&(G) = K).

Definition 4. Let G = (IZ,8,w) be a DOL system and a be in

L. We say that a 1s limited {(in G) if there exists a constant C such

that, for every i 2 0, 1stcayl <c.
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Definition 5. Let G = (Z,8,w) be a DOL system. We say that &

is polynomially bounded if there exists a polynomial p such that, for

all i >0, 185(w)l < p(i).

Example 1. Let G = (£,8,w} where £ = {a}, w = a and § is such
that §(a) = a?. Then G is a PDOL system, &(G) = a,a?,a%,... , £(G) =

i
{a? : i 2 0} and ¢ is not a polynoemially bounded system.

Example 2. Let G (Z,8,w) where & = {a,b,c,d}, w=cab and §

is such that §(a) = cab, &§(b) = b, &§(c) = A and §(d) = d. Then G is a
DOL system (but it is not a PDOL system), &(G) = cab, cab?,cab’®,...
£(8) = {cab™: n > 1} and G is polynomially bounded. The lettersb and

¢ are limited but the letter a is not limited. The letter d is not

useful.

2. DOL SYSTEMS WITH RANK

In this section basic notions concerning DOL systems with
rank (the subject of investigation of this paper) are introduced.

Definition 6. Let G = (Z,§,w) be a DOL system. The rank of a

letter a in G, denoted pG(a), is defined inductively as follows:
(i) If a 4is limited in G, then pG(a) = 1.

(ii) Let £, = & and &6, = §. Let, for j =2 1, Gj denote the restriction
of § to Zj = i-{a: pG(a) < j}. For 3 =21, if a dis limited in

(Z,Sj,a) then pG(a) = J+1.

Definition 7. Let @ be a DOL system. We say that G is a DOL

system with rank if every letter which is useful in € has a rank. If

G is a DOL system with rank then the rank of G is defined as the

largest of the ranks of letters useful in G,



139

Example 3. Let G be the DOL system from Example 1. Then the
letter a has no rank and consequently G is not a DOL system with

rank.

Example 4. Let G be the DOL system from Example 2. Then
pG(b) = pG(c) = pG(d) = 1 and pG(a) = 2. Consequently G is a DOL

system with rank and the rank of G equals 2.

3. RESULTS

In this section main results concerning DOL systems with
rank are stated.

First of all 1t turns out that the notion of a DOL system
with rank is an effective one in the following sense.

Theorem 1. It is decidable whether an arbitrary DOL system is

a DOL system with rank.

The language (or sequence) equivalence problem for DOL systems
(i.e., whether two arbitrary DOL systems produce the same language or
sequence) is one of the most intriguing and the longest open problems
in the theory of L systems. At the time of writing of this paper we
were not able to settle this question for arbitrary DOL systems with
rank. However for propagating DOL systems with rank we have the follow-
ing result.

Theorem 2. There exists an algorithm which given two arbitrary
PDOL systems with rank G, and G, will decide whether or not £(G,) =

L£(G,) (&(Gy) = &(6)).

Thus PDOL systems with rank constitute at the present time
the largestrontrivial subclass of the class of DOL systems for which

the language (and sequence) equivalence problem is decidable.
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One of the interesting features of DOL systems with rank is
that the sequence of Parikh vectors corresponding to a DOL system with
rank alwaysg has an ultimately periodic polynomial description in the
following sense.

Theorem 3. Let G = (I,8,w) be a DOL system with rank. For
every letter a which is useful in 6 there exist integers s,r and a
sequence pgsPys---sPy,_ 4 of polynomials (with ratiocnal coefficients
and with positive leading coefficients) such that, for every j > s,

#a(ﬁ{lr+t)(m)) = pt(i), where 7 = dir+t and 0 <t <.

The notion of a DOL system with rank is an important one as
it provides the structural characterization of polynomially bounded
DOL systems.

Theorem 4. A DOL system is polynomially bounded if and only

if it is a DOL system with rank.

In fact the rank of a DOL system chavacterizes quite precise-
ly the growth of a polynomially bounded DOL system, as is shown by
the fellowing result.

Theorem §. If G = (I,8,w? is a DOL system, a is in Z and n
is a nonnegative integer, then pG(a) = n+l if and only if there exist
polynomials pa(i), qa(i) of degree n, such that, for all i =2 0,
pa(i) < iSi(a)l < qa(i). Moreover one can, by exploiting the structur-
al properties of G, effectively construct polynomials pa(i) and qa(i)

with this property.

Ag corollaries of Theorem 4 we get a number of results con-
cerning polynomially bounded DOL systems. For example, we have the
following.

Corollary 1. There exists an algorithm which given two arbi-

trary polynomially bounded PDOL systems 6, and G, will decide whether
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or not £(G,) = £(G,) (&(Gy) = &(G)).

Corollary 2. If G = (IZ,8,w) is a polynomially bounded DOL

system, then there exist integers s,r and a sequence P, ,P,,.- of

“oPpo1
polynomials (with rational coefficients and with positive leading co-~

15(ir+t)(m)l

efficient) such that, for every j > s, = pt(i}, where

j = ir+t and 0 <t < p.



NEW ATTACKS ON DOL EQUIVALENCE

PROBLEM

EQUIVALENCE OF L-SYSTEMS

Mogens Nielsen

Department of Computer Science
University of Aarhus

Aarhus, Denmark

This paper summarizes some results concerning decidability of various kinds
of equivalence problems for classes of L-systems - primarily DOl -systems. The
reader is assumed to be familiar with some standard definitions and notations from
the theory of L-systems.

For any finite alphabet, Z = §01 s Oggenny g, 1, let 1> denote the mapping
that associates with each word from I¥ its corresponding Parikh-vector, i.e., for
every word x € T¥, ﬂ‘z(x) is the vector, in which the i'th component is the number
of occurrences of ¢, In X

For any class of deterministic L~systems, you may consider equivalence with
respect to

WIL(WS) : the set {sequence) of words generated

PL (PS) : the set (sequence) of Parikh-vectors associated with the

words generated

NL (NS) : the set (sequence) of lengths of the words generated
Note that WL.—, Pl.—, and NL~-equivalence are also well-defined for nondeterministic
l_-systems. A

The decidability of the corresponding six equivalence problems for DOl -syS~
tems is considered in [70]. The following result is proved (|Z| denotes the cardinal-
ity of D)

Theorem 1
For any two DOL.~-systems over some alphabet X, generating sequences of

words {w;} and {v;} respectively:
1) i, 0<i: msdwy ) = mglvy)
iff
2™ i, 0 i< |Z]:  wglw ) = mglvy)

A direct consequence of Theorem 1 is

Theorem 2

PS-—equivalence is decidable for DOl -systems.

Furthermore, the following two theorems are proved in [70]:
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Theorem 3

PlL.—equivalence is decidablie for DOL.~-systems.

Theorem 4
WL ~equivalence is decidable for DOL.-systems iff WS-equivalence is de-
cidable for DOL_-systems.

These theorems leave open one of the main open questions in the theory of L-systems,
namely the decidability of WL.- and WS-equivalence for DOL.~-systems. It is known
that these equivalence problems are decidable for some subclasses of DOL, e.g.,

([417):

Theorem 5
WL -equivalence is decidable for any class of unary L.-systems {systems over

a one-letter alphabet).

The following result is fairly easy to prove (a stronger version of the theorem has

been proved by P. Johansen):

Theorem 6

WS-equivalence is decidable for locally catenative ([95]) DOL -systems.
Furthermore, G. Rozenberg has proved:

Theorem 7

WS-equivalence is decidable for DOL.-systems with polynomial growth ([751).

On the other hand, WL~ and WS-equivalence are also known to be undecidable for
some classes of systems, that include DOL.. The following two theorems are proved
in [80], [84], and [99]:

Theorem 8

WLl.~equivalence is undecidable for POL.-systems.

Theorem 9

WL —equivalence is undecidable for PDTOL-systems.

Furthermore, using an idea suggested by P. Vitanyi {originally to prove undecida~

bility of NS~equivalence) you can prove:
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Theorem 10
All six equivalence problems considered in this paper are undecidable for

DiL.-systems.

It seems likely, however, that WS- and thereby WL ~equivalence is decidable for
DOL.~systems. The following two results which are somewhat related to the problems

are proved in [70]:

Theorem 11
There exists an algorithm that will produce for any reduced ([70]) DOL -
system over analphabet I, all {finitely many) systems over I, which are PL -

(PS-~) equivalent to the given system.

Theorem 12

Let S; and S, be two WS-equivalent DOL.~-systems over an alphabet I,
for which the first IZ] generated Parikh~vectors are linearly independent, then
S =S,.
(Note that the property "reduced" is decidable for OlL.—-systems, but not for 1L.-sys~
tems ([ 337) ).

The following conjecture is suggested:

Conjecture
There exists a computable function f, mapping integers to integers, such

that for any two DOL -systems over some alphabet L, generating sequences of words

{Wi} and {v}:

1) i, 0=i: W, = v
i£f
2)% i, 0SIiSH (2] ) w

Vi

This conjecture implies, of course, the decidability of WS~equivalence for DOL-
systems. Note the similarity between the conjecture and Theorem 1, which states
that for sequences of Parikh-vectors generated, the conjecture is true with f as
the identity~-function., That this is not the case for sequences of words generated,

is seen from the following example,

Example
Consider the two DOL ~systems, &, and S;, over the alphabet
Z={a,b |1=i<n}.
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S, S,
axiom a, b, a; by
productions a, -+ ag a, =+ a
b, + by b, » by
-y 7 a, 8p,-1 7 8,
bn -1 - bn bn -1 o bn
a, » @ b, by a, * a by by a a; by by
b, + a a b, b, a b, =+ a

It is easy to verify that the sequences of words generated by these two systems coin-
cide until the 3n'th generated word and no longer. This implies that if the above

conjecture is true, then f{(i}> 1] + i for every integer i.
Finally, concerning length-equivalence of DOL-~systems [75]:

Theorem 13

NS-~equivalence is decidabie for DOL -systems.

Decidability of NL~equivalence is still an open question for DOlL.~systems. In [70]

the following theorem was proved.

Theorem 14

NL~equivalence is decidable for PDOL-~systems.

But the proof of Theorem 14 builds essentially on the propagating property of the
systems, and furthermore, J. Karhumaki has shown that there exists a DOL.-system
for which the range of its growth-function is not the range of the growth-function of

any PDOL ~system.
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SUMMARY
The syntactic inference problem consists of deciding, for a given
set of words, whether there exists a grammar such that its language
includes these given words; and also of actually finding any such
grammars. In this paper, the problem is considered for DOL-systems,
The stress is on the second, constructive, part of the problem.
The initial information may have various forms, Most of the results
deal with cases in which

- the words are given as a sequence (i,e., with their rank order

numbers), which may be either consecutive or scattered.

- the size of the alphabet is given.
From the decidability point of view most of the results are not new.
The proposed decision method, however, represents a considerable
speed-up by passing the initial data through a number of algebraic
"sieves™ which turn out to be gquite dense.
The method depends on there being enough information to establish a
linear dependence relation between the Parikh-vectors of the given
words,
Several variants of the problem are discussed. One subcase of a
hitherto open problem is solved; other problems remain open.
0. INTRODUCTION )
Suppose a not-too-large set of words, say, S = {ab,aabc,a®bbc} is
given. One can ask whether there exists a DOL-system G such that
S € L(G). This is perhaps the simplest form of the syntactic in-
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ference problem. It is one of the 36 such problems for L-gystems
posed by Feliciangeli and Herman [28] , and one of the 6 which are
still open. There may, however, be some additional information. The
alphabet may be given, and there may be some information on the
order of appearance of the wordsj; either general (only the order) or
specific (the precise rank order numbers). Feliciangeli and Herman
make a different distinction. They only consider ordered, but not
precisely numbered, sets; within this domain they distinguish sets
of consecutive words, sets of scattered, but equally spaced, words
and unspecified ordered sets of words.
I shall mainly discuss those cases where the aphabet is given as well
as the rank order numbers., Actually, the inference problem is known
to be decidable as soon as the alphabet is givenﬁ it is not difficult
to see that in that case the number of (reduced) DOL~systems 1is
finite, and one can simply try them all out. I intend to present an
algorithm which is able to discard the vast majority of combinations
at an early stage. It can be roughly described by the following se-
guence of stepsi

1 take the Parikh~images of the given words

2 find a linear dependence relation and its associated polynomial
w(x)
find a divisor of y(x)

find a growth matrix

lov |+ fw

find a set of production rules.

Essentially, the method makes use of the number of letters present

in each given word (as opposed to their order) for as long as possi=-
ble. This allows one to apply algebraic methods to the resulting
vectors, these being generally more powerful than the combinatorial
approach. The method works only if sufficient words are given to es-
tablish a linear dependence relation between their Parikh-vectors.

Even then, a certain amount of trial-and-error work is necessary.

1. PRELIMINARTIES

I shall assume the reader to be acquainted with the notion of a DOL -
system such as outlined by Rozenberg and Doucet [91] or Salomaa [102].
I shall denote a DOL-gystem G by the triple < Z,P,w, >, where 2 is
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the alphabet, P the set of production rules, and w, the axiom.

&(G) denotes the infinite sequence of words generated by G, in order
of appearance. If a sequence of words is equal to #(G) for some DOL-
system G, it is called a DOL-sequence. Any subsequence of a DOL~-
sequence is called a DOL-subsequence. Most DOL-subsequences occurring

in the sequel will be finite. They may either be consecutive (such
as W,,Wg,Wg,W,)0r scattered (such as wgy,W,,W, Wy, ).

Unless specified otherwise, any sequence will be a sequence of num-—
bered words, i.e. a subset of I xZ"; it may be finite or infinite.
Sequences will be denoted by script letters,

# S denotes the number of elements of a set S.

|w]| denotes the length (= number of letters) of a word w.

If 2 = {01""’0k}’ then the Parikh-vector w assigned to a word w is

th

defined as a vector in W™ with its i'™ coordinate equal to the num-

ber of occurrences of =5 in w. Example: if ¥ = {a,b,c} and w = cacaa,
then w = (S,O,Z)T. The superscript denotes the transposition operator,
gince vectors will be written as column vectors. All vectors will be
distinguishable by a bar.

The length of a vector a = (al,...,ak)T is defined as la] = Za,. This
definition is compatible with the earlier definition of word length:
[w] = lﬁl.

Without the details of a formal definition it will be clear that in
a similar way the set P of production rules can be mapped into a kxk
matrix AP = ((Cij>)’ where Cij gives the number of occurrences of o
equals the Parikh-

P
vector of P(Gj). AP is called the growth matrix of P or G; it is also

in P(cij); in other words, the j-th column of A

called the production matrix. If no confusion is likely, AP is also

written A.

If A is any sequence of words Wi oW5 seees then its Parikh-image X
2 -

denotes the sequence of vectors Wi ’Wi seee « Similarly, &(G), the

At . . 1 72, .

Parikh-sequence of G, iIs defined as w,,w;,W,,... . N, Z, §, R,

and € denote the sets of natural, integer, rational, real and complex
numbers, respectively. R[x] denotes the set of all polynomials in x

with coefficients in the set R,

2. RECURRENCE RELATIONS SATISFIED BY PARIKH~SEQUENCES.

Let 6 = < Z,P,wq > be a DOL-system with # X = k, and let A be G's
growth Eatrix. The Périkh—mapping gy (1,0,...,D)T,...,ck'+ (0,...
‘.,O,l)l maps words over the alphabet £ into the k-dimensional vector
space R over the field Q*). The growth matrix A is a linear mapping



149

of R into itself.

In G's Parikh=sequence g = ﬁo,ﬁl,ﬁz,... some vectors are linearly
dependent. Let such a dependence be given by a recurrence relation
like

We + We - 3ws + 4wy = 0. (1)
This can alsoc be written as

(AB+AS=3A%+UT)w, = O
(I is the kxk identity matrix), or

Y{Adw, = O,

where P(x) = x® + x® - 3x5 + 4,

I shall call y{x) the associated polynomial of the recurrence rela-

tion (1), and vice versa. (The customary term "characteristic poly-
nomial"™ may lead to confusion).

This section deals with the question: what recurrence relations ob-
tain in &(G) ? Most of the answers come by way of their associated
polynomials,

Three polynomials connected with A or G are of special importance.

First, the characteristic polynomial of A, ¢A(x), defined by
¢A(x) = det (xI=-A).

Second, the minimal polynomial of A, mA(x), defined as the lowest-

degree monic™™ polynomial in @{x] for which mA(A) = O (the null ma-
trix).

Third, the minimal polynomial of G, uG(x), defined as the lowest-

degree monic polynomial in @[ x] for which uG(A)Qn = 0.

Observe that ¢A(x) and mA(x) depend on A only; uG(X) depends on both

A and wy.

The following lemmas summarize a few standard facts from matrix

theory.

Lemma 2.1 ¢A(x), mA(x) and uG(X) are unique.

Lemma 2,2 mA(x) contains the same linear factors X=As (Xi € €) as
¢A(x); their multiplicaties may, however, be lower, If

¢A(x) = 0 has no multiple roots in €, then mA(x) = g (x).

*) It might be more elegant to construct the more restricted module
R over the ring %, but the present approach will do.

**) i.e., with leading coefficient 1.
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Lemma 2.3 mA(x) divides every polynomial ¢(x) for which $(A) = O.

Lemma 2.4 pG(x) divides every polynomial p{(x) for which $(A)w, = 0.

Lemma 2.5 There exist algorithms for finding mA(x) and ue(x).

For further information, I refer the reader to standard texts like

Gantmacher, Chs. IV and vII®), Furthermore, I will need two theorems

from algebra:

Lemma 2.6 If factorization in an integral domain R is unique, so is

‘ factorization in RI[x].

Lemma 2.7 A polynomial in Z[x] which can be factored in polynomials
in Q[ x] can already be factored in polynomials in Z[x].

Both lemmas can, e.g., be found in Birkhoff and Maclane, Ch, III**).

Since ¢A(x) € Z [x], uG(x) € qixl, mA(x) € ¢{xl, and Z has unique

factorization, lemmas 2.6 and 2.7 can be applied, giving

Lemma 2.8 mA(x) and uG(x) have integer coefficients.

Theorem 2.9 If in a DOL-sequence &(G) some vectors from &(G) satisfy

a yecurrence relation, then they also satisfy a monic
recurrence relation with integer coeeficients,

Proof Suppose the recurrence relation w, +t o ceeetagwy = 0

W+
r-1"r-1
is given, with all a; € qQ.
If m is the degree of G's minimal polynomial uG(x), then r <m is
impossible; for r = m the theorem is trivially true (by lemma 2.1),
80 r > m remains to be examined.

All a; are rational, so one can find a number M such that

M, + Mo W ... +Mogwe = 0 (2)

has only integer coefficients. %r can be expressed in &r-l"“’ar—m
by means of the recurrence relation associated with uG(x}, which has
integer coefficients. By subtracting this relation M-1 times from (27,

one obtains a relation of the required form. )2t

The subspace of Qk spanned by the vectors Wg,wi,Ws,... is of dimension

m, since, from rank order number m on, each vector linearly depends

on the previous vectors. Hence

Theorem 2.10 If uG(x) has degree m, then any set of m vectors from
&(G) is linearly dependent.

*) F.R. Gantmacher, The theory of matrices. New York: Chelsea, 1959
(Translated from the Russian).

**x) G, Birkhoff and §. Maclane. A survey of modern algebra.
New York: Mac Millan, 1953.
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Let G be a DOL-system with minimal polynomial uG(x}, of degree m.
Then &(G) = Wos,W3,Was.se « All Parikh-vectors %r from &(G) can be
=1 In the

sequel, this initial subsequence will be denoted by &;. These m vec-

expressed in terms of the first m Parikh-vectors Wos...,w

tors can also be collected in the matrix E,, with k rows and m co-
lumns., Thus each vector ﬁr € 8(G) can be written as

w_ = E,Z
T 0 p2

where Er, the coefficient vector of the word W, (or the vector ﬁr) is
an m=-vector. So ch is just another way of representing the recurrence
relation by which w, can be expressed in the first m Parikh-vectors.
Observe that

(i) For each r, Er is unigue and has integer coefficients.

(ii) The associated polynomial of ., (with obvious definition)

is equal to x% (mod uG(x)).

(iii) If some set of Parikh-vectors satisfies a recurrence rela-

tion

+ ..+(10V7J0 = O,

o w +,
v r-1"r-1

i

then, since Eg is non-singular, their coefficient vectors satisfy the

same relation:

T+ G ,C L 4...+0gCy = 0.
r r-1"p=-1 0-0

3. THE BASIC INFERENCE PROBLEM

The simplest problem is the following.

Given an alphabet of size k and a sequence A = WoseoesW s find all

DOL-systems € for which A is the initial subsequence of &(G).
To solve the problem, first form the Parikh-images of the words:

A = @0,...,§k. If 3 is to be the initial subsequence of some &(G),
then the following relation must hold:

W“""'ﬁk—l ﬁo.....ﬁk

>
u

(3)

or AS =T (4)
(A is the growth matrix of GJ.

One may now distinguish two cases, depending on S.
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First, if S is non=singular (which, incidentally, means that

¢A(X) = mA(x) = uG(x)), then A is uniquely determined by

A = 782

Second, if rank (8) = k-r with r > 0, then A can be written

A= AQ + }\1A1+.c¢q+)\qu,

where -~ A, is some solution of AS = T
- A1,...,A are mutually independent solutions of AS = O
q < K.r,
- Al,...,kq are otherwise arbitrary numbers such that A has
only positive elements.
The last condition leads to g linear unequalities in Ap,...,A ,
with finitely many solutions {(perhaps none). Properly speaking, the
number of solutions can indeed be infinite, but only if (and as far
as) letters not occurring in 4 are concerned. The complication is
completely formal, since such a letter will never appear at all if it
did not appear in A; it may, if desired, be formally eliminated by
only admitting reduced G's,
Once an admissible growth matrix A is found, one returns from Paprikh-
vectors to words.
Lemma 3,1 The growth matrix and the first # Z+1 words of a DOL=
sequence uniquely determine the useful production rules.
Proof The restriction to useful production rules (i.e. rules which
are at all applied in &) should be obvious.
Let Wy = UpgreessT

op*
One can then parse w; in p subwords, starting from the left-hand side;

W; = P(Uol)*..--*P(GOP>,

where the subword lengths ]P(aoi)l can be looked up in A, being equal

to the lengths of the column vectors P(Goi) of A,
By this procedure, P(coi) is found for all letters in wy. The proce-
dure is then continued for the one-step derivations w, = WaseoasWy o
= w, . Any letter which has not appeared by then will not appear at
all. =
Theorem 3.2 For a given kxk matrix A and a word sequence

A= Woseea,Wy OVEr a k=letter alphabet there is at most
one reduced DOL-system G with the properties

(1) A is the growth matrix of G.

(ii) A is the initial subsequence of &(G).
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G can be effectively constructed.

Proof The theorem follows from lemma 3.1 by observing that the con-
struction of the set of production rules P from A and A does

not depend on the fact that A is a growth matrix or A is a DOL-sub-

sequence, =

During the construction of P several things may happen, in this order:
1 The total length of P(wi) as found from A is not equal to the

length of the given word Weqt

2 After parsing W, in |wil subwords the Parikh-vectors of the

+1
individual subwords are not equal to the appropriate columns of

A, even though the lengths may match.

3 TFor some letter o, P(o) as found from one instance of ¢ some-
where in the derivation may differ from P(o) as found from some
other instance of o, even though both Parikh-vectors are equal
(and consistent with A).

In each case, A is rejected as a growth matrix for Wes...,w Whether

K

in case 3 Wg,...,w, must also be rejected as a DOL-subsequence is not

yet quite clear tokme.

If the matrix A happens to be non-singular (which is the rule rather

than the exception), theorem 3.2 has interesting consequences, which can

be formulated in various ways. Let the order of a recurrence relation

¥(A)w, = 0 be defined as the degree of the polynomial y(x).

Corollary 3.3 If a DOL-subsequence A does not satisfy any recurrence
. relation of order lower than #Z, then there is only one

G with 4 = &@).

Corollary 2.4 1If a sequence A of k+l1 words over a k-letter alphabet

does not satisfy any recurrence relation of order lower

than k, then there exists at most one DOL-system G such that A is the

initial subsequence of &(G).

Corollary 3.5 Two different (and reduced) DOL-systems G and H can only

produce the same sequence if

uG(x) = uH(x) #* ¢G(x) = ¢H(x).
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4, Inference from a scattered sequence.

Like in the previous section, the alphabet Z is regarded as given;
# 2% = k. The given sequence of words, however, has the form

Az w. ,w. seeeaWs with iD < il < .. < ip and p arbitrary, instead

of A= WoWy s e W After a few remarks on notation I shall first
describe the algorithm which produces all possible G's from X, then

go into its justification, and next give two examples. The section is

concluded by a flow diagram indicating the acceptance/rejection struc-
ture of the algorithm.

Three different sequences will appear in the sequel:

- the given sequence A= Wo WL s We

1 2

- the initial DOL-subsequence &O DWW oW g where m is the de=-
gree of G's minimal polynomial.
- the next-to-initial DOL-subsequence 81 T W Wy W
Each of these sequences can be collected in a matrix. They will be
denoted by S, EO and Ei’ respectively; they are elements of Eikxp and

kxm .
o {(twice).

As described at the end of section 2, the elements of £ can all be
expressed in the elements of & , each w. by means of its coefficient
vector Ej' The coefficient vectors of A can again be collected in a
matrix, C, which is an element of z ™P,

The construction procedure now runs as follows:

1. Find some recurrence relations within X. Determine the greatest
common divisor of their associated polynomials, say, P(x).

2. Find a monic divisor of ¢(x), with integer coefficients and degree
< k. Let y(x), with degree m, be such a divisor. The next steps
will investigate whether x(x) = uG(x) for some G such that A C &(@).

3. Compute the coefficient matrix C from x{(x) and the index set of K.

4. Find EO e Wi satisfying the matrix equation S = EOC'

02t oWyoq 38 found in EO and from x(x)'s asso=-

ciated recurrence relation. Now one can compose E1 fromAED and W

Next find A € E%RXK satisfying the matrix equation El = A EG'

6. Determine all powers of the production rules P needed to produce

5. Determine Gm from w

the words of A from one another by first computing the appropriate
powers of A and then using these to parse the words of A(as in the
basic inference problem from section 3).

7. By combinatorial means, find the set of production rules P from the

growth matrix and the various powers of P found in step 6.

Ad 1. A may or may not satisfy a recurrence relation. Of course it
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always does if A contains k+1 or more words, but this is not a neces-
sary condition. If § does not satisfy a recurrence relation, the whole
procedure simply doesn't work. If it does, there may be several, and
it is helpful (though not necessary) to find them all. If 4 is part of
a DOL-sequence &(G), then the associated polynomials of these recur-
rence relations are all multiples of QG(X); g0 1s their greatest com=-
mon divisor, ¥(x). If the associated polynomial of any of the disco-
vered recurrence relations does not (in its monic form) have integer

coefficients, then 4 is no DOL-subsequence (by theorem 2.9).

Example: If A consists of W, = acd, Wo = abba and We ® acbbdaa, then
252 + 53 - 2%5 = 0; the associated polynomial (in monic form) is
x° - 3 x3 - xz, which does not satisfy theorem 2.9. Hence 4 is not a

DOL-subsequence.

Ad_ 2. uG(x} must have the following properties:

(i) it divides Y(x)

(ii) it is monic and has integer coefficients (by lemma 1.8).

(iii) it has degree k or less.

Step 2 consists of finding all polynomials ¥ (x) with these properties,

by trial and error. That this is a finite enterprise is ensured by

Lemma 4.1. For a given polynomial $(x) € ZI[x] bounds can be found for
the coefficients of all Y(x)'s divisors of given degree m.

Proof. By a well-known theorem from algebra, all complex roots yj of

a polynomial

n n-1

Pix) = x° + o X ... 0,X oo

1 0

are either smaller than
1 or are bounded by

< = .
}yjl M =n mix {a.}.

Since in our case Iaii > 1 for all i, lyjt < M holds in all cases.

Any divisor x(x) of Y(x) of degree m can be written as

¥ (x) (x-yi)...(x—ym)

m m=-1

= X+ Bm_lx t .. F BO,
where
Igm_i] = }y1+. +ym} < mM
I8 | =] 2 y.v.|] €<mm-1)M
m-2 S 1773

etc.
Thus each Bi of ¥(x) can be bounded in terms of m and M. (To be sure,
the bounds so obtained are often not very practical, and may be con-
siderably improved by using the fact that Bi € Z ; for example, BD
must, by lemma 2.7, be a factor of ao). =
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Ad 3. The construction of the various Zi was described at the end of
section 2.

A 4., The matrix C may be singular, so there may be several (though

only finitely many) E, satisfying the equation S = EOC'

0
A 5. Like in the basic inference problem of section 3, several

(though only finitely many) growth matrices A may be found.

Ad 6. Knowing A, one can now parse w; into Iwi | subwords, each of
1 ] i, ~-i
length found from the appropyiate column vector length of A 1 0, and
i, =i
thus infer some rules from P 1 O. In contrast with the basic problem,

the absence of a letter in 4§ does not mean that it is never used at
all. It may have been used in the words in between the given words,
and it may be indispensable.

Ad. 7. The information obtained from step 6 does not always uniquely
determine P.

As an example, consider the following problem:

Find all DOL-systems over the alphabet {a,b,c,d} such that &(G) in-
cludes w, = d, w = cbddacdacaccbd. To solve

= dac, w,. = acchd, w

1 3 5 9
the problem, follow the steps of the procedure:
1. The sequence ¥ consists of ﬁé z (D,O,O,l)T, QS = (O,i,l,i)T,
W = (1,1,2,1)°, Wy = (3,2,5,40.
The only recurrence relation obtaining in X is §9—3§5+§3—2§1 = 5. Its

associated polynomial is yY(x) = x2-3x"+x-2x.

2. P(x) = x(x2+2)(x3—x~1)2. Its set of divisors of degree < 4 (= I)
exhausts the possibilities for G's minimal polynomial; it consists of
X, x2+2, x(x2+2), xg-x~1 and x(x3—x—1).

Of these x can be immediately discarded. So can x2+2 (which is asso-

ciated with the impossible recurrence relation w, = —ZWO) and x(x2+2).

2
Two polynomials remain, x%-x-1 and x*-x%-x.

3. First try x(x) = x3~x—1. ¥(x) is associated with w, = w

3 + w., and

1 0
iteration produces

i 2 1
Wg = Wy T Wy TowW, twWg ¥ g
H
w9 = 3 9 + Hwi + 2wO
50 3 - (0,1,07, 5, = (1,1,07, 5, = (1,1,07 and o = (2,4,7;
0112
c= 1111
0013 0013
: 0112 0112
4. E. must now be sclved from S = E.C, or = E 11 14
0 0 0125 0
iy 0013
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EO must also be inquxS.

There happens to be precisely one sclution : ED =

ORr PR o
[ )
OO s

This supplies the three initial vectors of &(G).
5. The fourth vector of &(G) is found from the first three and from G's

minimal recurrence relation : WS = Wl + GO = (O,l,i,i)T. Now E, is
also known, and the growth matrix A(Eimuxu) can be solved from
c 01 010
- 100 _ 00 1
Al = Agsom A g g ) % \lo11
010 10 1
0001 0001
. _ 1000 _ (1000
There are solutions, A = 1001 and A = 1001
0010 1100

6. First try the fiprst A. Thg powers of A relevant for

- 2 - - e - _—
are A2(for w, = w, and w, = w5) and Au(for W ES wg).

17 Vs 3
0010 0011

2 looo1 vy [1001
AT lgopq1) @A F 15912
1001 1011

These induce the following parsing in

< (L

Farl

¢ T x4
AN T

[ 1 i t
ac dac accbd

The parsing is consistent, both internally and with A, and produces
the following information :

p2(d) = obd ; P*(a) = ebd, P¥(c) = dac, P¥(d) = acchd.
7. Combining the data from step 6 with the growth matrix A, one
obtains one set of production rules
{a > cb, D> A, ¢ *d, d > ac} and two possible axioms: Wy T b_ or

c
Wy = cb.,
8,7 Now try the other A left over from step 5. In the same fashion,
one set of production rules 1is produced, again with two possibile
axioms
P={a-cbd, b>d, ¢~ x, d—=> acl ; wy = be or w, = cb.

3,4,5,6,7 One more X{x) was left over from step 3 : X{(x) = xt- x%-x.
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It first produces C = , then E with

L eEe
WO
rooo

0

DO O
OO
Lom B o ]
MY W N O

the oy (the axiom's coordinates) arbitrary.
In step 5, two solutions for A appear, together with further restric-

tions on the axiom :

0001
A = i 8 8 g with WO = (13A,0,0)T (A arbitrary)
0010
or
0001
A = i 8 8 S with wy = (1,0,0,07 (& arbitrary).
1100

In steps 6 and 7 the same two P's as before are produced ; the axioms
are, however, sligthly different

P=1{a~>cbh,b>xr, c >d, & > ac} with wy = »Peb® ¢m,n arbitrary),
P={a—>cbd, b>d, c >\, d > ac} with w, = c"bc".

This concludes the example.

0

Another example may show the procedure's speed to advantage.
g = ddab,w9=abcaddab,
= aabbceddabed. T = {a,b,c,d}. Is part of a DOL-sequence ?

= (1,1,1,07, w, = (1,1,0,2)7, o= (3,2,1,2)]

Let § be given, consisting of wy = b, w, = acb, w
and Waq ;
Step 1 : Wy =(0,1,0,0)", w
(3,3,3,3)7.

is of course dependent on the other vectors, but not

y
Y11 *
Now Waq
by a monic relation with integer coefficients.
Hence § is (by theorem 2.9) not a part of any DOL-sequence.

Observe that this remains true if the alphabet is not given.
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; for scattered sequences
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Determine the g.c.d of their associated polynomials Y(x)d
Find all monic divisors of ¥(x) in Z[x] and with
degree < k. Result : {X{(x)}.

(m: degree (X(x)8
Find C from X(x) and X .

Solve E, € W™ from 5 = EC. Result : {E }

Not present

-

Determine ﬁm from X(x) and E;. Determine El.l A

kxk

Solve A €EN from A E, = E Result : {A}.

1°

a new A from

Present Not present

posoy

Not consistent with 3

Consistent with %

P from the

various power

Fails

¥

[a G has been found]
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5. Further extensions of the inference problem.

The problems discussed in the previous sections had the following

properties in common

(i) the alphabet Z is given.

(ii) enough words are given to establish a recurrence relation within
the given sequence.

(iii) not only a number of words are given, but their rank order
numbers as well.

One can examine to what extent the method remains valid for problems

not possessing these properties. In this section I shall discuss some

of the seven remaining cases.

In general, one can say that the method hinges on determining uG(x)

from a recurrence relation within % .

In the absence of such a relation (the cases (000),(001),(100),(101);

in binary code , referring to the three properties) the method simply

does not work; If # Z is given ((100) and (101)) the problem can be

solved by a laborious but finite exhaustive search. If # Z 1is not

given (subcases (000) and (001)) the problem is not so simple. In fact,

I do not know whether the deecision problem is at all solvable for

these cases. The same goes for case (010).

In case (101) (#* 2 = k and a numbered sequence § are given ; but ?

satisfies no recurrence relation), two subcases may be distinguished:

% either does or does not certain a word with rank order number larger

than k.

1f 4 contains at least one word w_ with p 2 k, then it is not difficult

to gee that any possible growth matrix A = ((aij)) is bounded by a, . <M

(where M is the maximum number occurring in the vectors of X ), except

for those numbers referring to mortal letters. As a result, the problem

is bounded for all vital letters and not bounded (in a rather unimport-

ant way) for mortal ones.

If no word wp with p 2 k is given, no such upper bound for the

elements of A can be given, and the problem often has infinitely many

solutions.

Case (100) would veduce to a finite number of the previous cases (101)

if from # I and 4 an upper bound for the rank order numbers could be

deduced. This bound can indeed be found ; by a size argument if L(G)

ig finite, by a growth argument if L(G) is infinite.

If L(G) is finite, then a result by P. Vitdnyi [114] states that

L(G) contains at most k(1 + kn_l) words, where n is the number of

different monorecursive letters in a certain, specified, word. Since

obviously n < k, # (L(G)) < k(1 + kk—l). This number gives the
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required upper bound, since any higher rank order number refers to a
duplicate of an earlier word.
If, on the other hand, L{(G) is infinite, then Ewn+kl > {wni + 1 for
every n. Consequently, an upper bound for the rank order numbers {i}
in the given set of words S is given by
i € kemax {|w] : w € 8}
8o case (10D) can be reduced *to case (101) ; hence the case is solvable.
The indicated procedure is of course not nearly a practical method.
In case (011) a recurrence relation can be found in X , but Z may be
larger than the "observed" Eobs'
The inference algorithm of section 4 applies during the first steps,
where no knowledge of ¥ is necessary.
In step 4 problems may arise. First, the degree of pG(x) can never be
larger then #* Z. So, if it turns out that deg (uG(x))= m > Eobs’
Z must be larger than Eobs' Now simply extend Eobs to 2 in the
minimal way : namely, such that
#F# X = k = max (# Z b
0 € ykxm satisfying S = EqC.

From the pictorial representation

,m), and then apply

step 4 : find a matrix E

¢

it is not difficult to see that increasing ¥ Z beyond k cannot have
any other effect than adding mortal letters to solutions already
obtained with Z. In other words : 1f there are no solutions for EO
with this minimal X, then there are none.

That Z can indeed be larger than EO can be seen from this very

simple example : Find a DOL-system gich that WoE @, Wy = aaa.

Pplx) = x* - 3, with no other divisors. If $(x) is to be 6's minimal
polynomial, then # £ 2 4, In fact, p = {a ® b,b »> c,c » d,d = aaal
provides a solution.

Case (110) can be vegarded as a more favorable subcase of (100),
involving considerably less guesswork.

0f the variants discussed, (011) may Dbe the most interesting one, since
it solwves a subcase of the hitherto open problem (Feliciangeli and

Herman [ 28]) of finding G from 4 if ¥ is not given.
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Abstract. Locally catenative equations are defined in the free group.
It is shown that if the free group generated by a DOL sequence is fini-
tely generated then there exists a locally catenative equation in the
free group which defines the DOL sequence., An algorithm is given which
finds the generators of the free group if it is finitely generated,

A conjecture is stated in terms of the existence of a certain group. The
conjecture implies the solvability of the DOL equivalence problem.

1. Introduction.

Techniques from the theory of free groups are in this paper applied to
the study of Lindenmayer systems, These technigues have previously been
used by the authors in the study of regular languages 1’2. In the preli-
minaries follow the basic notation and results in free groups. No pre-
vious knowledge is assumed., In section 3 we consider locally catenative
equations in the free group. See Rozenberg and Lindenmayer [95}. We de—
fine an eguivalence group of two DOL systems and show that if there
exists a finitely generated equivalence group then we can decide 1f the
two systems are equivalent, Here we consider the sequence equivalence
problem. See Mogens Nielsen [70] for a proof that this problem is equi-

valent to the language equivalence problem.

1. Peter Johansen, An Algebraic Normael Form for Regular Events, Polytek-
nisk Forlag, Lyngby 1972,

2. J.Clausen, J.Hammerum, E,Meiling, T.Skovgaard, Automata Theory in
Free Groups, manuscript to be submitted to Aeta Informatica,
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We are not able to prove that a finitely generated equivalence group ex-
ists in the gemeral case, nor that it can be effectively constructed. In
special cases, however, it can be found. It is conjectured that it can
be found in the general case. Section 4 presents an algorithm which
finds the generators of the group closure of a DOL sequence if it is

finitely generated,

We have, unfortunately, at present no way of deciding when this occurs.

The algorithm is being implemented in LISP 1.5 on ILEM/360.

2, Preliminaries,

For definitions and basic results in Lindenmayer systems and free groups

the reader is referred to Herman and Rozenberg [45] and Hall (1952)3.

In the following H = <I, h, WO> and G = <Z, g, W0> will denote DOL
systems. hl(wo) will be denoted w, when reference to H is implicit. The
language generated by H is denoted L(H) :{wo, Wiy eee gW, ...}The se-

gquence generated by H is denoted E(H) = Wos Wis eee g¥py oo

The free group F( Y ) is defined as follows: Let ¥ ={a, by v.. , 2}
Define a shadow alphabet £ ={&, B, ... ,z } . Define an equivalence
relation D on the free semigroup (L U )% as the transitive, symmetric,

and reflexive closure of the adjacency relation A:

xhy <=>3u, v € (I U )", 3cel such that

x = uv and (y = ucev or y = uccv)
P(Y) is the set of equivalence classes of D, Group composition is
D(x)+D(y) = D{xy). The 1-element is the class D( X ). The inverse of the

class D(a, &y ... a,) where a;e (T U £) is the class D(8, ... &, a.

Here a. denotes a,.
e 5 note ay

3. M.Hall, The Theory of Groups, The Macmillan Company, New York, 1959,
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It can be shown that each equivalence class contains precisely one word
which does not contain any adjacent occurrences of a letter and its in~-
verse, This word is called a reduced word. An equivalence class is often

denoted by its reduced representative,

Let SC®( ¥ ). [S] denotes the smallest subgroup of F(¥ ) which contains
S. 8 is called a generator set of [8]., [S] is called the group closure of
S, Let TCF(X ) be a subgroup. If there exists a finite set § such that
[S] = T then T is finitely generated. y(sT, Spp +ee ,Sn) means an ele-

ment of 151, Soy e ,Sn].

The main result on free groups is the following:

Let ACF(X ) be a group. There exists a set of generators By Boy ees g
called free generators, such that [aj, 8oy ...] = & and such that any
element from A can be written as a unique product of generators and
their inverses, Any set with this property has the same cardinality,
called the rank of A, The cardinality of any set of generators is at
least the rank of A,{ai} can furthermore be chosen such that

a; = uisiﬁi, i=1,2,.. where no letters from s; or Sj are cancelled

in any products aii1aji1, S5 is called the significant factors of 2, -

Example 1:

.abcaba
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Example 2:
A = [aba, ac] = [abe, ac] =[abcac, ac]
Fal A A~ AN

Significant factors are marked by ..

Example 3:
Mxr) = [a,b] S = [aa, aba, b]
AN A ~ A
ot oft
T = [aab, aaaabb, ... ,(aa)” b, ... ]

TCSCP(I).

This example shows that the rank of a subgroup may be greater than the

rank of the group itself:

rank (F(X))= 2; rank (8) = 3; rank (T) = po.
That rank (T) =o0ocan be seen this way:

of o
Let s = (22)” b . T = [so, Sqp ee- ]

Define t = s, 8 , formn = 1,2, .., and t = s_.

ot on_on—1

-1
(22)2 2 B2 (32

This gives tn

f!

1

Il

n - -
(aa)® b2  (33)°

It is seen that T = [t , %,, ... ] because s =t % o ... t.
Also it is seen that the occurrences of b in tn constitute significant

factors, Hence rank(T) =opo.

3. Locally catenative equations in the Pree Group:

Pirst the case is studied where [L(H )] is finitely generated, An equi-
valence group of two DOL-systems is defined. Theorem 2 shows that if a
finitely generated equivalence group can be found for two systems, then
the equivalence problem is solved, Then it is conjectured that a finite-

1y generated eguivalence group always exists, and can effectively be
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constructed.
Theorem 1:

[L(H)] is finitely generated

N
There exists a locally catenative equation in F(X ):
wo = ealw, 4, ... yW,_p) Tor nycut
Proof:
i}: Let [L(H)] = Eg1, ... 38,]. Bach g, k=1, ... ,n, is a product
gk(wo’ Wyy ees ’Wq _1) for some e - Let r be the maximum of all Qe Then
L] = [w,, wyy o.. yw,_4]. From this it follows that
w_.e ENO, Wey vew oW, 4] and w, = eq (W, 4, ... ,w,) Since h is a
homomorphism of F(Y ) this part follows by induction,
f}: Prom the recursion equation it follows by induction that [L(H)] is
generated by {wo, Wiy oes ’Wr—1}‘
At this point a natural question arises:
If the rank of [L(H)] is r, can we thenchoose the first r elements from
E(H) as generators? We have been unable to prove this, but believe it to

be true,

Small conjecture.

[L(H)] is finitely generated of rank r

[L(H)] is freely generated by {wo, LITIREEE ,Wr_1}

This conjecture is mentioned again in section 4 in connection with the
algorithm to find free generators of L(H). Here we shall point out a
consequence of this small conjecture, which follows immediately from the

unique factorization in the free group.



167

Consegquence of small conjecture.

[L(H)] is finitely generated of rank r
4

There exists a unique locally catenative equation in the free groups of

minimal cut with cut = r and depth < r,

Example 4:
E(H) = ab, abab, ...

E(H) = [ab] of rank 1

1

w, = abab = w_w
1 00
recurrence equation

W'fl = Wl’l— 1Wl’l'='1

Example 5:
H=<{a,b}, {a>a, bsab}, b

E(H) = b, ab, aab, ...

i

G = <fa, b}, {asa, b>ba}, B>
E(G) = b, ba, baa, ...
[L(m)] = [L(e)] = [a,b] of rank 2

recurrence equation in common:

Wy = W sV s cut=2

E(H) defined by w, = b, w, = ab
= b, Wy o= ba.

=
|

E(G) defined by o

Example 6:

¢=<{a, b, c},{ascba, b>a, c>cc}, b>

W, = b
wy = a
Wy = cba
Since a = wy, b = w_, and ¢ = wow,w_ Wwe know that fL(H)]oP(xL ) and
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1

F(x).

w., = ccacha

3

therefore [L(H)]

It then follows that Wy can be expressed in terms of Wos Wy, and w, by
substitution:

W

il

(wow g ) (wolvgw ) w (Wi w ) wow,y

3

il

(w.,w,w )2 W, W
2°1 0 17 e
The recurrence equation becomes
woo= (w. W S )W w
n n—-1"1n-2 n~-3 n-2 n-1
Txample 7:
H={a,b} , {a>aa, b>bb}, aab>
[L(H)] is of infinite rank as shown in example 3. By theorem 1 it fol-
lows that there does not exist a locally catenative recurrence equation

defining BE(H), Example finished,

We shall in what follows attempt to formulate a generaligation of
theorem 1, We have to present it as a conjecture since we are unable to

prove it,

Definition: An eguivalence group for the two DOL systems H and G is a

group Q with the properties
(1) we Q
(ii) h(Q)c Q and g(Q)c Q
(i11)  (Vae Qv 1) ni(w) = g"(w )] =>[(vi) n'(a) = g"(a)]

Lemma 1:
For any DOL systems such that [L(H)}= [L(G)], [L(H)] is an equivalence

group.
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Proof:
(i) and (ii) are trivially fulfilled, To verify (iii), asssume that H and
G are equivalent.
Let ge [L(1)]. k(q) = n*(alw,, nlw), ... ,wi(w), ...))
= a(n*(w), B (w), L)

Since hj(wo) = gj(wo) for all j, we get

tt

alg (wy), g w), L)

]

g alw,, gw,), «..))

g (alwy, nw)), ...)) = g(a)

Lemma 2:
There exists only one DOL-system H which generates E(H),.

F(Y ) is an eguivalence group for all DOL systems G.

Proof:
1) : Obvious vecause (iii) is vacuously fulfilled.
l': Obvious because (iii) implies that g and h are identical on the

generators of F( X ).

Example 8:
The DOL-system from example 7 is uniquely determined by E(H). Hence

[a,b] is an equivalence group for all DOL-systems G,

The significance of equivalence groups is due to the next theorem.

Theorem 2:

If there exists a finitely generated equivalence group Q = qu, ...ﬂ%J

for two DOL-systems G and H then G and H are eguivalent if and only if
(=) h(qi)az glay) fori = 1,2, ..., n

Proof:

Assume G and H equivalent; then (iii) implies the theorem,

Asgume (x), We are going to prove ¥ido [h?(wo) = gi(wo)], (*) implies,

that¥ae ¢ [h(q) = g(a)]

Since Q is closed under the homomorphisms G and H we conclude that
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vi>ovae @ [h'(a) = ()]
The result follows now from the fact that W€ Q.

Corollary 1:
12 [L(W] = [L(®)] = [w, Blw), ... 07 (w)]
then G and H are equivalent if and only if

i i .
hi(w ) = g (w)) i=0, 1 ...,r

Proof:

Follows from lemma 1 and theorem 2,

Example 9:
Using corollary 1 we can, with reference to example 6, deduce that two

DOL-~-sequences which have the common initial terms

W, = b

Wy =2

Wy = cha

w3 = ccacha

must be identical.

Example 10:

H=<{a, b, ¢, 4}, {a»2a, bsb, cc, d»bd}, acd

G = < {a, b, ¢, 4}, {a—>aa, b> Db, c>cb, d—»d} , acd>
E(G) = E(H) = acd, aacbhd, aaaacbbd, ... , (aa)znobnd, -

We notice that the occurrences of c constitute significant factors,
Hence the rank of [L(H)] is infinite and the eguivalence group [L(H)]
is infinitely generated, Lemma 2 tells us that Ea, b, ¢, 4] is not an
equivalence group.

211 powers of h and g coincide on a and on b, and

hi(cd) = gr(cd) = cbra for i = 0, Ty wue

From this follows that T = [@, b, cd, cbkd, cbld, ...] is an equivalence
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group. .
T = [a, b, cd, cbc] since cb @ = (cbc)cd
~ FaN A ~
We have found a finitely generated equivalence group for G and H even
if [L(e)] = [L(H)] is infinitely generated,

We proceed to formulate a conjecture.

Main conjecture:

For any two DOL-systems H and G a finitely generated equivalence group
can be effectively constructed,
Because of theorem 2, a. proof of this conjecture will solve the equiva-

lence problem for DOL-systems,

A consequence of the conjecture is that for any DOL sequence H the set
of all free group elements x, with the property that if G is eguivalent
with H then <Y, h,x> 1is equivalent with <Y ,g,x,>,1is a finitely gene-
rated group. This follows because the intersection of two finitely ge-
nerated subgroups of F(y ) is finitely generated, and because there

exists only a finite number of DOL systems equivalent to H. (M, Nielsen
[70]).

4, An algorithm o find [L(H)].

This section presents an algorithm which finds a set of generators for
EL(H}] if this group is finitely generated, If this is not so, the al-
gorithm yields a still larger subset of an infinite set of free genera-
tors with significant factors, We have at present no available test to
decide between the two possibilities, It is no surprise that this algo-
rithm exists. Nielsen's algorithm is known from free group theory. It
finds a set of free genérators with significant factors from a finite
set of generators,

Let Nielsen (W) be a procedure which has a finite set W as argument

and which as result delivers a set of free generators with significant

factors of [W].
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Our algorithm is then as follows:

while w, #[Yn_ Jde

begin Y~ := Nielsen (Yn—T‘J {Wh}};

n := n+1

end

end

At exit from the algorithm, w g€ [¥,_41. It follows that [L(H)] = [an] .
It is believed, and stated as the small conjecture in section 3, that
the rank of [L(H)] equals n at exit from the algorithm, The sore point
is of course that if [L(H)] has infinite rank then the algorithm never
exits . In this case [L(H)] = i(zo [v,]. An adaptation of the algorithm,
which +takes into account thaf the sequence is generated by &  homomor-

phism is being implemented in LISP 1.5 on IBM/360. In the next examples,
z, denotes [Y ].

Example 11:

This example shows the successive values of Zﬂ for the following DOL-
systen

H= <{a,b,c} ,{a->ab,b->ca,c->ac } ,acd>
The first elemenis of the sequence are

ac
abac
abcaabac
abcaacababecaabac
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z, = [agl

’ [ec,abac] = [ag,ak]

5 [ec,ab,abcaabac] = [ag,2k,¢3]

Z, = [ac,ab,ca,abcaacababeaabac] = [ag,aR, g3, A ] = 7,

(S
1t

[wN]
il

Now the chain 72 CZ,C7%, ... will stay constant forever and [L{w)] = Lo
From theorem 1 we know that the segquence is locally catenative, From
lemma 1 we know that [L(H)] is an equivalence group for any other DOL-

system that generates the same sequence,

Prom an algorithmic point of view it would be convenient to find genera-
tors for Zn as an exbtension of the generators found for Zn—i’ and this

is always possible since Zn is an extension of Z In this example

n-1°
it is even possible to obtain significant factors in the extended set
of generators. This is not always possible as will be shown in example

12.

We know that the DOL-system H is locally catenative but we have not
found a locally catenative formula. Such a formula can be found by keep~
ing track of the relation between the generators of Zn (in the follo-
wing denoted Wé, .es ,wﬁ_j) and the elements of the sequence

(Wos een Wy, ..). We will also use the fact that
Zn = [Wé’ e ’wﬁiﬁ’ h(wn—%)]

Using this method we get

step O

Wo = acC Wé = Wo
2 = [wr] = [ag]

step 1

h(wé) = abac

wi = h(wé)Wé = ab wi o= WWWO
Zy = [W(;’Wﬂ = [aﬁya}ﬂ
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step 2

h(wi) = abca

wé = W%h(w') = ca who=w w1.w2 1

Zz = [W ’W 9W] = L—akyak Rﬁ]

step 3

h(wé) = acab

wé = w%wéh(wé) = A wé = w0w1.w w,lw2 2

Z

3 [W('),W,‘,Wé,wé] = l:af{,akyfi%]

From the calculations in step 3 we get
A= W w1wow1w2 3 2 <=>

W3 2,]WWWWZ

Hence the locally catenative formula

n="n-1"n-2"n-3"n-2"n-3"n-1 ycut=3

Notice that the example agrees with the small conjecture,

Example 12:

This example shows the methods used in example 11 on the DOL-system

H = <{a,b,c},{a->abc,b->a,c->c},ab>

step O

w! = ab w! = W,
2, = [axl

step 1

h(w!) = abea

wi = ca wl = Wow1
Z1 = [%}Q’R%]

step 2

h(w{): cabe

wé = bc wé.z W1Wo 1w2
2

[%R,R%,}QR]
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step 3
h(wé) = ac
wé = ac w'3sﬁzw1&2w3

Zy = [ak, g&» Reyac]
At this point wé has no significant factors, and we have %o change some

of the previously found generators to obtain significant factors.

This situation occurs exactly in the case where the new generator is a
catenation of an initial subword and a final subword of the generators
previously found. We mention, without stating the proof, that [L(H)]

in this case is finitely generated., According to the algorithm we now
should change the generators to obtain significant factors. But since
we know that the group is finitely generated we might as well carry on
until we get the locally catenative formula. Notice that although the
generators found do not contain significant factors they are still free

generators of the group in agreement with the small conjecture,

step 4

h(wé) = abece

w'4 = cc w'4=wow3w2w3w4

Ly = [a}, ca, ke, ac, cc]

step 5

h(w'4) = ¢c

w'5 = A wé=w4w3w2w3wo'
M43 45

From this we get

w5=w4ﬁ3w4w1woﬁ3w2ﬁ3w4

And the locally catenative formula
e 1" - 2%n— 10— 40~ 5"n-2"n- 3"n-2"n-1
Notice, that although Wy is of length 24 we only have to operate on a

word wi of length 2, One can say that we for each word have extracted



176

the new information, and the methods used in these examples reduce the

hard work involved dealing with fast growing systems,
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ABSTRACT. Motivated by practical implementation-methods for
recursive program-schemata we will define and study presetting tech-
niques for push~-down automata. The main results will characterize
the languages of preset pda's in terms of types of iterated substi-
tution languages. 1In particular when conditions of "locally
finiteness"” and of "finite returning" are imposed we get a feasible
machine-model for a class of developmental languages. The accepted
family extends to the smallest AFL enclosing it when we drop the
condition of locally finiteness. At the same time this family will
be the smallest such full AFL. If all conditions are removed, preset
pda's exactly represent the family of iterated regular substitution
languages, a sub~family of the indexed languages. Deterministic
preset pda's are also studied, and the language-family they define

is shown to be closed under complementation, generalizing a classical

result.

“Any theory ... formulates an ideal average
which abolishes all exceptions at either end
of the scale and replaces them by an abstract
mean."

in C. G. Jung: The Undiscovered Self,

* This work has in part been supported by the Center for Mathematical
Methods in the Social, Biological, and Health Sciences (SUNY at
Buffalo), by NSF grant GJ 998, and by NATO grant 574.
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1. INTRODUCTION

Eventually we like to introduce what might be called:
"developmental systems - a programmer's point of view", but we will
not immediately emphasize it here. We rather follow the original
approach which led to such implications and start with analyzing some
automaton-theoretic concepts.

Push-down automata represent the execution-mechanism of parame-~
ter-less recursion. They were successfully used in context-free
language theory, occasionally in the theory of (monadic) program-
schemata, and the deterministic version has been extensively analyzed
in parsing.

There has been a twofold motivation for presetting the amount of
storage in machine-models with a stack-like external memory. First
of all in most implementations there is a definite series of locations
allocated as a push-~down register, whenever it is required. Secondly
familiar types of (single variable) recursion can most efficiently be
simulated when the stack is implicitly used as a counter at the same
time. In the latter type of application the machine will basicly
recognize/execute instruction-sequences which appear on the input-tape,
a not very common but certainly useful interpretation of input.

By presetting a push-down automaton we mean that at the very
beginning of a computation a certain stack~square is allocated as the
maximum location {or "highest® point) to which the stack may grow
during that computation.

We wish to remark that if this were all, the accepted languages
would still be context-free, but not all computations would terminate
because the allocated space might be insufficient. The new feature
is to let an overflow-indicator (or "interrupt") actively influence
the computation.

Therefore the machine-model will have two transition-functions:

§ (to be used whenever the stack is not maximal) and 5top (to be
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used when the stack reached its preset maximum), both having well-
known formats.

There is one more practical concept never mentioned for ordinary
pda's but relevant when the stack is going to be used as implicit
parameter-value. It is the concept of an "empty" location, but this
can only be argumented with more information about how we look at
what can occupy locations. 1In the "squares"” on the stack are pieces

of program (or rather, pointers to subroutines).

When o, is a recursive call, it will be removed from the
current (top-most) location and the procedure-body called for will
be pushed in the next one. When we return and find that o, is a
recursive call as well, an "empty" location is created and no garbage-
collectioning should happen as it would improperly destroy the

counting. Empty locations in the body of the stack are filled with ¢.

2. PRESET PUSHDOWN AUTOMATA

We give a formal description of the general model.

Definition. A preset pda is an 8-tuple

= <Q, £, I, 6§, & ZO' F> with Q (states), I (inputs),

top’ 9g-r
I' (stack-symbols), q0 (initial state), Z0 {(initial stack-contents),

F (final states) as usual, and for all pe Q, ae Z v {A}, yeT
§(p, a, v) a finite set of instructions of the form (q, ¢), (g, A),
(d, ¢A), (g, AB) (A, B e I') and, similarly, Gtop(p’ a, y) a

finite set of instructions of the form (g, ¢), (g, A).
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There can be more general definitions that allow for writing
longer words per move, but it can be shown (see [55]) that there is
no gain in power. Observe that this version is close to the program-
cruncher we motivated it with, and atop for instance never writes
beyond the permissible limit. The given version is a normal form.

Here is an example of a preset-pda, with notions of accepta-
bility defined (as usual) by empty store and final state.

2

Example. A preset pda for L = {a"% | n > 1} would operate as
follows. Say the stack is preset at k, with Zo as bottom~
marker. With instructions é(state,va, ZO) = {(state, ZOZ)},
§({state, a, 2) = {(state, ¢Z)} it will make k-1 moves on input a

and push a Z to the top. It reverses with op(state, a, 2) =

6t
{(state, ¢)} and returns to the (first) Z0 it finds downwards on

A-input. Then it 1lifts 2 two locations higher (on A-input) and

0
repeats the same cycle as before over and over again. When, lifting
ZO' it would have passed the preset limit it stops in a non-accepting
state, otherwise it goes on until at last ZO is lifted into the
maximal location and sweeps down on étop(state, a, ZO) =
{(final state, ¢)}.
. . k+1,2
At a successful termination k + (k - 2) + ... + 1 = (—5~)

(an integer) moves on input a were made, and the machine will

accept all and exactly all the squares.

Instantanecus descriptions of a preset pda are of the form
(state, remaining input, push-down contents, n), where n is the

presetting relevant and constant for the particular computation.

Definition. A language L is called a preset pda-language if and

only if a preset pda ( as above exists such that
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[
"

%* *
{xel | Equ(qo, X, Zg, n) & (q, X, ¢, n) for at least one
n > 1}.

In the definition it is emphasized that more than one presetting
might actually be appropriate for acceptance.

As usual for non-deterministic machines there may be both
accepting and rejecting computations for an input-string, but it

will still be counted in the language.

3. THE LANGUAGES OF PRESET PDA'S

Here we will develop a generative (as opposed to analytic}
description of preset pda's in terms of their languages. The
general theory rightaway leads into the algebraic F-iteration
grammars developed in [57] and made more explicit in [103]. Most
general results proved for various parallel rewriting systems follow
from a few theorems in this area ([57]). Here we only give a few
of the abstract concepts that were developed and found useful.

A family of languages will be defined as usual, but in addition

we always assume closure under isomorphism.

Definition. Let F be a family of languages. The hyper-algebraic
extension of F consists of all languages of the form

*
Q;g rk<s) n I, where T 1is an F-substitution and [ an

*)
alphabet.

*
When F is a quasoid (i.e. containing C and closed under
NR and finite substitution), the hyper-algebraic extension becomes

an AFL closed under iterated F-substitution. Several algebraic

*) Footnote. 1In later generalizations hyper-algebraic extensions
were defined differently and more widely!
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results were obtained.

The characterization theorem we will prove for preset pda
languages is an interesting analogue of a classically known theorem
for context-free languages (which can be described as the algebraic

*
extension of the family of regular languages )).

THEOREM. The family of preset pda languages is the hyper-algebraic
extension of the regular languages.
Proof.

Let 1 be a regular substitution, an = <Qa’ , 8
a finite automaton for 1(a). Lﬂa may have JA-transitions, and

>
a’ 9ar Fa

we will in fact for simplicity assume that always q, £ F . Non-

empty stack-locations will have a contents as shown below.

q; U

a

where g ¢ Q. representing that in generating a member of Tt(a)
we got as far as g in the finite automaton for it.

The idea is not to generate the word from t(a) immediately as
a whole, but symbol by symbol and each time a next symbol is gener-
ated to use it to expand its 1t-image to the preset top first before
proceeding with the next symbols. Thus we generate 1(S) 1in
strictly leftmost manner and use the finite automata as a finite code
for the (possibly) arbitrarily long strings we can rewrite individual

symbols with.

*) Footpote. See van Leeuwen, J., "A generalization of Parikh's
theorem in formal language theory", Tech. Rep. 71, Dept. of Comp.
Sciences, SUNY, Buffalo, 1974.
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Here is how the instructions look like. We only give their

basic schemes. First realize that expansion to the present top is

entirely on A-input, only éto checks input. Therefore

P
s (state, X, [q; (Ea}) = {(state, [r; L&a]) fre 8,4, Ml ou

{(state, ¢) | 3 red,(q, A} v

ref
¥ a

{ (state, [r;(ﬂa}[qb;fﬂb]) | bel and r ¢ 8,1, b)} v

{ (state, ¢[qb;Cﬂb]) | b e and 3ra red, (a,b)}

Fa

Note that we may or may not stop in a final state when generating a
word of 7t(a). When the preset maximum (which actually stands for
how far we iterate) is reached, then Gtop(state, b, [q;Cﬁa}) =

{ (state, [r;(}?a]) | red (q, )} Vv

{(state, ¢) | 3 resé,lq, b)}

reF
and the obvious rules on A-input for traversing possible
i-transitions. Successful termination now is actually on empty
store but as standard we may non-deterministically send the machine
in a final state at the same time.

The formal proof of the reverse is tedious but follows the
same lines as the restricted case worked out in detail in [55}. Here
we give the basic type of constructs.

Let U= <Q, L, T, &8, 8§ v g0 ZO’ F> be a preset pda

top
recognizing L. The iterated (regular) substitution 1 for L
will have basic symbols of the form
[, A, B, q] (p,qeQ, AT, BeTl v {¢})
with the following semantics.

[p, A, B, q] (B e I'): when in state p with A under the
pointer, {after a local move) it will write B and move
upwards, later returning in state gq (which will then
continue on the B)

fp, A, ¢, g} : similarly, but (after a local move)}

it will empty the location and move upwards, later
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sweeping down in state d.

Thus "variables" will represent recursions. The "terminal”
symbols will actually be coded as a, and later finish with the
well-known cycle a + a + ¢ (where ¢ + ¢ and £ outside the
terminal range) to enforce synchronous termination. There is a
problem there when subsequent expansions and Gtop—instructions are
on A-input, which in the iteration would be an untimely termination
of that branch. However, the hyper-algebraic extension of regular
languages is closed under arbitrary homomorphisms {(from a more
general result in [57)), and we may as well let the machine read §
instead of X all the time and erase it later from the language.

Replacement rules become

p, A, B, gl » {W;[py, Ay, By, qIW, «o. W lpps A, ¢4 ql) |
starting in state p with A on the stack N will do
a {(local) computation on 51 input and recur in state
Py writing BAl on the stack, then all possible strings
W, for local computation from 9;.; on Bi_1
to Py with Ai on the stack (note the final return

leading

state)} o
Gipleys Apr Brr @ql¥y e ey Agr Byo qglingy |
similarly, but now Wil also inducing a local compu-
tation from q, on Bk emptying the location and
returning in state g} v
{;i[pl, Al’ ql | Wy inducing a local computation from p
on A eventually leading to state Py and stacking BAl}.
It is straightforward that the {possibly infinite) set of
strings by which [p, A, B, q] may be rewritten is a regular
language. The construction goes through for B = ¢ as well. Note
that by previous assumption now all v_wi's are # X.

The symbols [p, A, g] represent when Stop has to be used.
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The rules are
{p, &, q] » {w | (unbarred this time) w induces a local
computation with dtop from p and A finally emptying
the location and returning in state q (w is ¥ A by
assumption)}
With appropriate start rules {(a presetting 1 is to be treated

separately, but there is closure under union) the generated iteration-

language is exactly L.

It follows that preset pda languages form an AFL (even a full
AFL). Later we will see when or when not you get an AFL with the
restricted preset pda-models.

COROLLARY. Preset pda languages are indexed, and (hence) strictly

included in the context-sensitive languages. (see [56])

4. DETERMINISTIC PRESET PDA'S

As opposed to classical machine-models this time it is not
immediately clear when a preset pda should be called deterministic,
Obviously & and 6top have to yield applicable instructions
unambiguously and should be chosen as for deterministic pda's, i.e.,
with regards to the present modifications. But what about presetting?
It can be shown that as far as computational power is concerned, the
stack in preset pda's need never grow more than linear in the length
of input strings and that would reasonably limit choices when we
were to preset the stack functionally in the input (in global theory
it may be different). We will argue that another form of
"determinism” is more useful here, but illustrate it with an example

first.

*
Example. A preset pda for L = {ww® | we I} would operate
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as follows. It copies input in the stack until the presetting is
reached, then with 5top it changes mode and removes symbols from
the stack while checking against input.

R ¢ L there

It is important to observe that for any word ww
can be only one presetting of the given machine which would lead to
acceptance. In fact, the machine for {an2 | n > 1} designed before
had the same feature and was structurally strong encugh to "enforce"

the appropriate presetting of the stack.

Definition. L is called a weakly deterministic preset pda language
if there is a preset pda (I with deterministic 6§ and 6top
accepting L such that \7weL 3 i n Ggr Wi 24, 1) - (g, 2, v, n)

for some ¢ € F, with the preset maximum location reached at least

ongce.

All deterministic context-free languages are weakly deter-
ministic preset pda, but we get many more.
The next result is a generalization of a classical theorem on

deterministic pda's.

THEOREM. The family of weakly deterministic preset pda languages

is closed under complementation.

The main step in the proof is to eliminate non-terminating
computations on A-input at run~time (there can be no pre-calculation
as is the classical proof for ordinary deterministic pda‘'s). Tables
stored in all locations to record past symbol~-state configurations at

that location are used to check for periodicities,
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5. LOCALLY PINITENESS AND FINITE RETURNING

Returning to the original motivation, preset pda's as formalized
so far may not yet be what computer scientists would call “practical”.
Further restrictions that are necessary were extensively discussed
in [55], and basically relate to the original idea that in the stack-
locations procedure-bodies would be stored. Implementation leads to
bounds on size and, in slightly informal terminology, we would like
preset pda's to have the following properties:

locally finiteness - a fixed bound on the length of local

computations, i.e., with non-moving pointer.

finite returning - a fixed bound on how many recursions there

can be from a base~location.

Here is the relation to developmental systems.

THEQREM. The family of languages defined by locally finite preset
pda's which have the finite return property coincides with the

family CROL (or EOL).

The proof is in [55] but follows the same lines as the general
result in section 3.

This representation for CROL~languages is very powerful, and of
interest also from a schematologist's point of view.

Finite returning imposed alone would permit machines to do

arbitrary long calculations on the same location.

THEQREM. (Representation theorem) L can be accepted with a preset
pda that has the finite return property if and only if there is a
A-free regular substitution T and a language L' & CROL such that

L= 1t(L").



188

The virtue of this theorem, that it directly uses the machine-
representation and the previous result, contrasts with more abstract
approaches.

In particular, the following results can now be derived very
easily. They were independently also given in [7] in an entirely

different approach.

THEOREM. The least AFL enclosing CROL at the same time is the least

such full AFL.
THEQOREM. (Representation theorem) L belongs to the least full AFL
enclosing CROL if and only if L = 1(L') for some L' ¢ CROL and

i-free regular substitution T,

The results were found through the machine-approach.
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The purpose of this paper is to demonstrate that recurrence
systems provide a useful approach to the theory of developmental
systems and languages. The demonstration is done by providing a sim-
ple proocf of the important theorem of Ehrenfeucht and Rozenberg on the
equivalence of the family of EOL languages with the family of images

under coding of 0L languages.

1. Introduction.

Recurrence systems have already been introduced elsewhere [42,
alternatively see 45]), and we are not going to repeat the detailed
biological motivation behind the definition. Our purpose in this
paper is to demonstrate the usefulness of recurrence systems as a
tool for simplifying the proofs of mathematical theorems concerning
developmental languages. By the way of demonstration we shall provide
an alternative proof of an important theorem of Ehrenfeucht and
Rozenberg [20]. We begin with a discussion of the Ehrenfeucht and
Rozenberqg theorem and its significance.

EOL languages were introduced in {35}, as those languages which
are the intersections of 0L languages and A*, for some alphabet A.
This corresponds to introducing the notion of a "terminal alphabet"
into L system theory. EOL languages were found mathematically
tractable and interesting and have been discussed in a number of
other papers. In particular, it was shown in [39] that EOL languages

are a natural extension of ALGOL-like languages.



190

Although such theorems are interesting from a mathematical
point of view, their biological significance is not inherent in their
statements, but are a consequence of the Ehrenfeucht and Rozenberg
theorem. This is because, even though 0L languages are well moti-
vated from a biological point of view and the creation of a language
from another language by intersection with A* is a standard pro-
cedure in formal language theory, the intersection of a 0L language
with A* does not seem to make any biological sense. After all, why
should we exclude certain developmental stages from the language of
an organism just because of the appearance of certain cellular states?
The answer is provided by the following discussion.

Clearly, the experimental verification of ocur developmental
systems should inlcude, among other features, the identification of
the individual cellular states (corresponding to the symbols of the
alphabet) which occur in the model. In some cases, no morphological
or biochemical distinction can be made among the cells in the course
of development, and thus only the temporal and spatial distribution
of the cell divisions can be tested against observations. In other
cases, there are irreversibly differentiated cells in the organism,
and the spatio-temporal occurrences of such cells can be ascertained
and compared with those given by the model. It should be the goal of
developmental studies that eventually all cellular states, not only
the irreversibly differentiated ones, postulated by the models should
also be experimentally distinguishable. The goal is however very far
from being realized, and in the meantime we must ask the question:
what class of developmental systems {class of OL systems, for instance)
will satisfy a certain observed distribution of cell divisions and of
differentiated cells? This problem can also be phrased in the follow-
ing way. Our observations provide us with "images" of the actual

developmental sequences. We are trying to f£ind the class of develop-
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mental systems which generates a sequence whose "image” is the
observed developmental sequence.

For example, in a description of the development of a compound
branching pattern in [42] we denoted each cell by ¢, i.e.,, we made
no distinction between cells in different states. Even though it is
quite possible that experimental observations do not provide us a
method by which we can distinguish states, it is clearly reasonable
to postulate the existence of different states when trying to explain
the development. We have therefore proposed a 0L system with ten
different possible cell states. This system is sufficient to explain
the observed development, inasmuch that if we replace each digit in
the sequence generated by the system by c,then we get exactly the

observed sequence. We can formalize this as follows.,

pefinition. A coding of an alphabet I into an alphabet A
is a homomorphism which maps a single letter of I into a single

letter of A.

Our discussion above can now be restated as follows. Due to
our lack of ability to distinguish always cells in different states,
when presented with a language L describing an organism as observed,
we should look not only for systems which generate L, but also for
systems which generate a language K such that L 1is the image of K
under a coding. In particular, the family of all languages which are
images of 0L languages under coding is in some sense biologically
more important than the family of 0L languages.

A major justification for studying EOL languages is provided

by the following result of Ehrenfeucht and Rozenberg [20].

Theorem. A language is an EOL language if, and only if, it is

thé¢é image of a 0L language under some coding.
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This is the theorem we are going to prove using recurrence

systems.

2. Definition of basic recurrence systems.

For our proof we do not need the full generality of recurrence
systems. We therefore define a more restricted concept which we call

a basic recurrence system.

Definition. A basic recurrence system (BR system) is a 5-tuple

8 =<, Q, A, F, w>,
where
(1) I is a finite non-empty set of symbols (the alphabet),
{(2) Q@ is a finite non-empty set (the index set),
(3) A 1is a function, associating with each x ¢ & a finite
set A(x) (of axioms} such that A({x)C £+,
(4) F 1is a function, associating with each x e @ a finite

non-empty set F{x) (of recurrence formulas) such that F(x)CiQ+,

(5) w e Q (the distinguished index).

For any x £ @ and for any positive integer y, we define

Lx y(S) as follows.

r

Lx,l(s) = A{x).
if y>1,

L, _(S) = L o (8)-L __.(s).
Xy kyo" kg e F(x) kyry-1 keey=1

Then

Lis) = U 1,  (s)
y=1

14

is said to be the language generated by S. A language which is gen-

erated by a BR system, is said to be a BR language.
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(In the terminology of [42], a BR system is a A-free depth 1
recurrence system in which the recurrence formulas do not contain

constants.)

Example. Let S = <{a, b}, {1, 2, 3, 4, 5}, A, F, 1>, where

A(l) = A(2) = A(3) = #, A(4) = {a}, A(5) = {b},
F(1) = {35, 45},

F(2) = {2},

F(3) = {22, 33, 44},

F(4) = {2},

F(5) = {1}.

The following are the top four lines of a semi-infinite table

which gives the values of L (s).

X,y
1 2 3 4 5
X
1 '} g '} a b
2 ab g aa g g
3 ] g aaaa ] ab
4 aaaaab ] aaaaaaaa 2 ]
It is easy to prove by induction that L(S) = {af(n)b | n>1},

where f(n) = (22® - 1)/3.

Definition. A BR system S = <I, &, A, F, w> is said to be
¢-free if and only if, for all x e @2, A(x) # #§. 1In such a case
L{S) is said to be a ¢~free BR language.

The example given above is not a ¢~-free BR system. However
the language can be generated by a ¢~free BR system as will be shown
in the next section. The more complicated BR system S will be used

below to demonstrate our results.
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3. Some results on basic recurrence systems.

Lemma 1. If F is a finite set of non-empty strings over an

alphabet Zo, d is a non negative integer, and, for 1 < i < 4,

Si = <Ei, Qi’ Ai’ Fi' mi> is a ¢~free BR system, such that
L=FUy \,fL(Si) # §, then L is a ¢~-free BR language.
i=1

Proof. If L 1is not empty we can assume without loss of
generality that F is not empty. We may also assume that the Qi's
are pairwise disjoint, for 1 < i < d. We are now going to construct

a ¢~free BR system S = <I, @, A, F, w> such that L = L{S).

d
r= Moz,
d d
@= U 9,V {u}, where o ¢ v Q.
i=1 i=1
A{w) = F, Alx) = Ai(x) if x ¢ 2.
F(w) = {w, wy, <oy wgl, F(x) = F(x) if x e 2.

It is easy to see that S is a ¢-free BR system. It can be
shown by induction that
Lm’I(S) = F,
and, for all y > 1,
y-1 d
L, 8 =rU U UL (s)).
z=1l i=1

w,y i,z
Therefore,
© a
L(s) = L (8) =fFU U L(s,) = L.
}Jl wy i=1

Note that the proof of Lemma 1 is constructive.

Lemma 2. Every BR language is a ¢-free BR language.

Proof. If L is a BR language, then there exists a BR system

S = <L, Q, A, F, w> such that L = L(S).
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For y > 1, we define
E(y) = {x | 1, _(5) = g}.
It is easy to see from the definition of Lx v that if
14
E(yl) = E(yz), then E(yl + 1) = E(y2 + 1). Also, since E(y) C @,
there must be a ¥ and Yo such that E(yl} = E(yz}, and ¥y # Y.

Let p and g be the smallest positive integers such that

p <g and E(p) = E(q). Let d =g - p.

p~1 d=-1 ®
L(s) = }gl Lw.y(s) U gg ‘}30 Ly, privza(S))-

In view of Lemma 1, it is sufficient to show that for

(-3
0<ig<d-1, L;= ;;L Lm,p+i+zd(s) is either # or is a ¢-free

BR language. We shall do this by constructing a ¢-free BR system
Si such that if Li # @, then Li = L(Si).
Si =<, @ - E(p + i), Ai' Fi’ w>, where, for x e Q -~ E(p + i),

Ai(x) = L {8), and Fi(x) is defined as follows.

X,p+i
Since F is a finite substitution of elements of § by non-

empty finite sets of strings over &, for any positive integer k,

Fk is well defined and is a finite substitution of the same kind.

Thus, in particular, Fd(x)c: Q+ for any x in Q+. We define,

for 0<i<d-1, xe-E(p+1i), F(x)=F@AN@-Ep+in.
In order to show that Si is a ¢-free BR system all we need

to show is that for all x e Q@ - E(p + 1), Ai(x) is not empty and

Fi(x) is not empty. The former is obvious from the definition of

E{p + i}. To see the latter, all we have to show is that for all

x e 2 - E(p + 1), Fd(x) contains at least one string over

@ - E(p + i). But if this was not the case we would have

L L {8) = L . {8) ... L . {(§) = #, contradic-
x,q+i e ...k aFd(x} kl,p+1 kf,p+1

1 £

ting the fact that x £ E(p + i) = E(g + i).
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Each of the Si is therefore a ¢~-free BR system. It is now
easy to show by induction that for all z > 0 we have that, for all
x e - B{p + i},

L d(S) = L l(si)'

X,pti+z X, 2+

In particular,
© o
Ly = () by priezal® = U Ly 08 = Lsp).
z=0 z=0
This completes the proof of our lemma. We note that the proof
is constructive, given a BR system §, we can effectively produce a
finite set ¥, a positive integer d and ¢~-free BR systems

such that
.
L(s) =F U L,}L(si).
i=0

S veeys S

0’ d-1
From these we can use the construction of Lemma 1 to produce a ¢-free

BR system S' such that L(S8) = L(S'}).

We demonstrate this on the example of the last section.
E(1) = {1, 2, 3}, E(2) = {2, 4, 5}, E(3) = {1, 2, 4}, B(4) = {2, 4, BI.

Thus, p=2,g=4 and d = 2. F = Lm 1(S) = g,
’

L, = \,} Lm,2+zd(s) = L(so), where So will be defined below.

N
o

w0
L, = 2;% Lw,3+zd = f. Hence L(S) = L(SO). where S, = <{a, b},

{1, 3}, A&, Fo, 1>, where A, (1) = {ab}, Ay (3) = {aal, Foll) = {331}
and F0(3} = {3333}. The semi-infinite table associated with I

begins with
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X 1 3
Y\
1 ab aa
2 aaaaab aaaaaaaa
3 azlb a32
4 aasb a128

In the case of this example we did not have to make use of the con-
struction of Lemma 1.
Those familiar with the definition of recurrence systems [42,

or 45], will appreciate the following consequence of Lemma 2.

Corollary. Every recurrence language is a ¢-free recurrence

language.

Lemma 3. Every ¢-free BR language is the image of a 0L

language under some coding.

Proof. If L is a ¢-free BR language, then there exists a
¢-free BR system S = <Z, @, A, F, w> such that L = L(S). We
define a 0L system G = <A, P, o> as follows.

A=0x:cUTx2 L/{Sl, S,r «-.s S}, where k is a positive
integer such that there is a word of L of length k. (By our
definition of a ¢~free BR language, there is at least one such
integer.)

g = Sls2 o Sk.

P consists of the following productions.

S a a

1 - <w, al><m, a,> ... <w, a,>, for all a g7 s B

2 t 1’

in I such that a8, ... Ay € Alw).
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§; * A, for 2 <i <k.

<x, a> *y, for all xe @, aci and y e £(F({x)),
where f is a finite substitution which associates
with every z ¢ @ the set of all strings

<z, a1><z, a2> wveo <2, a,>, where 8yr s eesy @y

t
are in I and a; 3, ... a € A{z).

<x, a> + A, for all x e Q and a e L.

Let a; @y «..oay be a word of length k in L. Let h be

the coding defined by

h(si) = 2. for 1 < i <k,
h(<x, a>) = hi{<x, a>}) = a, for all xe @ and a e L.

We claim that L(S) = h(L(G)). This claim has a reasonably

standard inductive proof and is therefore omitted. (See for example

the proofs of Lemmas 2 and 3 in [39].) Instead, we demonstrate our

claim on the BR system So, which is described following Lemma 2.

In this case A = {<1, a», <3, a>, <1, b>, <3, b>, <1, a>,

<3, a>, <1, b>, <3, b>, S,, §.,} and 0 = §,S,. P has the following
1 2

172

productions :

S, * <1, a><1l, b>

1

S, * A

<1, a> » <3, a><3, a><3, a><3, a><1l, a><1l, b>

<I, b> » <3, a><3, a><3, a><3, a><l, ar<l, b>

<3, a> + <3, a><3, a><3, a><3, a><3, a><3, a><3, a»<3, a>

<3, b> + <3, a><3, a><3, a><3, a»<3, a><3, ar»<3, a><3, a>
<x, uw> + A for x ¢ {1, 3} and u e {a, b}.

A derivation in G = <A, P, 0> locks as follows:
5152

<1, a><l, b>

<3, a><3, a><3, a><3, a><l, a><l, b>

(<3, a><3, a?)4(<3, a><3, a>)4(<3, a><3, a>)2 <1, a><l, b>
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If the coding h is now applied to this derivation
(h(sl) = a, h(Sz) = b} we get the following strings
ab
ab
aaaaab

a21b

4. Proof of the Ehrenfeucht~Rozenberg Theorem.

It has been proved in [42, Corollary 7], that the image of a
0L language under any homomorphism {and hence under any coding) is
an EOL language. We are now going to prove the converse.

Using the results of [42] (especially Theorem 7 and Corollary 3)
it is easy to show that for every EOL language L there exists a
BR system S, such that L(S) = L - {A}. By Lemma 2; L - {A} is
a ¢-free BR language and hence, by Lemma 3, it is the image of a
0L language under some coding. Hence L, which is either L - {A},
or (L - {A}) U {A} is also the image of a 0L language under some
coding.

This completes the proof of the thecorem. We note that it can
easily be made constructive.

It should also be pointed out that even though we have shown
that for every EOL language L there is a OL system G such that
L = h(L(G)) for some coding h, the G we have produced during the
proof (see proof of Lemma 3) is biologically somewhat undesirable.
It has the property that in every stép a cell either dies or divides
into (usually) many cells, most of which (usually) die in the next
step. The same criticism applies to the original Ehrenfeucht and
Rozenberg proof of their theorem {see [20]). It would be interesting
to see whether or not a similar theorem would still be valid regarding

a biologically reasonable restriction of 0L systems.
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5. Conclusion.

Recurrence systems provide us with a powerful tool for proving

theorems about developmental systems and languages.
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Introduction

The concept of an L system was first introduced by Lindenmayer
[59, 60] as "a theoretical framework within which intercellular
relationships can be discussed, computed, and compared". The concept
has proved to be a fruitful one, and has opened up a new area of
interdisciplinary research. Much of the work to date on L systems
is reported in Herman and Rozenberg {45]. The motivation for the
present paper is the thought that, since L systems are proving so
useful as a framework for studying biological growth and development,
perhaps they can also be used to study the ways in which organisms
achieve and maintain relatively stable adult states. Thus while the
emphasis in work on L systems to date has been on all the strings
derivable from an initial string, we shall focus in this paper on
just those strings which renew themselves dynamically once they have

been derived.

Notation
We write ) for the empty string, |a| for the length of a
string o (e.g. |A| = 0), and #V for the number of elements in a

set V. If o is a string we write the set of symbols occurring in
o as sym o, e.g. sym abbac = {a, b, ¢}. If L is a set of strings
we write sym L for {) sym a. We write the number of occurrences of

ael
the symbol a in a string o as #a(a), e.g. #a(abbac) = 2.
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We abbreviate context free grammar, context sensitive grammar,
linear bounded automaton, and Turing machine as CFG, CSG, LBA and T™
respectively. We require that if o ~ 8 1s a production of a CSG
then Ja| < |B]. We write the classes of context free, context sen-
sitive languages not containing A, and recursively enumerable lan-
guages as L{CF}, L(CS) and L{RE) respectively. Otherwise we use the

notation of Hopcroft and Ullmanf

for phrase structure grammars.

If & 1is a mapping from a set of strings into a set of sets
of strings, we say that 6D(a) = {a}, and for each i > 0
531 (q) = s6t(a). We say that s%(@) = \J ot (o).

i=0
Definitions

A 0L system is a 3-tuple H = <V, §, S> where V is an alpha-
bet, S eV and 6 1is a mapping from V* into the finite subsets of
V* defined as follows. There is a table Q of productions
Q <V x V* such that for each b € V there is a B8 ¢ V* such that

<b, B> ¢ Q. §(Ay = {2} and for o = aj...a, §(a) = Q(al) ...Q(an).

n
If for each production <b, 8> € 0 B # A we say that H 1is a
propagating 0L system, or POL system for short.

A 2L system is a 4-tuple H = <V, §, g, $> where V and S
are as in a 0L system, g is a symbol not in V, and ¢ is a mapping
from V* into the finite subsets of V* defined as follows. There
is a table @ of productions Q C:VgVVg X V*, where Vg = v U {g}
such that for each abc ¢ VqVVg there is a B ¢ V* such that
<abc, B> £ Q. &()) = {A}, and for o = aje..ag, §(a) = Q(aoalaz) -

Q(aj_lajaj+l) e Q(an_lanan+l} where ao and a1 stand for g.

+ Hopcroft, J. E., J. D. Ullman, Formal Languages and their
Relation to Automata, Addison-Wesley, Reading,Mass., 1969. From now
on we refer to this book simply as H & U.
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If for each production <abc, B> e Q B # X we say that H 1is a
P2L system.
If H is an L system with mapping & and initial symbol S,

we define the adult language of H as A(H) = {0 & 5% (s) I 8(a) = {all.

Phrase Structure Grammars

We now summarize some results about phrase structure grammars
which we shall need later.

We follow Aho and Ullman+ in saying that a CFG
G = <VN, VT' P, S> is proper if

(i) for each A ¢ VN it is not the case that A % A,

(ii) either P has no productions of the form A + X, or
S » A is the only such production and S never appears on the right
of a production, and

*
there exist a«, B, vy ¢ V such that

(iii) for each B ¢ VN T

* *
8 => aBy => «afly.
The following result is obtainable by algorithms 2.8-2.11 of Aho and
Ullmanf.
Lemma 1 There exists an algorithm which takes as input any

CFG G and produces as output a proper CFG G' such that

L(G) = L(G*).

Lemma 2 There exists an algorithm which takes as input any
grammar G and produces as output a grammar G' such that
{iy if a'»> B8' is a production of G' then o'l € {1, 2},

(ii) if o' > ) is a production of G', then |a'| =1,

+ Aho, A. V., J. D. Ullman, The Theory of Parsing, Translating and
Compiling, volume 1, Prentice Hall, Englewood Cliffs, 1972.
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{iii) if G is a CSG then so is G', and

(iv) L(G) = L(G').

Proof Let G = <VN, VT’ P, 8> be a grammar. It is easy to

see that we lose no generality by assuming that if ¢ 3 A then

la[ = 1. Then to construct G' = <V§, VT' Q, $>, place each produc~-

tion in P having a left side of length 1 or 2 directly in Q.

For each production A 2 B "'Bn where Ai, B. € (VN ¥ VT)

17 Pn 3 By i

and m > 3, Q contains AlA2 > Blcz’ %2 + A, and in addition

(i) CiAi+l -+ BiCi+1 (2 <i<m-2) and

Crn-12m * Bm-l"'Bn' if m < n;

(1) C;a4 4,4

A
-

> B.C (2 <

iCi+1 <n -1} and

CnAm > BnZ, if m=n+ 1;

(111)CiAi+l > Bici+l (2 <i <nj,
ciAi+l - ZCi+l (n<i<m-2), and
C A +Z, if m>n + 2,
m-1"m -

In this construction the Ci's are new symbols, and if productions
pPyr Py € P give rise to subsets Ql' Q2 of @, then the Ci‘s in
Ql and Q2 are distinct.

It is straightforward to check that our construction has the

required properties.

Adult Languages of 0L Systems

In order to characterize the adult languages of 0L systems,
we first derive a property of the productions which must hold in
order for a string to map only into itself. Note that it is not
necessarily the case that a » a for each letter in such a string,
e.g. if a -+ ab, b+ c and c +> A, then 6(abc) = {abc}. (When

§(a) = {B} we shall write simply &{a) = B.)
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Lemma 3 If H=<v, §, 8> 1is a 0L system, L = sym A(H), and
*
m = #L, then for each a € I there is a unique 8 ¢ I such that

s"s™(a) = 8.

Proof
1. For each a e L, #6(a) =1 and §8(a) ¢ Z*: if a e L
*
then there exist Ops Oy € L such that 6(alaa2} = ajan, =
§(ay)8(a)d(ay).
2. If a ¢ I then #ad(a) e {0, 1}: if a € I +then there

*
exist oyr @y € L such that 6(alaa2) = aqa0, = éial)S(a)é(az),

2

Hence if #aé(a) = k then #aﬁl(alaaz) > k* for each i > 0. Since
*

é (alaaz) = aya0, and #a(alaaz) < |a1aa2! it is obvious that we

must have k < 1.

3. If ae I and #aé(a) 0 then &™({a) = A: suppose that

for all i > 0, 61(a) # A. Since a £ I we have a ¢ sym y for some

¥ such that 6&(y) = y. Since #aé(a) = (0, we can write either
*
(i) v = uéd{a) vaw forsome u, v, wel , or {ii} v = uavé(a)w
*
for some u, v, w £ L . Hence,since §(y}) = vy we can show that

{6i(Y)i > léo(a)...éi(a)l for each i > 0. But then IGIYl(Y)l 2
[60(a),..6]Y1(a)| > |y], a contradiction since GIYI(y) = y, So it
must be the case that for some i > 0, Si(a) = A. From this it is
easy to show by path length arguments that s™a) = A.

4. For each a € I such that #aé(a) = 1, there is a unique
B e Z+ such that G*Gm(a) = B: since #a6(a) = 1 we can write
§(a) = saa for some a, @ £ (I - {ah”™. 1f 6*(ad) # A for all
i > 0 then it is easy to see that for any £ there exists a j such
that |6j(a)| > &, which is impossible since a occurs in a string
vy such that 6&{y) = y. So there is an i such that Gi(aE) =,
and hence by 3. we have that Sm(aa} = A, Let r, s be the greatest

integers less than or equal ‘m such that & () # X, 6r+l(a) = A,
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§5(3) # A, ana 65T

(a) = A. Then it is easy to see that if we write
8= 65() ... 6%as® @) ... 55(3) then & ¢™(a) = 8. The lemma

now follows from 2, 3, and 4. B
We shall need to know how to find sym A(H) for any OL system H.

Lemma 4 There exists an algorithm which takes as input any

0L system H and produces as output the set sym A(H).

Proof Let H = <V, §, 5> be a OL system, and let
I =symA(H), m= #I, and n = #V. Let L = {a € st (s) | i < 2% p,
§{a) = a}. We claim that I = sym L.

Obviously sym L € I. Suppose b e L. Then there is an
& £ A(H) such that b e symao. So o ¢ §"(s) N {u | 8(u) = u}.

i+m

Hence there exists an i > 0 such that o ¢ §*(s) and o e & (8).

But it is easy to check that if a ¢ dl(S), there exists an

n
T e 82 (S} such that sym a = sym a. Hence by Lemma 3 there exists
an o ¢ 8™(3) such that syma =syma and 6(a) =a. So o € L

and hence b e sym L. B

We can use the last two lemmas to put any OL system in a form
in which §&(a) = a for each letter a which occurs in the adult

language.

Lemma 5 There exists an algorithm which takes as input any
0L system G and produces as output a OL system H such that

A{(G} = A(H) and for each a t sym A{H}, GH(a) = a.

Proof Let G = <V, GG, S> be a 0L system. Let

£, = sym A(G) , and let m = #L

G G*
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If ZG = f then we are done, so suppose ZG # B. Let

H = <V, GH' S> be a 0L system constructed from G as follows.

*
Define a mapping 6: V » V by

G

a, if ae Vv ~1L
8(a) = m .
SG(a), if a € EG’

*
extend 6 to domain V by 8{()) = A and 6{aa) = 8{a)b(a), and
*

further to domain 2V in the obvious manner. Then define
*

8,2 V> 2" by
88 . (a), if a e Vv - I
s (a) =1 © ¢
a, if a e ZG.
By lemmas 3 and 4, H is well-defined. We claim that A{(G) = A(H).
*
1. Forevery t >0 and B eV, B ¢ Gé(s) iff there
*
exists an a g V such that «o € Gé(s) and 6(a) = B: this is
straightforward to prove by induction on t.

2. A(G) ¢« A(H): Let o = a

m _ e+l
Let SG(aj) = 6G (aj)

1...an

. m _ _
Bj. Since éc{a) = o, we have 81...Bn = g,

*
and so 68{a) = 81...8n = g. Since o ¢ SG(S) we have from 1. that

€ A(G). Then aj € ZG‘

*

* *
6{a} ¢ 6H(S). But 6{(a) = 4, so a ¢ GH(S). Also, since a ¢ EG it

follows from the construction of 6H that GH(a) = 0., Hence
o € A(H).
*
3. A(H) € A(G): Let 8 ¢ A(H). Then B8 € 6H(S). $o it fol-

*
lows from 1. that there exists an o such that a ¢ GG(S) and

*
8{a) = B. Let a = aoAlal"‘an-lAnun' where aj € XG' Aj e (Vv - XG},
*
and n > 0. Since @y € I; it follows from Lemma 3 that there is a
%*
Bj € ZG such that ég(aj) = 62+l(aj) = Bj. It follows from this and

the definition of & that 6(a) = BoAyBy-++B, 1A,B,- Since

*
Bj € ZG’ we have from the construction of 6H that SH(Bj) = Bj'
Since B8 ¢ A{H), we have SH(S) = B. Since GH(S) = B and SH(Bj) =

Bj it is clear that 5H(Aj) = Aj' Since Aj £ ZG' if Yj € 6G(Aj)
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then 6(y.) € SH(Aj), and so0 G(Yj) = Aj. But this is only possible

]
if Yj = Aj. Hence 6G(Aj) = Aj‘ Now since SG(Bj) = Bj and

B = 6(a) = BoAlBl"'Bn—lAnsn’ we have {.(8) = 8. Moreover, since

6g(aj} = Bj and 52(Aj) = Aj' we have 52(&) = f. Hence B = GG(B) €
*

§gla) € 8,(8), and so B € A(G).

2. and 3. together establish our claim that A(H) = A(G). B

We shall use Lemmas 4 and 5 to characterize the class A(OL) of
adult languages of 0L systems. First we need the following notation.

I1f G=<v_, V,,, P, 8 is a CFG with Vv_{ V, =V we define a
N’ Vo N N T

mapping wG: v+ 27 by

a, if a € VT

Vo la) = A
{6 | agsl if ace vy,

n

*
and we extend wG to domain V by &G(A) A and wG(aa)=

* *
g (8) A V.

wG(a)wG(a). It is easy to check that L(G)

Lemma 6 There exists an algorithm which takes as input any

0L system H and produces as output a CFG G such that A(H) = L(G).

Proof Let H = <V, 6H, S> be a 0L system, let I = sym A(H),

and assume without loss of generality that S € V - I. By Lemma 5 we

[}

may also assume that for each a ¢ «, 6H(a) a., Let G =<v -1, I,

P, 5> be a CFG constructed from H, where P = {A > a | A ¢ V -~ £ and
a € 6H(A)}. By Lemma 4 we can compute I from H, so our construc-
tion is effective.

Now it is easy to check from our construction that for each
i >0, 6i(s) = vi(s *(s) = yn so(s) M 5 =
i>o, H( ) = wG( ). Hence GH(S) = wG(S). So H( YN =
* *
wG(S) N Z . But since 6H(a) = a for each a ¢ I, it is easy to see

k4 *
that A(H) = 6H(S) NI , and it is a property of our notation Ve that

L(G) = xp;(s) N :*, hence A(H) = L(G). W
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We can prove the converse of Lemma 6.

Lemma 7 There exists an algorithm which takes as input any

CFG G and produces as output a 0L system H such that L(G) = A(H)}.

Proof Let G = <VN, VT’ P, 8> be a CFG. By Lemma 1 we may
assume that G is proper. Let H = <V, 6H’ 58> be constructed from
G by V=VNUV, and

fofazal, if aceyV

P
§.(a) =
H .

a, if a = VT

Clearly t&e construction is effective, and since G 1is proper
§: V > 2V is everywhere defined, so H is a OL system.

It follows from our construction that for each i > 0,
VE(s) = 8.(S). Hence yg(S) = 8.(S). Now it follows from the fact
that G 1is proper that wG(a) = o iff o ¢ V;. Hence from our
construction, 8 (a) = o iff «ace v;. So aA{H) = {a ¢ 6;(8)5 6y ()
a} = 6;(8} ruv;. Hence from the property LI{(G) = w;(s)lﬁ V; of

[

our notation wG' we have A(H) = L(G). B

We can now characterize the class A(0L) of adult languages of

OL systems in terms of the class L(CF) of context free languages.

Theorem 1 A(OL) = L(CF).

Proof  Immediate from Lemmas 6 and 7. @B

Let us say of two classes Ll and L2 of languages that

Ly 5L, if Ly {2} | Le Ll} = {LU{} | Lce LZ}' Then we have

the following result for propagating 0L systems.
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Theorem 2 A(POL) 5 L(CF),

Proof By Lemma 6, we have A(POL) € L(CF)., Suppose L ¢ L(CF).
Then there is a proper CFG such that L = L{G). It follows from
Lemma 7 and the construction in its proof that we can construct a POL
system H such that (L - {X}) = A(H), i.e. such that L = L(G) =

AH) U {A)}. B

Thus we have effective constructions which take us from any 0L
system to a corresponding CFG, and vice versa. We have also shown
that the propagating restriction makes little difference for adult
languages of 0L systems, i.e. A(CL) 3 A(POL). We shall see however

that the propagating restriction is very important in 2L systems.

Adult Languages of 2L Systems

We now look at adult languages of 2L systems with and without
the propagating restriction, and their relationship to the phrase

structure languages of the Chomsky hierarchy.

Lemma 8 There exists an algorithm which takes as input any
grammar G and produces as output a 2L system H such that

L{G) = A{H). Moreover if G is a CSG, then H is a P2L system.

Proof Let G = <VN, T P, S> be a grammar. By Lemma 2
we may assume without loss of generality that if o ? 8 then

fa] e {1, 2} and that if a3 ) then |a| = 1. We shall show how

to construct from G a 2L system H such that A(H) = L(G). The

idea behind the construction is as follows.

*
Our construction will be such that if S i where

¥ = C,C and vy £ L(G), then a string [

1 2...Cn CZ"‘Cn is derivable

1
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in H. The » will then move to the right along the string, allowing
local rewriting according to the productions of P which have a
single symbol on the left. When + reaches the right end of the
string, it changes to +«. The + then moves to the left along the
string, allowing local rewriting according to the productions of P
which have two symbols on the left. When <+ reaches the left end of
the string, it changes to + or to =>. If the change is to -, then
the above process is repeated. If the change is to => then two
things can happen. If the string is in V+, then => moves all the
way to the right and vanishes, yielding a string in A(H). If the

string contains a symbol from V then => moves as far as that

N’
symbol, then changes to <+, and rewriting continues as above.
Formally, our construction of a 2L system H from the
grammar G = Vyr Vo P, 8> is as follows.
A) V=V UV, U {X}, where X is a symbol not in Vy U Vi
Vg =V U{g}, where g is a symbol not in V.
B) 6, ﬁ, ¥ and G are mutually disjoint sets, which are
individually disjoint from V { {g}, defined by

={3|aev)

<+

<it

={E|aev}

T={E|aew

v = {{cyl | aB 3 Cy where A, B, C € V and
*

Yy eV}

C) W=VUVUVTUT UV

Wg = WU {gl.
D) ¢ = {LAB + y A, BeV, Lce Vg, Y € V*, and A3 Y }
- - *
Q, = {LAg ~Cy | A, B, CeV, yeV, and A 3 cy}
-> -
Q3 = {LAg > X | L ¢ Vg, AeV,Ag g
0, = {LXR> 1 | L, R ¢ Vgl
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*
Qg = {za8 » [(Cy] | A, B, CeV, Le¢ Vgr Y€V and
AB 3 Ccyl
Qg = {LICY]B » €|l B,C,eV,Le Vgr and [CY] e V}
0, = {[CYIBR » ¥ | B, CeV, R¢ vg, and [Cy] & V}
- >
0y = {ABR - B | A, BeVv and Re V_}
g
Q= {LAB » A | L ¢ v, and A, Be V)
> 4
Q10 = {LBg + B | L ¢ Vg and B ¢ VN}
-+ -
Q;, = {LAB ~ A | L e vV, and A, Be v}
-+
Q,, ={ABR~+B | A, BeV and Re¢ vg}
+ Y
Q;3 = {gAR » A I ace V, and Re Vg}
={gAR+A | AeV and Re V_ }
Qs = (LBR+ A | L, Re Vy and A v}
= =
06 = {A3BR + B| A, B ¢ Vp and Re V)
= -
0, ={BBR>B8 | aeV,BevV, and Re vyl
0,4 = {LAR » A | L, R ¢ Wg, A € W, and there is no
17
*
Y ¢ W such that (LAR > y) ¢ |J 0, }
18 k=1
E) Q= Q
k=1 X

F) H= <W, 6, g, 8>, where 6 1is defined by Q.

H is a 2L system, since our construction is such that for each
LAR € wgwwg there exists a vy ¢ W* such that LAR 6 Y.

From the construction it is straightforward to write out a
detailed proocf that L(G) = A(H). (A full proof is given in Walker?).

It remains to be shown that if G is a CSG then H is propa-
gating. Suppose G 1is a C8G. If @ contains a production of the
form LAR -~ ), then by inspection this production is in Ql v Q, v

Q7. But then it follows from the construction that there is a

t Walker, A. D., Formal Grammars and the Stability of Biological
Organisms, Ph.D. thesis, Department of Computer Science, State Univer-
sity of New York at Buffalo, 1974.
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production a 3 B for which |a| > |B|, a contradiction. B

In the next lemmas we shall use the following notation. If
M 1is an LBA we denote the language accepted by M as L(M), and if

T is a TM we denote the language accepted by T as L(T).

Lemma 9 There exists an algorithm which takes as input any

P2L system H and produces as output an LBA M such that

A(H) = L{M).

Proof Let H = <V, §, g, > be a P2L system. Let M be
an LBA constructed from H to operate as follows.

The tape of M has three tracks. If a string o 1is placed
on the top track of the tape, M decides whether or not a & L{M) in
the following way.

(i) M tests whether or not §(a) = a. If so, M does (ii)
below. If not, M rejects o and halts.

(ii) M writes S in the middle track and proceeds, nondeter-
ministically, to see if a ¢ 6*(5), using the lower track as work-
space. If M discovers that o ¢ 6*(8), then M accepts o and
halts, If, in simulating a derivation S = Qs Qpr eeer O where
o € §5(s) M finds that oyl > |a], M rejects o and halts.

From the above description it is a straightforward task to
write down formally an algorithm which constructs M from H, and

to show that L{M) = A(H}). B

Lemma 10 There exists an algorithm which takes as input any
2L system H and produces as output a Turing machine T such that

A(H) = L(T).
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Proof is similar to that of Lemma 9, except that in step (ii)
there is no limit on the length of an intermediate string o, . Hence
not every computation by T terminates. However, because of the
way in which L(T) is defined for a Turing machine T, it is the

case that A(H) = L{(T). B

We can now characterize the classes A(P2L) of adult languages
of P2L systems and A(2L}) of adult languages of 2L systems in
terms of the classes L(CS) of context sensitive languages and L(RE)

of recursively enumerable languages.
Theorem 3 A(P2L) = L(CS).

Proof That A(P2L) ¢ L(CS) follows from Lemma 9 and the fact
that for each LBA M there is a CSG G such that L{M) = L(G); see
e.g. H & U, Theorem 8.2. It is immediate from Lemma 8 that

L(Ccs) e A(P2L). N
Theorem 4 A(2L) = L(RE).

Proof That A(2L) ¢ L(RE) follows from Lemma 10 and the fact
that for each T™ T there is a grammar G such that L(T} = L(G);
see e.g. H & U, Theorem 7.4. It is immediate from Lemma 8 that

L(RE) ¢ A(2L). B

This completes our characterization of 2L systems, We note
that while the propagating restriction made little difference for 0L
systems, in the sense that A(OL) 3 A{POL), it makes a fundamentsl

difference for 2L systems, since A(P2L) ¢ A(2L).
#
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Conclusions

Theorems 1 - 4 give us a satisfactory analysis of L systems
from the point of view of the adult languages they generate, for
they establish direct correspondences with three of the four main
classes of languages in the Chomsky hierarchy. The remaining class
is that of the regular languages, and it is an easy exercise to
restrict the form of the productions of a 0L system to ensure that
its adult language is regular. In Walkerf it is shown that the
result for 2L systems can be extended to <k, L>L systems (see
Herman and Rozenberg ([45] for the definition of such systems) with
k+2>1, and that the result for P2L systems can be extended to
P<k, 4>L systems with k, 2 > 1.

From the point of view of formal language theory, we have
given a new characterization, by totally parallel grammars, of each
of the classes of languages in the Chomsky hierarchy. From the point
of view of biological model building, we have gained access to many

of the established results of formal language theory.
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ABSTRACT A new type of Lindenmayer systems, called Structured OL-systems (SOL sys-
tems), is studied which gives a formal tool for investigation of structured
organisms and structurally dependent developments. It is shown that a
restricted version of SOL—systems is eguivalent to codings (length-preser-—
ving homomorphisms) of OL-Languages. The properties of unrestricted SOL-
systems are then studied. It is for example shown that the languages
generated by them properly include the languages generated by extended table

OL~Bystems.

1. Introduction.

Lindenmayer systems have been the object of extensive study during recent years. The
systems, also called developmentel systems, were introduced in connection with a theo~
ry proposed to model the development of filamentous organisms. The stages of develop-
ment are represented by strings of symbols correspondings to states of individual

cells of an organism. The developmental instructions are modelled by grammar-like pro-—
ductions. These productions are applied simultaneously to all symbols to reflect the
simultanity of the growth in the organism. This parallelism is the main difference
between Lindenmayer systems and ordinary generative grammars. Another difference is
that in most of the versions of Lindenmayer systems only one type of symbols (terminals)

is considered which means that all the intermediate strings in a derivation are
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strings in the generated language. The simplest type of Lindenmayer systems are the
OL—Systems [61] in which every symbols is rewritten independently of its neighbours.

When we compare OL-systems and the corresponding class of grammars, context-free
grammars, we see that OL-systems are missing one important feature of context-—free
gramﬁars, namely they are not structuring the generasted strings. A derivation in a
context~free grammar can be represented as a derivation-tree which describes the
structure of a string with respect to this derivation. We can consider the analogous
derivation tree for a derivation in an OL-system but in this case the branching nodes
are labelled by terminal symbols rather than nonterminals (grammatical categories) and
the tree does not reflect the possibly interesting structure of an organism.

In this paper we introduce Structured OL systems (SOL-systems) which not only

allow to describe the structure of generated strings but also give a formal tool to
study the cases when the development is structurally dependent. A simple example is
the case when all the stages of a developing organism consist of certain fixed number
of partes and there are different development rules for every part of the organism.
From a mathematical point of view the SOL-systems give another interesting type of
context-sensitivity in parallel rewriting (compare with [CO‘T). A structured organism
is represented in an SOL-system as a labelled tree. The labels of the leaves of the
tree represent the individual cells of an organism, the labels of its branching nodes

"mits" of the organism.

represent the structural
An SOL-system is given by a single starting structure and a finite number of
developmental rules. At every stage of the development the rules are applied simul-
taneously to all cells and structural units (nonterminals) of an organism. According
the rules each structural unit can change its state or disappear (but not divide) and
every cell can be replaced by a substructure, i.e. it can divide into several parts
each of which can be either a single cell or another structured part. At every step a

cell can divide only into a limited number of subparts but there is generally no limit

on the number of subparts of a structural unit which can be created during the

v
*\Co\: K. Culik IT and J. Opatrnf, Context in parallel rewriting, in this volume.
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development, i.e. there is generally no limit on the number of sons of a branching
node.

Types of structural uniis will be represented by labels from an alphabet which
corresponds to the nonterminals of a context-free grammar. We will define SOL-systems
in such a way that rewriting of a nonterminal may depend on its father but not on
its sons in a tree. We consider parallel rewriting; at every step of a derivation
all labels in a tree must be simultaneously rewritten. The language generated by an
SOL~system is the set of all frontiers of the generated trees.

We will consider a special subfamily of SOL~systems, called simple SOL-systems,
in which essentially only labels on leaves (individual cells) are rewritten, i.e. in a
simple SOL~system it is possible to create new structural units but once a unit is
created it never changes its state. We will show that the languages generated by simp-—
le SOL-systems are exactly length preserving homomorphisms {coding) of OL-languages
[10,20]. Then we will investigate the properties of the family generated by unrestric-
ted SOL-systems (SOL). We will show that SOL is closed under Kleene operation (u,.,%)
and under e-free homomorphism but not under intersection with a regular set.

The closure result will help us to establish the relations of SOL to other known
families of languages. It is easy to show that SOL = TOL [81] and then, using the
closure results, that S0L P ETOL [89]. The fact that the later inclusion and therefore,
of course, also the former is proper follows from the result that SOL is incomparable
with the family of context-sensitive languages. Actually it will be shown that any
recursively enumerable set over T with an end marker can be expressed as an inter-
section of an SOL languasge over an extended alphabet with the set of all the terminal

strings with the endmarker.
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2. Preliminaries.

We assume the knowledge of the basic notions and notation of formal language
theory, see e.g. [HU+,102]. We start with a slightly modified, but equivalent, defi-
nition of extended table OL-systems [893, involving as special cases OL-sysbtems [61]
EOL-systems [35] and TOL-systems [81],

Definition? An extended table L-system without interaction (ETOL system) is a
h—tuple G = (V,T,%,0) where
(i) V is a finite nonempty set, the alphabet of G,

(ii) T €V, the terminal alphabet of G,

(iii) @ is a finite set of tables, O = {Pl""’Pn} for some n > 1, where each

*
P, €V x V'. Element (u,v) of P.

i 1<1i<mn, is called a production and

is usuaslly written in the form u + v. Every Pi’ 1 <i<n, satisfies the
following (completness) condition: For each a ¢ V there is w € v* so that
(a,w) € P,
(iv) o e VY, the axiom of G.
Definition: An ETOL-system G = (V,T,(,0) 1is called
(i) a TOL-system if V = T;
(ii) an EQL-system if f= {Pl};
(iii) an OL-system if V=T and @= {P J.
Definition: Givern an ETOL-system G = (V,T,P,0) we write x ==y if there
exist Bysenesdy € V and Yyorres¥y € V* so that, x = al...ak, v = y1...yk and
for some Pie &, aj - y’j € Pi, J= 1,000k

The transitive and reflexive closure of binary relation === is denoted by —*
G G

Definition : Let G = (V,T,U7,o) be an ETOL system. The language generated

by G is denoted by L(G) and defined as L(G) = {w ¢ ™0 =29* wh.
Notation: A language generated by an XYZ system, for any type XYZ will be called an

XYZ-language., The family of all the XYZ languages is denoted by XYZ.

1'LHU\: J.E. Hopecroft and J.D. Ullman: Formal Languages and their Relation to
Automata, Addison-Wesley, 1969.
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Before we can define SOL-gystems We need to introduce a notation for labelled
trees (forests). We will recursively define labelled rooted ordered forests and ex—
pressions denoting them. We are not interested in names of particular nodes in a
forest, i.e. we actually consider the equivalence classes of isomorphic forests. We
consider forests with labels of leaves from one alphabet and labels of branch nodes
(nonleaves) from another distinct alphabet.

Definition: Let T,N be two alphabets, T n N = ¢, and let [ , ] and A be
reserved symbols not in T u N.
(i) A is a forest expression and denotes the ?TEEX tree (forest), i.e. the tree
with no nodes.
(i1} For a € T, a is a forest expression and denotes the tree with a single node
(root)labelled by a.
{iii) If e

s, are forest expressions denoting nonempty forests o , B congsisting

1

from trees o

2

L and 81""’Bn’ respectively, then e. e, is a forest

1°° i2

expression and denotes the forest consisting from trees a1""’am’81""’sn‘
(iv) If A€ N and e is a forest expression denoting nonempty forest a consisting
of trees Bqsneest then A[e] ig a forest expression and denotes the tree
with the root labelied by & and the sons of the root,from left to right,the
the roots of subtrees Gyseres® o
Notation. The set of all the forest expressions (forests) over alphabets N (labels
of branch nodes) and T {labels of leaves) is denoted by (N,T}*. Let {N,T)+ =
(N,T)* - {}}. 1In the following the elements of (N,T)* will be called gtructures
(over N,T) and we will not distinguish between an expression and the forests denoted
by it.
Notation. Let a be a particular occurence of symbol a in forest expression o. The
label at the father of the node labelled by the considered occurence of a will be
denoted by Fathera(a). This notation will be used in such a way that there will be

no confusion of which occurence of a is being considered.

Notation. Mapping Y (yield) maps XA to empty string (denoted by e) and a forest in

(N,T), to the string of the labels of its leaves (from left to right).
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3. Structered OL Systems.

Now we are ready to define formally structred OL systems.

Definition: A structured OL-schems (SOL-system) is a tuple ¢ = (N,T,P,0) where

K is an alphabet of nonterminals (states of structural parts),
T is an alphabet of terminals,
P is a finite set of productions from (Wu (NxI)) x (Nw{i}) v (Tu(lxT)) x (N,T)*,

o & {N,T), , the initial structure.

The productions of an S0L-schema will be written in the following form (all
possible types are given). A~ C, A*B>C, a »a and A+a » a where A,Be€ N,

Ce Nu{r}l, ae T, o € (N,T)* and "»", "«" are special reserved delimiters.

Definition: We write o == B for o € (N,TL_ B € (N,T)* where o = L for

x; € N\JT&/{[,j}, 1 <1 <n, if there exists B' = Wi Wgee W SO that for 1 <1 < mn:

(i) ir x; € {|,|} then Wi o= X3
(ii) if X € TuN then either X, >V € P or
Asx; > w; € P where A, = fatheru(xi);
(iii) B is obtained from B' by repeated replacing of each subexpression of the

form XAY,A[Z] or A[A] by XY,Z or %, respectively, until either B = A

or there is no occurence of A in B.
#* .. . .
Let = be the transitive and reflexive closure of relation =—

Definition: The set of structures generated by G is denoted T(G} and defined to be

the set T(G) = {0 : © R al.
The language generated by G, denoted by L(G), is the set of the yields of all the

structures generated by G. Formally L(G) = {Y¥(a) : aeT(G)}.

Definition: A structured OL-schema G is called a structured OL-system (SOL-system)

if it satisfies the condition of completness: For every o ¢ T{G) there exists B
such that « =Z> B.

Our definition of completness requires that for every structure which can be
developed from the starting structure there is a "next step" in development. After
some definitions and auxilisry results it will be shown that the choice of & more

restrictive definition of completness (strong completeness) reguiring existence of a
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"next step" for every structure in (N,T), does not change the families of sets of

structures or languages generated by SOL-systems.

Definition: An SOL-system G = (N,T,P,0) is called full if

P S {8 > 8}y ((Nx) x (Fu{r})) u((8xT) x (F,T))

where N = N - {8}, S being the root of o, i.e. the father—-context appears on the left
gide of every production with the exemption of the production which keeps unchanged

the {reserved) label of the root.

Definition: SOL-systems G1 and G2 are called equivalent if L{(G. ) = L(Gz).

1
Lemma 1: For every SOL-system there exists an eguivalent full SOL-gystem.

Proof. Given an SOL-system G = (N,T,P,0) we construct a full SOL-system

G' = (N',T,P",0') where N' = N'u {8} for a new symbol 5 not in Nu T, o' = 8[0],
and P' = {A¥ow : AXowePl U {A-Fow : Xow e P and A& € '} v {88}.

Clearly, L{G') = L{G).

Definition: An SOL~system G = {N,T,P,o) is called strongly complete if for every

o € (N,T), there exists B such that o => g.
G

Theorem 1: For every SOL-system G there exists an equivalent strongly complete SOL
system.

Proof., By Lemma 1 we may assume that G = {¥,T7,P,0) is full. We construct the SOL-
system G' = (N,T,P',0) where P' = P U {A-X»X : A€ N, X € NUT and there is no
production of the form A+¥X»W in P}.

Clearly, G' is full and L(G') = L(G).

Now we will study a special case of SOL-system, called simple SOL-system (SSOL-
systems), in which essentially only terminal symbols are rewritten at every step of
a derivation. We will show this subclass of SOL-systems generates exactly the same
family of languages as several other types of systems known already to be equivalent,
namely FMOL systems [9], EOL systems [35], and length preserving homomorphisms of OL
languages [10,20]. This does not mean SSO0L-systems are without interest, on the
contrary they give an alternative mechanism for the description of languages from a
very natural class with the advantage to exhibit explicitly the structure of generated

objects. They also contribute another evidence to our opinion that the family of the
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length-preserving homomorphisms of OL~languages is a very natural class of languages.

Definition: AN SOL-system G = (N,T,P,0) is called simple (SSOL) if
P={AA: A€ N} u P' vhere P' € (NxTUT) x (N,T)*.
In the following we omit the "identity productions™ of form A>A vhenever an
S80L~system is exhibited.
Notation. Let COL = {n(L) : L € OL, h is a length-preserving homomorphism}.

Lemma 2: COL & SSOL.

]

. ¢ *
Proof. Let G = (%,P,0) be an OL-system and h be a homomorphisu from o T,
Clearly, we can assume withnout loss of generality that L N T = @.
Construct SSOL system &' = (Zu{8},T,P',0c') vhere

(i) S 1s a new symbol not in % u T.

(ii) Let o = 8 -8 5 a; € for 1= 1,2,...n. Then

gt = S[a1{h(a1)]a2[h(a2)] e an{h{an)jj.
(iii} P' = {asn(a)¥d, [n(o )b, [0(b,)] ... b, [h(b )] :
: a’bl’be""’bkAe % and a->b1b2...bk e P}.

Clearly, a(L{(G'}) = L{G).
Lemmsa 3: SSOL & COL.
Proof. Let G = (N,T,P,0} bve an SS0L-system. By modification of Lemma 1 we can
clearly assume that P € (NxT) x (N,T)* with "identity" productions omitted. Let
L = NxT and let g be the mapping from (N,T)* into £* which maps a structure

o € (N,T)x to the string (A1,a1) v (An,an) such that a " = Y{a) and A =

qeee
faﬁhera(ai) for 1 <i <mu. Inparticular g(A) = e. We construct OL system
G' = (£,P',0') where o' = g(o) and P' = {(A,a)»g(A|B]) : AeN, ae€T and
Asa> B € Pl.
Note that if forest B does not include a tree consisting from a single node only,
then g(AISI) = g(B). Let h be the homomorphism from Z* to T* defined by
n{(4,a)) = a for every (A,a) € I.
It is easy to verify that hn(L{G')) = L{G).
Theorem 2: SS0L = COL = EOL = FMOL.
Proof. By Lemma 2 and 3 we have the first equation; the definitions of FMOL languages

and other results are in [9,20]



224

L, Closure Properties of S0L.

To show the relation of SOL to other known families of languages we will need
some closure results which will be shown first. The most interesting is the closure
of S0L under e—free homomorphisms which in particular means that codings (length-

preserving homomorphisms) do not increase the descriptive power of SOL~-systems.

Theorem 3: Family SOL is closed under e~free homomorphisms.

Proof. Given an SOL language L over T and a homomorphism h from T* to E* we may
assume by Lemma 1 that L is generated by full SOL system G = (¥,T7,P,0) and we
construct SOL-system G' = (N',2,P'c') as follows.

Let N' = NuTu(NxT) v {A : A € N} v {Q} where § is a new symbol not in NuT.
Let f be the homomorphism from (N,T)* into (N',Z)* defined as follows. The forest
expression f(o) is obtained from expression o by replacing every terminal symbol from
T, say a, by subexpression a{aTQ[asz[a33 ‘e Q[an3j where h{a) = a1a2...an.

Let o' = £(0) and productions P' be constructed as follows:

(i) A>A is in P' for every A in N.
(i1) A+a>(A,a) is in P' for all A in ¥ and a in T.
(iii) a*t»>t is in P' for all a in T and t in £.
{iv) S+8 is in P'.
(v) If A+B+X ig in P then AB+X is in P' for all A,B in N and X in N u {1}.
{vi) If A+a»a is in P and hia) = 88,08y then (A,a)-a1+f(a) ig in P*' for all A
in N and a in T.
(vii) (A,a)»x is inm P' for all A in N and a in T.
(viii) Q> is in P'.
(ix) Q+t>A for every t in I.

Clearly, in sny derivation in G' +the productions (i}-(iii} and the productions
(iv)=~(ix) can be used only in alternative steps, namely, the former in odd steps and
later in even steps of any derivation. Realizing this it is straigthforward to verify
that L{G') = n(L{G)).

Theorem 4: The family SOL is closed under union, concatenation and star.

Proof. Let G, = (N},T P1,01) and G

; 1 = (N2,T ,P_,0.) be SO0L-systems. Assume thab

2 2’2’2

N1n N2=¢.
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To show the closure under union we construct an SOL-system (N3,T1\J TZ’P3°03) as

follows. Let 1\13 = N1UN2U{S,Q} with 8 and Q new symbols not in N1UN2\JT1UT2.

-8 . Let oy = S[alQ[ag...ahj] and P3 = P1L1P2€J{S'a1+c Sea_

Assume Y(Gi) = g 1 1

10

*UZ,Q'ai+A for 1 = 2,...,n}.

YU L<G2)'

Clearly, L(GB) = L(G1

To show the closure under concatenstion we construct S0L-system (Nh,TT&/Tg,Ph,Gh)
as follovs. Nh = NTU NEKJ{S,A,B,C,D,E,F,H,Q} where S,A,...,Q are new symbols.
Assume Y(c1) =a,...8 and Y(cz) = b1...bm. Let o), = S[A[C[a1]E[ég...an]]A[D[b1]E

[bg...bngjl and Ph = P1u P,UP! vhere Py consists of the following productions:

277h
(I) Asn (II) &+B

A+C>C B+ C+F

AD+D BeD>H

A<E>E BeE+Q

C-a,‘—>a1 F-as—w1

D-b1+b1 Q-ai+k for i=2,...,n
E-ai+ai for i=2,...,n H-b1+02

E-biﬁbi for i=2,...,n Q-bi+k for i=2,...,m.

Productions of group (I) allow to delay the start of the generation of strings
in L(G1) or L(Gg) to assure that even by parallel generation all strings in
L(G?)'L(Gg) are obtained. Once the production 4B is used the productions of group
(I1) assure the start of generation from 01 by productions P1 or from 02 by produc-—
tions P,. Tt is straightforward to verify that L(GM) = L(G1)-L(G2).

Finaly, to show the closure of SOL under star we construct SOL-system
(N

,T.,P_,0_) as follows. Let N_ = N1L/{S,A,B,C,D,E} where S5,A,B,C,D,E are newv sym—

571775075 5

bols not in N1 V] T1. Assume 01 = a1a2...an. Let 05 = S[a1Q[a2a3...an]] and

a = A[C[a1]D[a2a3...an}]. Let P5 = P1LIP' where P' consists of the following produc—

tions:
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S8 AsC>C
. o T
S a1—>a05 A+D+D
S-a1+h BeCoE
QA B«D>Q
Q-ai+k for 2 <i<n C.a?—»a,1
A+A D-ai—rai for 2 <i<n
ArB Eea, >0

171

It is straigthforward to verify that G, generates only strings in L(G1)? To

5

see that all such strings are generated we observe that S =E?* S[aS[aS[u...S[a]]...]]
5

and that a=>" e=>B[C[a,]D[aya,.. .8 J=B[E[s,]a a0, .2 ]]=>8[E[v,]]—3[E[€]]

for all k > O and B in T(Gj). Therefore for any m > 1 and 51,...,Bm in T(GW)

By

we have o= + =" B[E[Bi]] for 1 <i <m and by suitable choice of ks

1 <i<m, we can "synchronized" derivation 8§ — ¥ S[B{E[31]] S£BEE[82]] -
... s[a[efe _J1]1...1].

Since 6. == L also ¢ € L(GS).

5

5. Relation of SOL to other Families of Languages .

First we show that SOL-systems can simulate TOL-systems and then using the clo-
sure of SOL under e~free homomorphisms this result will be generalized to ETOL-sys—
tems. It is easy to see that these results can be further generalized to (E)TOL-sys-—
tems with some restrictions on the sequences of productions which may be used in a
derivation.

Lemms 4: TOL € SOL.

Proof. Given TOL system & = (T,{Pj,...,Pn},c) we construct SOL-system

G' = (T,N,P,0') where N = {0,1,...,n}, o' = 0[] and P = {i-aww : a»w ¢ Pi} v
U{i+j : 1€ N, je § - {0}} ¥V {0+a>a : a & T}.

Clearly, L(G') = L(G) and therefore TOL € SOL.

The following lemma shows that in certain restricted manner every recursively
enumerable set can be represented by an SOL-systenm.

Lemma 5: Let L be a recursively enumerable set over I and let $,# be not in I. There

exists an SOL language L' € (Z v {$}f?%} such that L{#} = L'n Z*{#}.
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Proof. It follows from results in [p,H,P}t see for example Lemma 1 in [P]?thax L
can be generated by a phrase-structure grammar G = (N,T,P,8) with productions only
of the form A>B, A»BC, AB*AC, A»a or A»e for A,B,CeN and a€T, i,e. there are only

context—free or "left-context—sensitive" productions in P. We can then construct SOL
system G' = (N',T',P',0) where T =T U {$,#}, ' =NV FPU{A : A €N} v {Q} for

Qnot in NuTu{$,#}, o = S[$ #] anad P' is defined as follows.

(i) For all A,B,C in N and a in T u{$} the following productions are in P'.

A-B>B (A,B)a>$
(4,B)-C>(B,C) QA
(4,B)+(C,D)+(B,C) Qra»i

A+ (BeC)-B Ae # > #
A-BB Re f 84
(4,B)+C+(B,0) (A,B)+ #B[#]
Arard

(ii) If A»a, B»b are in P and 4 is in Tu{$} then the following productions are

in P'.
Aed+ra
(A,B)-d»a Q|b]
Aefoad .

(iii) If A»e is in P then D+A>Q is in P' for every D in N.
If A>B is in P then D+A»B is in P' for every D in N.
If A»BC is in P then D+A~>(B,C) is in P' for every D in H.
If AB+AC is in P then A«B+C is in P'.

Let h be the homomorphism from (N\JNQL/{R : A eN})* into N* defined by
n{A) = n(A) = A for every A in N and h{A,B) = AB for sll A,B in N. It can be verified

. . . . . *
(by induction on the length of a derivation) that if o =E? o then o must be of the

+ [G}: A.V. Gladkij, Formal grammars and languages (in Russian) Mir, Moscow, 1973

|H|: L.H. Haines, A representation for context sensitive languages, Transaction of
the Amer., Math. Soclety, to appear.

|P|: M. Penttonen, LCS = CS, to appear in Information and Control.
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form X1[t1X2Et2X3 "'Xk—1[tk—TXk[tk#]]"']]] where ti is in T u{$} for

i=1,....k, X is in NUN® for i = 1,...,k=1 and X, is in Fun2uU{E : AeN} and
.. . .. 4 .

h(XTXE"'Xk) is in L{G). Moreover, if t1t2...tk is in T then also t1t2...tk is

. *

in L(G). Thus L(G")EL(G)NT {#}.

To show the reverse inclusion we observe that every string x in L{(G) can be
generated by a derivation B8 ==9* W’==?* x such that w e N* and we do not use the
*
productions of the form A»a in the derivation § == w and on the other hand we

. . *
use only such productions in w = x. Further we can see that

(i) If AA_...A = BB
n g 1

. ..B for A, in N for 1 <i <nand B. in N for 1 < j <m
12 m 1 -7 - J - —

X

then there exist +t sBs Sqseeensy in Tu{$}l such that

gree
- *
A legay oy afea (e goa [e #1110 = 8,[s,3,[s, By[. ..
c5 s, B [s #1]...011.
(ii) 1If Ai+ai € Pfor 1 <i<k then
a eyl a (Tt o [e#]]. . ]] =4 laa,fope 8 [o 8 [o #]]...]1.
Therefore every derivation in G can be simulated by a derivation in G' and

L{Gin T(#) € LiG").

Theorem 5. Family SOL is incomparable with the family of context sensitive languages
(csL).

Proof. BEvery SOL languages is clearly exponencially dense in the terminilogy of [CO]t
i.e. for every SOL language L there exist constants p,q such that for every string u
in L of length n, n > p there is string v in L of length m so that 3 <m < n. There
are context—sensitive languages not satisfying this property, e.g. the language
{agzn: n > O} therefore CSL $ SOL.

CS8L is closed under intersection with a regular set therefore for every context—
sensitive language L' the language L'N Z*{#} is again context sensitive. Thus the
assumption S0L & CSL is in contradiction with Lemma 5.

Corollary: Family S0L iIs not closed under intersection with a regular set.
Proof. By Lemma 5 and Theorem 5.

Theorem 6. ETOL & SOL v {{ec}.

t {COI K. Culik II and J. Opatrny, Context in parallel rewriting, in this volume.
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Proof. In,[?7} it is shown that ETOL -{{e}}is equal to the closure of TOL under
length-preserving homomorphisms (codings). Therefore it follows by Lemma 4 and Theo-
rem 3 that ETOL € SOL Wi{elh In [7] it is shown that ETOL is included in the family

of indexed languages [A]T. Thus our inclusion is proper by Theorem 5.

From Lemms 4 and results in [CO]* it follows that SOL is included neither in the
family of languages generated by L~systems with interaciion [88] nor in the family
of predictive context languages [CO]*. We conjecture that both these families are

incomparable with SOL.

T}A}: A.V. Aho, Indexed grammars — an extention of context-free grammars,

JACM 15, (1968}, 647 - 671.
*ECO[ K. Culik II and J. Opatrn§, Context in parallel rewriting, in this volume.
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Abstract

Three new types of context sensitive parallel rewriting systems, called
global context L-systems, rule context L-systems and predictive context L-systems
are introduced in this paper. We investigate the generative power of these new
types of context sensitive parallel rewriting systems and we compare it to the
generative power of TOL-systems B1], L-systems with interaction [92], regular
grammars and context sensitive grammars.

1. Introduction

Parallel rewriting systems were introduced in [59, 60] as a mathematical
model for biological developmental systems. Most of the papers related to parallel
rewriting have dealt with rewriting systems of context free type, e.g. OL-systems
61, TOL-systems [81, and their generalisations [¢], [89].

A generalisation of context sensitive grammars with parallel rewriting
known as L-systems with interactions has been studied in [ 93. L-systems with
interactions have the same basic rules (productions) for rewriting as OL-systems,
but with restriction on their use given by right and left "context". A rule may be
applied only in the given context.

However, in the case of parallel rewriting it is quite natural to consi-
der different forms of “context". Since we are replacing all symbols at once, we
may restrict the use of a rule, a »~ o say, by the context adjacent to o after
simultaneously replacing all the symbols in a string rather than by the context
adjacent to a before the rule was applied. We will call this kind of context,
predictive context.

Even more generally, the restriction on the use of a rule may concern
rules used on adjacent symbols. We will call this type of restriction rule
context.

Clearly, all these generalisations make sense only in the case of
parallel rewriting.

We can also consider restrictions on the use of rules, which in distinc-
tion to the above are of a global rather than a local character. In a global

* The research was supported by the National Research Council of Canada,
Grant No. A7403.
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context L-system, in addition to the set of labeled rules, a control set
over their Tabels is given. We can only rewrite a string with a sequence of

rules with labels from the control set.

The new types of context sensitive L-systems introduced in this paper
also have a natural biological motivation. The development of a cell might be
completely independent of the other cells, i.e. in OL-systems, or it might depend
on the configuration around the cell before the development takes place i.e. in
L-systems with interactions, or it might be restricted in such a way that only
compatible cells can occur adjacently, i.e. in predictive context L-systems, or
only compatible developments can occur adjacently, i.e. in rule-context L-systems,
or even the dévelopment of -an organism as a whole is restricted by certain
patterns, e.g. the development can be different in certain parts of the organisms,
i.e. in global context L-systems.

In this paper we investigate the generative power of these new types of
L-systems. Among other results it is shown that global context L-systems with
regular control sets (regular global context L-systems) are equivalent to rule
context L-systems. We also show that the family of regular global context
L-Tanguages properly contains the family of Tanguages generated by L-systems with
interactions and the family of TOL-languages.

2. Preliminaries

We shall assume that the reader is familiar with the basic formal
languages theory, e.g. [102].

Now, we will review the definitions of OL and TOL-systems [9f, [81, and
L-systems with interactions [92], and we will introduce some notation used
throughout the paper.

Definition 1. A table OL-system (TOL-system) is a 3-tuple G = (X,P,o), where:
(i) T is a finite, nonempty set, called the alphabet.

{i1) P is a finite set of tables, P = {PT’PZ""’Pn} for some n = 1, where
each P., 1 =1,2,...,n is a finite subset of I x 1*. Element
{a,a) of Pi’ 1 51 <1, is called a rule and is usually written in the
form a >~ o. P must satisfy the following condition of completeness.
For each a ¢ £ and i, 1 £ i < n, there exists o ¢ ¥ so that (a,a) P,.

(iii) o e Z+, the initial string of G.

Given a TOL-system G = (2,P,0), we write o => B, where o « Z+, g e ¥,
if there exist k = 1, a;,3,,...,3, € I, and BysBos.- By € ¥ so that
o= aq85...8, B = 8182"'Sk and for some table Pi e P, aj > Bj € Pi for 1 <j < k.

The transitive and reflexive closure of the binary relation g is
denoted by E>*.
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The language generated by a TOL-system G is denoted by L(G) and is
defined to be the set {a ¢ ©¥ic §>* al.

Definition 2. A TOL-system G = (%,P,0)} is called an OL-system if P consists of
exactly one table of rules, i.e. P = {P]}.

Notation. Throughout the paper if r is any binary relation, then r* denotes
the reflexive and transitive closure of r, without repeating it specifically in
every case.

Notation. The empty string is denoted by €. The length of a string a is denoted

by lal. For any string a and k = 1, we define Firstk(a) and Lastk(a) as follows.

Firstk(a) = if |al = k then first k symbols of o
else o.

Lastk(a) if lal = k then last k symbols of o

else a.

For any string o, we define

o]
g, First {a) =

Firsto(u) {Firstk(a)},

e, Last (o)

Lasto(a) {Lastk(a)}.

k=1
Definition 3. A context L-system is a 3-tuple G.= (Z,P,0), where

(i) Z is a finite, nonempty set of symbols, called the alphabet.
(ii) P is a finite subset of {#,e}+7* x ¥ x 1*.{#,e} x £*, called the
set of rules, where # is a symbol not in r called the endmarker. A
rule {0,2,8,y) « P is usually written as <a,a,B> > v.
(ii1) S Z+, the initial string.
Given a context L-system G = (Z,P,0) we write o T8 for o ¢ =¥,
g e £*, if there exist k = 0, 158y, .053y € £ and By,Bys... 1By € t* so that
& = ajdy...8), B = B]BZ"‘Bk and for every 1, 1 < i < k, there exist m,n =2 0
such that (Last (#aja,...a; 1).2;, First (a5 185,02, #),8,) < P.

Context L-system G must be strongly complete, i.e. for any o e 5% there
exists B e ¥ such that o 76

The language generated by a context L-system G is denoted by L(G) and
is defined to be the set {o ¢ I*:c ™ al.

Note. The definition of a context L-system given above is a simplification
and an unessential generalisation of the definition of an L-system with inter-
action from [92]. It is obvious that both types of systems have the same
generative power.
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Notation. We say that a language L is a A-language {where X may be OL, TOL,
context L, etc.) if there exists a A-system G such that L = L{G).

The family of context L-Tanguages will be denoted by Q.

If f is a mapping from I to subsets of A*, then f can be extended to
strings and languages over I as follows.

(1) fle) = {e}.

(i1) for a € L, 0 ¢ I¥, floa) = fla)-Fla), where "+" is the operation of set
concatenation.

(i11)  for L e ¥, f(L) = {o:a e f(B) for g e L}.

We will use these extended mappings later on without repeating the
process of extension in every single case.

3. Context sensitive parallel rewriting systems

Now, we will define three different types of context sensitive parallel
rewriting systems. A1l of them are using only one type of symbols, i.e. we are
not considering any nonterminals.

First we will give the definition of global context L-systems. A global
context L-system has, similarly as an OL-system, a finite set of context free rules,
however, each rule has a finite number of labels. The use of rules in a global
context L-system is restricted by a language over labels, called the control set.

Definition 4. A global context L-system is a 5-tuple G = (2,I,P,C,q), where:

(i) Z7is a finite, nonempty set of symbols, called the alphabet.
(ii) T is a finite, nonempty set of symbols, called the labels.
(ii1) P is a finite, nonempty subset of p{T) x £ x £*, where p(I') denotes the
family of nonempty subsets of T'. Element (B,a,0) e P is called a rule
and is usually written in the form B:a + a.
(iv) C < I'*, called the control set.

(v) o e ', the initial string.

Given a global context L-system 6 = {&,I',P,C,0), we write o 7 g for
o e, Bex*, if there exist k = 1, a1s8ps.nesdy € I, ByaByse.sBy € £* and
Bi:Bps...nBy € p{r') so that o = 348535 B = ByBy.. By, (Bj’aj’Bj) e P, for
j=1,2,...,k and B;B,...B, n C ¢ ¢!

The language generated by a global context L-system G is denoted by L(G)
and is defined to be the set {a ¢ I*:0 =% o}.

! 8152"‘Bk is the concatenation of sets B,,B,,...,B

12720 K’
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A global context L-system G is said to be a X global context L-system
if its control set is of the type A. In this paper only regular global context
L-systems will be studied and their control sets will be denoted by regular
expressions.

The family of regular global L-languages will be denoted by V.

Example 1 Let G; be a regular global context L-system, Gy = {{a},{S],SZ},P,C,a},
where P = {{s]}:a - aa]{sz}:a -+ aaa} and C is denoted by regular expression
s?+s;.

Clearly, at any step in a derivation, we can apply either the production
a > aa to all symbols in a string, or the production a + aaa is used throughout
the string. Therefore L(G1) = {a213J:1 >0, j =z 0}.

Since we may consider an L-system as a model of the development of a
filamentous organism, it is natural to require. that for any stage of the
development there exists a next stage of the development. Therefbre, a condition
of "completeness" is usually included in definitions of all versions of L-systems.

Now, we will give the formal definitions of the completeness and strong
completeness for regular global context L-systems.

Definition 5. Let G be a regular global L-system with an alphabet Z. G is
complete if for any a ¢ L(G), o # €, there exists B ¢ ¥ so that a 7 B.

Definition 6. Let G be a regular global L-system with an alphabet . & is
strongly complete if for any o ¢ gt there exists B e I° so that o T B.

Note that in [92] only strongly complete systems were considered
(and called complete). However, this is unnecessarily. restrictive, there is no
biological motivation to require that a next stage of the development is defined
also for configuraticns of cells which can never occur in the development. More-
over, it follows from the next lemma that every complete regular global context
L-system can be modified to an equivalent strongly complete regular global context
L-system.

Lemma 1. For any regular global context L-system G, there effectively exists an
equivalent regular global context L-system G' which is strongly complete.

Proof. Let G = (,I',P,C,0) be a regular global context L-system. Let f be a
finite substitution on I'* defined by a « f{k) if’and only if there exists a rule
{Bsa,a) ¢ P so that k « B. Let R = f(C), let Ry = £*-R. Since regular languages
are closed under finite substitution and complement, R and RI are regular languages.
If o ¢ R, then there exists 8 « ¥ such that o 7 B. If Ry = ¢ then G is strongly
complete.
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Suppose that R1 # ¢. Let s be a new symbol not in T. Let h be a
homomorphism defined by h{a) = s for any a in L. Let G' = {Z,I',P',C',0),
where I' =Ty {s}, C' = Cu h(Ry), and P' = P u {({s},a,a):a < £}. From the
construction of G' follows that G' is strongly complete and if a ¢ R, and v 7 8
for some B ¢ I*, then o E? 8, and if a ¢ R; then o E? a. Therefore L(G') = L(G)}. O

Lemma 2. It is undecidable whether a reqular global context L-system is
complete.

Proof. We will show that for any instance of Post's Correspondence Problem {103
there exists a regular global context L-system which is complete if and only if
the instance of Post's Correspondence Problem (PCP) does not have a solution,

Let & = {a],az,...,an} be a finite alphabet, and let A and B be two
1ists of strings in £+ with the same number of strings in each list. Say
A= 0y 50 s+« o 50y and B = BysBgs..osBy. Let G = (z',r,P,C,$) be a regular global
L-system, where ' = 2 u {§,¢}, T = {51,52,53,54} u {ri:i = 1,2,...,n},
P = {({S}}’$’ai $ 6:):1 = 1,2,...,0) U {({ri},ai,e):i =1,2,...,n} v
v {{{sghiagsaz)ei = 1,2,.000n) v {{{s,1,8,8)} v { ({s43.¢.¢)1, where Bg denotes

the reverse of 8,, and C is denoted by s§s1s§ + sgszsg + s“és4 + s4s§ + s§s4s§ +

* * * * * *
+ 53r1s4r153 + 53r254r253 + ...t s3rns4rns3.
Clearly, $ =% a. a. ...a; $8° 87 . .8% = . o, ...0; £
G 1] 12 1j 1j 1j—1 11 G 1] 12 Tj

T for j=1, 11,12,...,ij being integers smaller or equal to k.

r

BijB j-]"'BiI
If ca ¢ aB < L(G), where a,8 ¢ Z°, a ¢ I, then ca ¢ aB = o ¢ B. If ca £ b8 « L(G),
where 0,8 ¢ £¥, a,b « T and a # b then oa £ bB T oa ¢ gB is the only possible
derivation in G from ca ¢ bR. Therefore $ §>* ¢ if and only if the instance of

PCP has a solution. Since Sg ¢ C, G is complete if and only if the instance of

PCP does not have a solution. Thus it is not decidable whether G is complete. B

r
i

Now we will give the definition of a rule context L-system. A rule
context L-system has a finite set of context free rules, each rule having a finite
number of labels. For each rule p there are restrictions on what rules might be
used on the symbols adjacent to the symbol on which p is used. These restrictions
are specified by a finite number of triples.

Definition 7. A rule context L-system is a 5-tuple G = (z,I,P,C,o), where:
(i) Z is a finite, nonempty set of symbols, called the alphabet.
(ii) I is a finite, nonempty set of symbols, called the labels.

{(111) P is a finite subset of p(T) x £ x £, called the set of rules. Rule
{B,a,a) in P is usually written in the form B:a > a.
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(iv) C is a finite subset of {#,e}™ x I x I'™ {#,e}, called the context set,
where # is a special symbol not in T, called the endmarker.

(v) o ¢ ¥, the initial string.
Given a rule context L-system G = (Z,F,P,C,c)? we write o e 8 for
o e It, 8 er* if there exist k = 1, IR ZQ‘B],BZ,...,Bk e £* and
$15SpseeesSy € T so that a = 218500425 B = 8182...Bk and for every i, 1 <1 <k,
there exist (Bi’ai’si) e P and m,n = 0 so that s; ¢ By and (Lastm(#s}sz...si_])s
Firstn{s ..sk#}) e C.

is
13442

The Tanguage generated by a rule context L-system G is denoted by L(G)
and is defined to be the set {0 ¢ Z o E?* o}.

The family of rule context L-languages will be denoted by o.
Example 2. Let G2 be a rule context L-system, G, = ({a},{s],52,53,54},P,C,a},
where P = {{51}:a‘+ a3,{52}:a - a,{s3}:a - a4,{s4}:a > a2} and
C = {(#951 9#)3(#5543#)9(#351 352):(5', 3529#)3{5295] 352) :(S'] !52!5")5(#354353)3

(sa,s],#},(s],54,53),(54,53,31),(53,51,54)}. Let o be a string in a*. If the
length of string a is divisible by 3, then according to control set C we can apply
on o only rules with labels $155315, and the only string we can derive in G

from a is the string asa. If the length of o is even then we can derive in G

from o only the string ca. From tge initial string of 82 we can derive strings

aa and aaa. Therefore L(GZ) = {a2 :n 20} v {ad"in = 0},

Now, we will show that the family of rule context L-languages is
equal to the family of regular global context L-systems.

Theorem 1. ¥ = 9.

Proof. Let G] = (£,I,P,C,0) be a rule context L-system. Let k,m be positive
integers such that if {a,a,8) € C, then [a} < k and {B] <m. Let

L= First(#?k'l) U Fk, R = Last{rm'1#) u ™ Let A be a finite automaton,
A= (K,F,d,qO,F), where K= (L x T x R) v {qy}, F =Ko ((Tu (1% x T x {#1),
and § is defined as follows.

(1) If (#,p.8#) < C, where B ¢ I'™ then (#,p,p#) « 8{ag.p)-

(i1} If (#,p,8) € C where B ¢ I'*, then (#,p,By]#) € 6(q0,p) and
(#.p58Y,) < 8(agsp), for every v;,v, € I* sych that Byp#s 8yp < R.

(ii1) If (as,p,B8) « C, where o « I™ u {#1I*, 8 « I™,s,p € I then
(Last, (vqas),p,Bvpa) « 8((yya,5,pBy,).p), and

(Last) (vqas),p,Byz#) e 8({yqa,s,pBy5#),p) for any
qgelwu {#},yz,y3 e I¥, Y € #1% U 7 such that Byzq,8y3# e R and Yqoe L.
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{iv) If (e,p,B8) e C, where p ¢ T, B ¢ I'", then
(Last, (yys).p,By,a) € 8((y;,s.pBy,).p} and

(Last, (v;s),p.Bvg#) € 6((v;,s,pBy5#),p) for any
sel,qeluftl,ypelsvy vge I'such that BY,Q:8Y4# € R.

{v) If (os,p,B#) € C, where a ¢ I u {#IT*, B e I'", s,p e T then
(Last, (vqos).p.8#) € 8((vj0,5,p8#).p) for any v; < #* 5 17 such
that Yo € L.

(vi) If (e,p,B#) < C, where B ¢ I'*, p ¢ T, then

(Last) (v{s).p.6#) « 8((vy,s,pB#).p) for any v; < L.

L(A)} is a regular language and, clearly, o is in L{A) if and only if
o is a string of Tabels of rules which can be simultaneously applied to a string
in £* according to context set C. Therefore, the regular global context
L-system 62 = {2,I,P,L{(A),0) will also generate language L(G]} and thus 9 ¢ ¥.

Now, we will show the other inclusion. Let G = (Z,[,P.Q,0) be a
regular global context L-system. Let A = (K,T,G,qO,F) be a finite automaton such
that 8{q,s) = ¢ for any q « K and L(A) = Q. Let G; be a rule context L-system,
Gy = (Z,F3,P3,C3,o), where I'y = T x K, Pg = {(A x K,a,a):(A,a,0) € P}, and Cq
is defined as follows.

(i) If S(qo,a) # &, where a ¢ I', then (#,(a,qo),e) € Cy.

(i1) If r e 6(g,a) and 8(r,b) # ¢ where a,b ¢ I' and q,r € K, then
((a,q),(b,r),e) « Cy.

{ii1) If r e 8{g,a) and r € F, where q ¢ K, a < T, then (e,{q,a),#) ¢ Cs

It can be easily verified that o E> g if and only if o 7 8. Therefore
L(G) = L(B). 3 0

Let the completeness and strong completeness is defined for rule
context L-systems in the same way as for regular global context L-systems. Since
rule context L-systems are effectively equivalent to regular global context L-
systems, Lemma 1 and Lemma 2 also hold when replacing in them a regular global
context L-system by a rule context L-system.

Since any triple in the context set in a rule context L-system
implicitly includes also a restriction on the adjacent symbols, it is quite
obvious that the family of rule context L-languages includes context L-languages.
We will show in the next theorem that this inclusion is proper.
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Theorem 2. Q g ¢

Proof. Let 6 = {Z,P,0) be a context L-system. We construct a rule context
L-system 6' = {2,%,P',C,0), where P’ = {({a},a,s):(a},a,az,s} eP,acs, 8ez*,
oa € {#,e}z*,az ¢ I¥{#,e}} , and C = {(a,a,8):(a,a,B,y) < P for some y e £*}.

We have constructed the rule context L-system so that all rules for a symbol a in
% have the same label a, and the context set of G' allows to obtain in G' exactly
the same derivations as in G. Therefore L(G) = L(G'}. Thus we have shown that
2 c @ and it remains to show that the inclusion is proper. In Example 2 the
language L = a2 2 0} u {a3":n = O} s generated by a rule contex L-system.

It has been shown in [92], that L is not in . O

Now, we will give the definition of a predictive context L-system.
In a predictive context L-system the use of a rule is restricted by the context
of the right hand side of the rule after the simultaneous replacement of all
the symbols in a string.

Definition 8. A predictive context L-system G is a 3-tuple (Z,P,0), where

(i) I is a finite, nonempty set of symbols, called the alphabet.
(i1) P is a finite subset of & x {#,e}5* x * x 3* {#,e}, called the set of

rules, where # is a special symbol not in I, called the endmarker.
A rule (a,B],a,ez) in P is usually written in the form a - <By,a,B,>.
(We assume that "<" and ">" are symbols not in I.)

{ii1) o e Z+, the initial string.

Given a predictive context L-system G = (I,P,o), we write o = g8 for
@ e, Bex* if there exist k = 1, 37589s.0 58y € I and ByyBps... By € * so
that o = agap- - 2y, B = 8182“'8k and for every i, 1 <1 < k there exist m,n =2 0
such that

(aj Last (#81B,...B; _1).B5,First (B, 1B.o.. .8, #))  P.

The language generated by a predictive context L-system & is denoted by

L{8) and is defined to be the set {a ¢ £*ic E»* al.

The family of predictive context L-languages is denoted by I.

Example 3. Let G be the predictive context L-system {{a,b,c},P,abc), where
P ={a > <g,a,bc>, b » <a,b,c>, ¢ » <b,c,a>, ¢ + <ab,cabc,#>, a + <e,aa,bb>,
b ~ <aa,bb,e>, ¢ » <bb,cc,e>, a » <g,a,8>, b + <b,b,e>, ¢ > <c,c,e>.

Using the first four rules in P we can generate from the string abc the
string (abc)™, m = 1. If we decide to use a rule which would double a symbol,
then, clearly, we have to double each symbol throughout the whole string (abc)m.
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2)m and from any string of the form (a1b1c1)m, where

i+1pi+1 i+1ym

2.2
Therefore, (abc)" e (a"bc

i>1,m=1 only the string (a can be generated. Thus

L{6) = {(abich)™ i 21, m> 13,

We can define the completeness and strong completeness for predictive
context L-systems in the same way as for regular global context L-systems. We
can prove that it is undecidable whether a predictive context L-system is
complete. However, in this case we cannot show that for every predictive context
L-system it is possible to construct an equivalent strongly complete predictive
context L-system. We can only show that every complete predictive context L-
system can be made strongly comp1ete.

T5J
Lemma 3. The language L = {a3 2 :i 20, j = 0} is not a predictive context
L-1anguage.
Proof: Since the proof of this lTemma is very tedious, we will present it only
informally.

Suppose that there exists a predictive context L-system G = (%,P,o)
i,
such that L(G) = {a3 2_:1 2 0, j 20}. Then there exists exactly one integer j,
j = 0 such that a +<a1,a‘],ah> ¢ P for some integers i,h. Since L is infinite,
j 2 1. To be able to generate all string ad' for i =1, j has to be a power of
three, i.e.j = 3p, p 2 1. But then we cannot generate in G all strings
i
a2 for i > 1. 0

Theorem 3. I g ¥.

Proof: Let 6 = (Z,P,0) be a predictive context L-system. Let k, m be natural
numbers such that [o| < k, [yl <m for any (a,a,B,y) ¢ P. Let A be a finite
automaton, A = (K,P,5,q0,F), where K = (First(#zk_]) u Zk) x (Last(Zm_1#) U™y
u {qo}, F=Kn{zu{#7 x (#), and 6 is defined as follows.

(1) If p = (a.#,8,y#) < P where a ¢ I, and B,y e £*, then
(Last, (#8),v#) < 8(qp.p).
(ii) If p = (a,#,8,y) € P, where a € £, and B,y < I*, then

(Lastk(#B),YG]#) € G(qo,p) for any 8y € I* such that

18;1 < m-ly|-1, and (Last(#B),YGZ) e §(qy,p) for any 8, € *
such that l62| =m-{y|.
(i) If p = (a,0,8,y) € P, where o e = u #2¥ and B,y ¢ £, then

(LaStk(Y]OLB) sYYz(S) € 6((Y]0L38YY2)9P) for any Y] e I*u #Z*’YZ € Z*:
§ € I* v I*# such that (y]u, Byz) e Kand |8| = |8], and also

(LaStk(Y]uB),YYZ#) e 8((vj0,8yy,#),p) for any G ¥ v #I*, and
Yy € I* such that (y1a,8yy2#) e K.
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(iv) It p = (a,0,8,y#) ¢ P, where o ¢ z* u #77 and B,y ¢ &¥, then
(Last, (y1a8) ,y#) e 8((y;o,8y#),p) for any vy, ¢ & u #I° such that
k' 1 1

(yq0.8Y#) € K.

It follows from the construction of automaton A that if PyPye - P, € L(A),
where p; < P, p; = (ai’ai’si’Yi) for 1 < i <n, then aq8y...8, > ByBy...B and

n
vice versa. Therefore, the regular global context L-system G' = (2,P,P',L(A),0),
where P' = {({a,B,a,Y},a,0):(a,B,2,yY) € P}, generates also the language L(G).
Thus T ¢ VY.
3]
In Example 1 we have shown that the language L = {a i 20, j =0}
is a regular global context L-language. However, by Lemma 3, L is not a predictive

context L-language. Thus, the inclusion is proper. a

It has been shown in [92] that the family of regular languages is
included in the family of context L-systems. It is easy to modify this proof to
show that all regular languages containing a nonempty string are also included
in the family of predictive context L-languages.

Let the family of regular languages be denoted by REGULAR.

Theorem 4. REGULAR-{{e},} ¢ I.
Proof. Similar to the proof that REGULAR-{{e},¢} is included in @ in [92]. O

Now, we will compare the generative power of TOL-systems with that of
context sensitive L-systems. The family of TOL-languages will be denoted by TOL.

Theorem 5. TOL ? 1.

Proof. TOL does not include all finite sets as shown in [B1]. Therefore, it

follows from Theorem 4 that II ¢ TOL. We have shown in Lemma 3 that the language
153

L= {a3 2 :1 2 0,j = 0} is not a predictive context L-Tanguage. However, L is

generated by TOL-system G = ({a},{{ a -~ aa},{a >~ aaa},a). Therefore,
TOL ¢ 1. 0

Theorem 6. TOL g ¥

Proof. Let G = (&,P,0) be a TOL-system, where P = {Pl’PZ""’Pn}'
Let G' = (£,7,P',Q,0) be a regular global context L-system, where

r = {51’52""’Sn}’ Q is denoted by s? + S; +...+s:, and P' is defined as follows.

P' = {(R,a,0):a € £, a e ¥, (a,a) ¢ P, for some i, 1 < i <n and

A = {sj e I':(a,a) ¢ Pj}}, j.e. a rule p has label S5 if and only if p is in the
table Pj‘ Since the control set Q allows to use at one step in a derivation
only rules which all are from the same table of P we have L(G) = L(G'). Thus
TOL < V.
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It follows from Theorem 3 and Theorem 5 that the inclusion is
proper. ]

Lemma 4. The language L = {(a"™"c¢™™:n,m = 1} is not a context L-language.

Proof. We will give here only an informal proof to keep the paper short.
Suppose that there exists a context L-system G = (Z,P,o) generating
the language L = {{anbncn)m: n,m = 1}. Since G can generate all strings P

for n z 0, there exists exactly one integer i, i = 1 such that <ak,a,a3> >a'is

in P for some integer k,j. Similarly, for rules involving only symbol b and
only symbol c¢. Therefore, there exists a constant ¢ such that for any n = ¢,
if (anbncn)m §>* o then o = (akbkck)m for some integer k = n. Thus there exists
an integer j = 1 such that the following holds. There exist infinitely many
strings in L of type {ajbjcj)m for some integer m and (ajbjcj)m g (aq]bjchz) ],

3j 3y Jp 3z 3p.Mp . .
(a’bYc¥) g {a “b “c ©) © and m # My, 3y # Jp- Then we can generate in 6 also
strings not in L, which is a contradiction to L = L(G). 0

Since we have shown in Example 3 that the language

L= {(anbncn)m:n,m = 1} is a predictive context L-language, it is clear that
context L-Tanguages do not include all predictive context L-languages.

Theorem 7. T ¢ Q.

Proof. It follows directly from Lemma 4 and Example 3. ]

Now, we will compare the generative power of context sensitive grammars
with that of predictive context L-systems and regular global context L-systems.

Theorem 8. For each type 0 language L over alphabet T, there exists a predictive
context L-system G such that L = L{&) n T*.

Proof . Let L be generated by a type O grammar G = {N,T,P,S). Let

G = (z,P',S) be a predictive context L-system, where

£=TuNu {{p,p)iP eP} u {{p,A)ip e Pand A ¢ Nu T}, and P' is constructed
as follows.

(i) IfA+oeP,where AeN,ae (NuT)™, then A »a cP'.
{i1) Ifps= A]A2...An > B} 2...Bm ¢ P, where Al’AQ"'"An’BT’BZ""’BmsNUT’
m = n, then Ay~ <(p,A])B](p,A2)BZ...(p,Ai_1)Bi_1,(p,Ai)Bi,
(D ’Ai+] )B.H_'] (psA.‘+2)B.‘+2- . (PsAn_] )Bn_] (D sAn)Ban_*_} . -Bm(psp)> e P!
for 1 <1 < n-1, and AL <(p,A1)B](p,A2)82...(p,An_1)Bn_1,

(p,An)Ban+1...Bm(p,p),€> ¢ P'.
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(i11) Ifp-= A]Az...An - 3182“‘Bm ¢ P, where A]’AZ""’An’
81,82,...,Bm eNuvT, 1T<m<n. Then
Ay > <pahq)By(pahy)By. . (s 108y s (PaAIBy L (PuA )8y,
(p,Ai+2)Bi+2...(p,Am)Bm(p,Am+])(p,Am+2)...(p,An)> ¢ P for
U< i <m, and Ay > <(p.Ay)By(PuRy)By. . (PLA LB (PA L)

(PoA L) - (PR 1) s (PR ) (oA, ) (PaAL o). (PR )> € PP for

mtl < i <n.

(iv) Ifp= ATAZ“‘An > &, where Aj Ay, A e N u T, n>1, then

Ay > <(paAppsRs) o (paAy 1) (PsA ) (PoAs ) (PoA o) e (PR )> e P

for 1 < i <n.

(v) (p,A) > € e P', and (p,p) e ¢ P' foranypeP, AeNuT.
(vi) A+ AecP' forany AeNuT,

It follows from the construction that if aA]Az...AnB E? aB]BZ...BmB,
where AjLA,,. A By.Bys. B e Nu T8 ¢ (N u T)Y* using the rule
A]AZ"'An > 8182...Bm,m > n, then &A}ﬁz...ﬁns g a(p’Ai}BT(p’AZ)BZ"'
(p,An)Ban+]...Bm(p,p)8 g uB}BZ"'Bm8‘ and if ayB &> u(p,A])B](p,AZ)Bz...
(p,An)Ban+]...Bn(p,p), then y = A]AZ"'An' The same can be shown if other types

of rules of Gy are used. Therefore S Eﬁ* o, where a ¢ (N u T)* if and only if

S E»* a. Thus L{(G;) = L{G) n T*, o

1 1

Let the family of context-sensitive languages be denoted by CS.

Theorem 9. 1 $ cs.

Proof. Suppose that I ¢ CS. Since context sensitive languages are included in
recursive languages and recursive Tanguages are closed under intersection,

L n T¥ is a recursive language for any L in I and any alphabet T. This is a
contradiction to Theorem 8. Therefore, I ¢ CS.

153
We have shown in Lemma 3 that the language L = {a3 2 iz 0,j =0}
is not in 1. However, L is clearly a context sensitive language. Therefore,
€S ¢ 1. 0

Now, we would like to compare the family of context sensitive languages
to the family of regular global context L-languages. It is clear from the
previous theorem and from Theorem 3 that the family of regular global context
L-languages is not included in the family of context sensitive languages. To
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prove that the family of regular global context L-languages does not contain
all context-sensitive languages we introduce the concept of exponentially dense
languages.

Definition 9. Language L is called exponentially dense if there exist constants
3 and <) having the following property: For any n = 0 there exists a siring
o in L such that cqe n-licp . la] < c]encz.

Lemma 5. Any regular global context L-language which is infinite is exponentially
dense.

Proof. Let L be an infinite, regular context L-language. Let 6 = (z,I,P,C,0)
be a regular global context L-system generating L. Let ¢ = lol,

d, = max {Iyl:(A,a,y) € P for some A, a e £ and v « £*1. Let ¢, = Tog d,.
Since L is infinite, d2 >1. If n=0 then,clearly, S lg| < 3 ecz. Let n

be an arbitrary fixed integer, n > 0. Since L is infinite, there exists o ¢ L

nc2

such that o] =2 ¢ e As a e L and |al > |o| there exist k > 1 and

81’62""’Bk e L so that Bi = 81+1 for 1 ici < k-1, 6] =g andnfcak = a., Let j be
an integer, 1 < j < k such that |Bj| < cqe 2 and |Bj+1| 2cq e 2, Clearly,

ne (n“] )C
such integer § exists. Now we have {8.] z |B 2 2,

3 j+]iid2 zcye /d2 =cy e
n
Lemma 6. The language {322 :n =z 0} is not a reqgular global context L-Tanguage.
2“
Proof. The Tanguage {a2% :n 2 0} s not exponentially dense and therefore by
Lemma 6 is not a regular global context L-language. a

Theorem 10. CS % v,
Proof. By Theorems 3 and 9, ¥ is not included in CS. The language

n
L= {a22 :n > 0} is a context sensitive language, however, L is not in ¥ by
Lemma 6. a
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Summary
The use of nonterminals versus the use of codings in variations of OL -sys~

tems is studied. It is shown that the use of nonterminals produces a comparatively
low generative capacity in deterministic systems while it produces a comparatively
high generative capacity in nondeterministic systems.

Finally it is proved that the family of context~free languages is contained in
the family generated by codings on propagating OL -systems with a finite set of
axioms, which was one of the open problems in [10]. All the results in this paper
can be found in [71] and [72].

1. Definitions

By definition, an EOL.-system is a quadruple G =<Z, P, w, A>, where LI
and A are alphabets with Ac L, P is a finite set of context~free productions con-
taining at least one production for every letter of L, and w € E+. The direct yield
relation = on the set Z* |s defined as follows: x= y holds iff there is an integer

kz 1, letters a; and words o, 1 £i 2 n, such that
X=ag...a, y=0...a,

and a; o, is a production in P, for each i =1,...,n. The relation =¥ is the re-

flexive transitive closure of =. The language L(G) generated by G is defined by
LG)=f{wea | wF wi.

The EOL.-system is an Ol -system iff A=2Z. It is deterministic (abbreviated: D) iff
there is exactly one production for every letter of I, It is propagating (abbrevia-
ted: P) iff the right side of every productions is distinct from the empty word X.
We may also combine these notions and speak, for instance, of PDOL~ or EPOL. -
systems.

We alsc consider generalizations of the sysiems defined above obtained by
replacing the axiom @ by a finite set {} of axioms. The language generated by such
a system consists of the (finite} union of the languages generated by the systems ob—
tained by choosing each element w € { to be the axiom. This generalization is de~

noted by the letter F. Thus, we may speak of EPDFOL ~systems.
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For any class of systems, we use the same notation for the family of lan-
guages generated by these systems. E.g., EPDOL denotes the family of languages
generated by EPDOL -systems.

By a coding we mean a length-preserving homomorphism {often also calied a
literal homomorphism). The prefix C attached to the name of a language family indi-

cates that we are considering codings of the languages in the family.

2. Deterministic systems

We start by examining the relation between the use of nonterminals and co-

dings in deterministic systems.

Theorem 2.1
EDOL ¢ CDOL and EPDOL ¢ CPDOL..

Proof

We will only prove the first inclusion. The second one is proved in the same
way.

Now let G =<Z, P, w, A> be an EDOL ~system. The following describes the
construction of a DOL-system G =<Z!, P!, W', Z'> and a coding h from I' into
A such that L(G) = h(L.(G')). For a word x, min{x) denotes the set of letters occur-
ring in x..

Consider the sequence of words from ¥ generatéd by Gyw=wy, Wy, Wapenen -
There exist natural numbers n and m such that min(wm) = min(wm+n), which im-
plies that for any iz 0 and any j, 0<j< n:

).

(1) min(wm+j) = min(wm+ni+j

Let d_ denote the cardinality of min(a)k), 1 € k < m+n. Define

Np= {kEN] 1S k< mn, minw ) s A}.
For any k € NA introduce new symbols not in T
= <
I i 3 | I_JSdki,
and define isomorphism f,_mapping min(wk} onto %, , where

_ . . o .
fk(a) ay iff a is the j'th symbol of mm(wk), k € NA

Note that the fk's are defined for some fixed enumerations of the sets min(wk). ! is

going to be the union of the above defined Ek‘s:
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-U . .

kENA

Define k, and kz as the minimal and maximal elements of N

1 A

For any of the letters a where k ¥ kz define production in P':

ki
akj -+ fk,(a)

where k! is the smallest element in NA greater than k and a is the string de-
rived from f (a ) in {k'-k} steps in G.

it follows from (1) that L(G} is finite if k, < m. If this is the case then define
forany j, 1 =)= dy production in P':
2

akej.

Otherwise, let ks denote the minimal element in NA greater than or equal to m,

k, ? for which fke( Ky i

and define productions in P! forany j, 1 £j=d .) derives

some string & € A% in (n-k, + k3) steps in G:
a, jo»f (&),
ey ] k3( )

Note that the use of f is well defined since min{u, = min(wk } {(from
3

i+t ey )

the fact that k; = m and (1} above). Finally define the coding h from Z! into A in
-1
1. =
the way that for every A NN h(akj) fk (akj)' Then

L(G) = h(L(c')

where G!'=<Z!, P!, f Ky * {wk IR Z >, and this proves the inclusion of the theorem.
The inclusion is proper because ] n=1} € COOL\EDOL.

We have the following theorem as an immediate consequence of theorem 2.1.

Theorem 2,2
EDFOL. ¢ CDFOL and EPDFOL. § CPDFOL.

3. Nondeterministic systems

We will now examine the relations between the nondeterministic families,
corresponding to those occurring in Theorems 2.1 and 2. 2.

The following two theorems correspond to Theorem 2.1. The proof of the
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first one can be found in [20].

Theorem 3.1
COL = EOL.,

Theorem 3,2
CPOL. ¢ EPOL..

Proof
The inclusion is easily checked. The inclusion is proper because the

n
tanguage L = {a"b"c"” Inz1}u {d3

[ n=1 | belongs to EPOL., but is does not
belong to CPOL.. The proof for the later statement can be found in [10].

Notice here that while the generating capacity due to the use of nonterminais
was weaker than the generating capacity due to codings in deterministic propaga-
ting OL~-systems, the converse is true if you are dealing with nondeterministic pro-

pagating OL.-systems.
The following theorem corresponds to Theorem 2, 2. The proof can be found in [72].

Theorem 3.3
CFOL. = EFOL. and CPFOL <€ EPFOL..

It is an open problem whether or not the inclusion CPFOL € EPFOL is proper.

A somewhat related problem is whether or not the family of contexi-free languages

is included in the family CPFOL. Indeed we have the following theorem.

Theorem 3.4
The family of context—free languages is properly incliuded in the family
CPFOL.

Proof
Let G =<V, L, P, S> be a cf-grammar of a language not containing X in

Greibach-normal form {i. e., the productions are of the form A+ a or A~ aA1 .. .An).
Suppose there are no useless symbols in V.

For each A€V we choose

WAE fweZ* | A gw, | w| mintmal}.

w, will, in the rest of the proof, be fixed for every letter A€ V.

A

Define k:V -+ N by k(A) = IWAI , and furthermore
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s(A) = { xw EZk(A)V* ! A=>* xw_, | x| =k{A)} and
x left

m(A) = 1><€Zk(A) |3 weve :xwe s(A)

Since the grammar was in Greibach normal form, s(A) and m{A) are finite sets of

strings.
Letn: V+ N be defined as n{A) = { number of sirings in m{A}} .
We will use m{A) as an ordered set.

Now we can construct a PFOL.-system H and a coding h such that h{L(G}) = L(G}):

. j 1.1 1 2.2 2
H:<ZU Ak} Al, P, 1SSy S\ (5)SSg - Spg)r
eV
1<i<k({A)
' n{S)n(S) n{S)
1<i<n(A) S, 8, “‘Sk(s)f >

P! is defined as follows:

1) For all a€ZXZ, a»a isin P'.,
2) Forall A€V, 1<j<n(A), andléisk(A)-—1,AJi~b aJi is in P!,

where aJi is the i'th terminal in the j'th string in m(A).
3) For all A€V and! = j= n(A)
k Kk k kz kZ kz

J J 1 1 1
Aka) ™ Ak(aBr Brz - Bre, )P Baa -+ Ba(s,) "

kq kq kq
'Bq1 qu v .qu(Bq)
is in P' for all B,,By;... ,Bq and 1 < k; = n(B;) where
xB,B,.. .Bq € S{A) and x is the j'th string in m{AL

The coding h is defined by h{a) =a for all a€Z, and

I Al i = < i<
h(AIAZ’"Ak(A)} W s for all A€V and1 =] =< n{A).
We prove that L{G) € h{L{H}). The other inclusion is shown in the same way.

Let w € L{G).

There exists a derivation of w in G such that



S=A, =

1 x!ALA "'An
left

17273

1
=5 x{xz 21...8 sz

1 it
=4 x x,, 21 xzqzx:sx:,’1

where x; € m(Ai) for all

It suffices then to show that there exists an axiom S'S

|

S5, - Si(s)
k. k K Kk, k
2, K2 2 3

{

X1 Agr Agg AZk(A YA AgyT

and

kK k

Aj AJZ ‘ k (A)

297383178
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i
3q3' .. annf e Bﬂqn

x'3' eXE X XL =W
az" " "n"n nq

1<i<nlA) andBij; xilfor 2= i<nand 1 << q.

I I
155+ Sk(S)

k k k k
A0
3k(A }° nl! nZ2 "°° r‘ck(An)

= x w for all 2 =< j < n but that is exactly how H is constructed.

in H such that:
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One of the first observations concerning L.-systems was that the correspond-
ing language families have very weak closure properties, in fact, many of the fam-
ilies are anti-AFL.'s, i.e., closed under none of the AFL operations. However,
this phenomenon is due to the lack of a terminal alphabet rather than to parallelism
which is the essential feature concerning L-systems. E.d., the family TOL of ali
TOL.-languages is an anti-AFL, whereas the family ETOL is a full AFL.. Later on
we will see how L.-systems can be used to convert language families with weak clo-
sure properties into full AFL's in a rather natural way.

The basic notion in this paper, K-iteration grammar, is a slight generaliza-
tion of the notion introduced by van L.eeuwen [ 57]. The motivation for such a notion
is three<old:

i) It provides a uniform framework for discussing OL -systems and all of
their coniext-free generalizations.

i) 1t shows the relation between OL —~systems and {iterated) substitutions.

iii) It associates with each family K of languages (having certain mild closure
properties) some full AFL.'s, obtained from K in the "Liindenmayer way'.

We make the following conventions, valid throughout this paper. All language
families discussed are non~trivial, i.e., they contain at least one language con-
taining a non-empty word. {A language family is understood as in [102].) Two gene-
rative devices are termed equivalent if they generate the same language or else the
language generated by one device differs from the language generated by the other
through the empty word A. (Thus in this sense, for any context-free grammar,
there is an equivalent context-free grammar with no X-rules.)

We introduce first some standard terminology and notations. Let K be a fam-
ily of languages. A K-substitution is a mapping o from some alphabet V into K.
The mapping ¢ is extended to languages over V in the usual fashion. For language

families K; and K;, we define
(1) sublK,, K;) ={olL) | L € K, and 0 is a K, -substitution} .

If Kz =OL or K, = TOL, families (1) are called macro-OL and macro-TOL fam-
ilies, respectively, and denoted by K, MOL and K, MTOL. Macros were introduced

in [7] and [9], where especially the cases K, =F (the family of finite languages)

and K; =R {the family of regular languages) were investigated. Using the fact



251

(cf. [55]) that the family of EOL -languages is closed under arbitirary homomor-
phism, it is easy to show ihat

FMOL = EOL.
(There seems to be no short direct proof for the inclusion FMOL < EOL..)
Similarly, one can prove that

FMTOL = RMTOL = ETOL..
On the other hand, FMOL is properly included in RMOL. because Herman's language

h_1 {azn | nz 0} with h{a) = a, h(b) =X,
is in the difference RMOL-FMOL, cf. [35]. The family RMOL is the smallest full
AFL (and the smallest AFL) including the family OL, cf. [9] or [55]. It is also
the closure of FMOL under inverse homomorphism.

We will now present the _basic definition. Let K be a family of languages. A
NRAZTR-T u), where Vi

disjoint alphabets {of nonterminals and terminals), S € V+ with V = V/

K-iteration grammar is a quadruple G = (V

and VT are
N U VT (ini-
tial word) and U = {Ul ,...,0,] s a finite set of K-substitutions defined on V and
with the property that, for each i and each a € V, o0, (a) is a language over V.

The language generated by such a grammar is defined by
(2) L(G)=Uo0; ...00 (S)N v.l_*,
1 "

where the union is taken over all integers k2 1 and over all ordered k~tuples
(i:L yesayix) With 1 = iy= n. The family of languages generated by K-iteration gram-
mars is denoted by Kyier - By thte)r we denote the subfamily of K., , generated by
such grammars, where U consists of at most t elements, for some t= 1.

The different OL-families can now be easily characterized within this frame-
work. Consider the special case K =F. Then

th]e)r = Fﬂe), = EOL = FMOL..

(Note that it suffices to choose, for each a € V, ¢(a) to be the language consisting

of the right sides of the productions with a on the left side.) Similarly,
Fiter = ETOL (= FMTOL = RMTOL).

The families with D and/or P are characterized as follows. D means that the
o's are homomorphisms, P means that the g's are A-free. Thus, EPDTOL is the
subfamily of Fy... , obtained by such grammars where all substitutions ¢ are -
free homomorphisms.

If one wants to consider families without E (OL, TOL, etc.), then one
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simply assumes that Vi Is empty (which means that the intersection with VT* in
{2} is superfluous). Note that in the general case the generative capacity is not af-
fected by assuming that S € VN' Finally, the macro-families KMOL. and KMTOL are
obtained by K~iteration grammars satisfying the following condition. There is a
sub-alphabet \.fl of VN such that, for each i and each a & V‘, g, {a) is a finite lan~
guage over VN. Furthermore, for each [ and each a € VT’ o, (a) is empty and, for

each i and eacha € V,, - \/’, o, {a) is a language (in K) over the alphabet Voo

{Here it is assumed thai:]K contains all finite languages. }

Thus, all context-free L-systems find their counterpart in this formalism.
Note, however, that so far (apart from regular macros) one has not considered in
the theory of lLL-systems cases more general than K =F.

The basic tool needed in proofs for closure results is the following Theorem 1.

We say that a K-iteration grammar is A—free iff each of the substitutions g, is A~free.

Theorem 1. {[55], [57], [103]) Assume that K is a language family closed under
finite substitution and intersection with regular languages. Then for each K-itera~
tion grammar, there is an equivalent A-free K-iteration grammar.

Applying standard AFL.~theory and the technique used to prove Medvedev's

Theorem for finite automata, one can establish the following results:

Theorem 2. Assume that K satisfies the hypothesis of Theorem 1 and, furthermore,
contains all regular languages. Then all of the families Kygey , thtez‘ , forany tz1,
KMOL and KMTOL. are full AFL's,

Thus, Theorem 2 can be applied whenever K is a cone (also called a full trio).
Since the full AFL's associated with K are obtained by parallel rewriting, they are

naturally called Lindenmayer AFL.'s. Apart from the obvious inclusions

KMOL € KMTOL € K. , KMOL = ki) ek ¢ | ckyn s

very little is known about these AFL.'s, e.g., about the sirictness of the inclusions.
it is shown by van Leeuwen ("Notes on pre-set pushdown automata't, this vol-
ume) that Ri(ge), equals the family of languages accepted by pre-set pushdown automa-
ta. {In van L.eeuwen's terminology, Ry;., could be called "hyper-algebraic multi-
extension of regular languages!''.)
A natural notion from the point of view of LL-systems in AFL~theory is that of
a hyper—-AFL. . By definition, a family K satisfying the hypothesis of Theorem 2 is
a hyper-AFL iff Ky, = K. Hyper-AFL!s are discussed in the paper by P.A. Chri-
stensen (this volume). This approach shows that, among the L-families, the family
ETOL has a very interesting mathematical property.

iteration grammars have been generalized by Derick Wood {"A note on Linden-
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mayer systems, spectra and equivalence!', McMaster University Computer Science
Technica! Report No. 74/1) to cover L.~languages with interactions. He also gives
an example of how the uniform framework of iteration grammars can be used to gen-
eralize specific results. The example concerns the ultimate periodicity of spectra
in EOL-~ and ETOL -systems, [20], [27]. Wood's result shows that the specific
results mentioned depend only on the method of iterated substitution and not at all

on the finiteness of the substitutions.



HYPER-AFL'S AND ETOL. SYSTEMS
P. A. Christensen

Department of Computer Science

University of Aarhus

Aarhus, Denmark

The notions of K~iteration grammars and of hyper-AFL!s are introduced in
[57] and [103]. The notation follows that of [103].

Theorem

etoL =eToL!!) - eToOL

ter = ETOL. is a hyper~AFL.,

. i.e.
iter,’

Sketch of a proof

1t is cbvious from the definition of an iteration grammar that

(1)

ETOL < ETOL‘!ter- c ETOL‘iter"
To prove ETOLiter CETOL , let G= (VN, VT’ S, U) be an ETOL.~iteration
grammar with U = { f; yeoos 7:‘} , where each T is an ETOL-substitution.
= = i’j
Assume that .7;(3‘) L(Gi,j)’ where Gi,j Vg s Vol Vg Ti,j’ Si,j) are
synchronized versions of ETOIL -systems and the alphabets V;\jj are pairwise dis-

joint.
We define a new ETOL.-system: G' = (V] , Vll_, T, S ), where
| = 1] = . k) V] i
v, = 18} H (vl {si’j})uv.ru VU Vru v
2
new symbols.

N where $ and all Si,jar*e

Vo = i3] a€Vx§ and ﬁx = {§1ae\/x} for X=N and X =T are

sets of new symbols.

If X is a siring of symbols X = b’ . "bk’ then X = 51 . ‘bk and
X = §1 .. 'g'm . The axiom of G! is defined as g in exactly the same way.
Finally T!' consists of the tables:
gi -+ -S-i i for each 1 and each |
?
tO:

A =+ $ for any other symbol A,

For 1< j<n there is the table:
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§..—»§..; §..»S.jf0r~eachi

3+ 3 ;§-.§ for each aEVNUVT

A -+ $ for any other symbol A,

For 1 €j<n and 1 £i< |vNu Y there is the set of tables:

7l

which consists of all tables from Ti
2

T. .: where the table with the terminal productions (Gi i is synchronized) is
?

changed to produce barred terminals instead. In all these tables we add the

productions:

wy
4
on

for each a ¢ VN U \/T

S .+ S . foreach k
K, K, ] "

A+ $ for any other new symbol.

Finally there is the table with the terminal productions:
3 + a for each a€ VT
A -+ $ for any other symbol A,

The claim is now that L{G)} = L{G').

The reagon for this is that rewriting a double- barred word via to's productions
zi -+ §i,j is the same as choosing the substitution 7: to be used. The substitution
is then performed via the tables tJ' and ’-Fk,j , and when the substitution is per-
formed, the word is again double-barred. We can choose a new substitution and so
forth until we finally use the terminal table to reach a terminal word. If the tables to
be used in the line of derivation are not chosen according to this scheme, a $-sym-
bol is introduced in the string, and from this it is impossible to reach a terminal
word.

Therefore ETOL. = ETOL(iItf)er = ETOLiter" and since it is well~known that

ETOL is a full AFL.,, we conclude that ETOL is a hyper~-AFi..
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Coroliary 1
If K is a family of languages such that F £ K< ETOL then Kiter‘ = ETOL.

Proof
ETOL = Flter & Kiter = ETOL;ter' =ETOL.
Thus we have for instance proved that:
ETOL = Fiter‘ =R, =CF. = EOL.. = ETOL.

iter «iter iter iter °

Since each hyper-AFL is a full AFL and since ETOL. = Riter-’ we conclude:

Corollary 2
ETOL is the smallest hyper-AFL..

(1}

in [56] it is stated that the family Riter

is exactly the family of languages accepted

by pre-set-pushdown automata, and we are now able to prove:

Corollary 3
=i =
|ter ¢ ther‘ ETOL .
Proof
{1) -
By definition R. ttor c ther and we know that Riter ETOL.. Furthermore,

hyper-AFL!s are easily seen to be closed under substitution; in order to prove the

(Ttgr is not closed under substitution:
2" 2M

Let L1=§a |n20} and L2=iab

L, L,€OLcEOL = Fi) o gll)
iter — |ter

corolliary, it suffices to prove that R

| m= 0}, then obviously

Define the substitution Tby j—(a) = L‘Z' Then ]_(L]) is the set of all words

2™ 202 2" |
ab ab ... ab , where each n, = 0 and there exists |2 0 such thatk =2,

Define the finite substitution t by t{a)=1{al and t(b)= {X, b} then the proof in
[35] of the non-closure of EOL. under inverse homomorphism shows that

t(f(L )¢ EOL = F-'(” . It is furthermore well-known that EOL. is closed under
(1)

ter * But since infinite regular sets fulfil

finite substitution, therefore .(/—(I_] YEF

a pumping lemma, it is obvious that f(l_1 ) ¢ R(,}e)p and the corollary is proved.
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Finally we mention that we have proved the existence of full AFL's K and

K such that:

_ =) _ =
¢ Kiter = Kiter = Kiter

)iter‘ = Kion namely K =R and K =ETOL.

(1)
iter

and K & Kiter but (Kiter'



2~0L SYSTEMS*

Andrew L. Szilard
Department of Computer Science
University of Western Ontario

Definition 1.1.1

An operator domain is a set @ with a mapping a : Q@ -~ N;

the elements of Q are called operators, and if weq, then alus)
is called the arity of . If a(w) = n, we say that w is an

n-ary operator. We write 9(n) = {wenlalw) = n}.

Definition 1.1.2

Let A be a set and @ an operator domain, then an

n
Q—-algebra structure on A is a family of mappings Q(n) - ah , neN.

Thus with each wef(n) we associate an n-ary operation on A.
w: A% > A

Definition 1.1.3

The set A with an 0Q-algebra structure on A is called an
g-algebra and is denoted by (A,Q) or An'
A is called the carrier of A,.

Definition 1.1l.4

For any @-algebra A, and any weQ{n), the application of w

Q

to an n tupple (al,az,...,an) from A gives an element of A,

We write this element in postfix Polish notation a; a; ... a,u.

1f£ n=0, then this means that weA. These w's are called

constant operators.

*An extract from the author's thesis:

"ON THE ALGEBRAIC FOUNDATIONS OF DEVELOPMENTAL SYSTEMS".
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In what follows, we assume a fixed 2 structure

throughout, and will omit sometimes the subscript q.

Definition 1l.1.5

Given Q-algebras AQ and Bﬂ, a mapping £ : A-»B and

wel{n), we say £ is compatible with w, if for all ayree-ra, cA

n

f{al)f(az)...f(an)m = f(alaz...anw).

If £ is compatible with each weQ, then £ is said to be a

homomorphism from A to B.

Definition 1.1.6

Given any two Q-algebras AQ and BQ, we say that B is a

sub-algebra of A

o if B«A i.e., if the carrier of BQ is a

subset of the carrier of AQ.

Definition 1.1.7

Given a family (A;g)ieI of q-algebras, ;ﬂ; A, the
£

associated direct product is defined as follows.

Let P be the Cartesian product of the Ai‘s with
projections Hi : P-+Ai, then any element pe P is unigquely
determined by its components Hi(p) and any choice of elements
(a ¢A), defines unigquely an element pe P by 1, (p) = a,

i i iel i i

for all igI. Conseguently if PpsPpre~sP, €P and wef {n}, we

can define plpz...pnw by the formuli
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Hi(plpz...pnm) = Hi(pl)ni(pz)...ﬁi(pn)w for all ie I

This procedure defines an @ structure on P simply by doing

all operations componentwise. Consequently we have
Theorem 1.1.7

Direct product of Q-algebras is an Q-algebra.
We note that the Ai's need not be distinct and that the

projections are homomorphisms.

Definition 1.1.8

Let @ be an operator domain and let Q be a shadow
alphabet representing the operations of G, let X be an
auxiliary alphabet disjoint from ©. X is called the

alphabet of free variables. We define the language of the

Q-words, WQ(X), as the following subset of (XV Q)
1. If wen(0), then EEWQ(X) .
2, If xeX, then Xs:Wn(X}.

3. If ajsag,-...ay aWQ(X) and we2{n), then aja,...a e WQ(X).

n

4. Nothing else belongs to WQ(X) unlegs its being so follows
£rom a finite number of applications of the set of rules

1,2 and 3.



261

Definition 1.1.9

Let X and ¥ be giyven as in Definition 1.1.8, then we
define an f-algebra (@, (XY Q)*) as follows
for any ay,aj,...,a, ¢ (XU 2)* and any weq(n)

w(al,az,...,an ) = alaz...anE-

Theorem 1.1.10

The n-words WQ(X) for a giyen set X, form an g-algebra

the subalgebra of (g,(xXV {)*) generated by X.
Proof:

By Definition 1.1.8, the language of Q-words is closed
under the @ operations and is generated by X.

Consistent with this theorem, we have the following.

Definition 1.1.11

The p~algebra of the set of Q-words WQ(X) is called an

2-word algebra.

Definition 1.1.12

Given the set of Q-words WQ(X), we define the following

relation <@< over WQ(X), called the Q-subword relation,

1) For all neN and all a; e W (X)), 1 <1< n, if we(n), then

a, <f< b iff aja,--ed 0 = b,
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Furthermore, 2) for all a,b,ce:WQ(X)

-a <Q< a and

3) if a <@< b and b <0< ¢, then a <9< c.

i.e., <f< is the reflexive transitive closure of the relation
defined by 1).

If a <Q< b, then we say that a is an Q-subword of b.

Definition 1.1.12.1

We define a mapping h : WS(X) + N as follows

h{w) = @ for each weq(0)
hi(x) = 0 for each xeX
h(ajay...apw) = ltmax {h(a;)| 1<i<n}

where we{n) and ae:WQ(X).
We call h{(a) the height of the @-word a.

These definitions allow us to represent Q-words as
ordered, labelled rooted trees, the free variables and nullary
operators are the leaves of the tree, the other Q-operators
are the labels of the internal nodes. If w e @(n), then n
branches are eminating from the node labelled by w. The
right-most operator labels the root of the tree, and the
distinction between free variables and nullary operators is
only nominal. The reader is encouraged to draw 9-words as

trees in the examples.
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Definition 1.1.12.2

Let v be an 0-word of WQ(X), then we define a
correspondence &, from the Q-subwords of v into the
non-negative integers as follows

zv(v) = {, and for any Q-subwords b and ay; b,a.

5 Q< v,

zv(ai)‘= 1+, (b} if ajas..ayw = b, for all i, 1<i<n, and

all weq{n).

We note that Ly is not necessarily functional, since
different occurrences of the same Q-subword may have

different values. We say that a certain occurrence of

an O-subword u of v is on level n if zv(u) = n.

The following standard theorems are stated without

proof.

The reader is encouraged to consult any of the following

excellent introductory reference texts:
A.G. KUROSH, Lectures on General Algebra, Chelsea (1963, 1965).
P.M. COHN, Universal Algebra, Harper—Row (1965).

Our notational conventions are chosen in attempt to
parallel Cohn's symbolism, whose work is remarkably impressive

for clarity and consistency.
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Theorem 1.1.13

For any X and Y the corresponding Q-algebras are
isomorphic, W, (X) = WQ(Y), iff the cardinalities of X and ¥

are the same.

Theorem 1.1.14

The composition of homomorphisms Q-algebras

f: Ay > Byand g : B, » Cq is a homomorphism feg : A, =+ C .

Q
Theory 1.1.15

The image of a homomorphism f : A, > By is a Q-subalgebra

of Bg-

Definition 1.1.16

An equivalence relation on an Q-algebra A, which is also

9

a subalgebra of AgxAg is called a congruence relation on Ag-.

Theorem 1.1.17

Let A be an fi-algebra and p a congruence relation on AQ,

then there is a homomorphism natp : AQ > {(BA/p,0).

Definition 1.1.18

The 92-—algebra (A/o,Q) is called the guotient algebra of

Ay by p.
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Theorem 1.1.19

For any $-algebras A,B and any generating set X of A,

a homomorphism h of A into B is uniquely determined by its

restriction h|X.

Theorem 1l.1.20

Let A, be any 9-algebra and ¥ any set, then any mapping

8 : X » A may be uniquely extended to a homomorphism

@]
.

WQ(X} -> AQ.

Theorem l,1.21

Any Q-algebra A is a homomorphic image of an Q@-word

algebra W, (X) for some set X.

Definition 1.1.22

r, a symmetric set of designated pairs of f2-words in the

g-word algebra WQ(Y), is called a set of identical relations

that hold in WQ(X).

rc;WQ(Y)><WQ(Y), (wl,wz) e I' is written as Wi=Wo .

Two Q=-words v and u in WQ(X) are called equivalent with
respect to I', v =I'= u, i1ff there is a finite sequence of
transformations Vi * Vil i=1,...,n-1 : v=vy and u=v such that
there are Q-words = and a5, @—-5ubwords of vy and Vigl
respectively, p; << vy and g; <0< vy .4, and v;,.q 18 obtained

from vy by replacing =5 by q; furthermore, p; and g, are the
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homomorphic images of w, and Wy respectively under an

1
arbitrary map hy :+ ¥ ~ WQ(X) extended to a homorphism,

where (wl,wz) e T'.

Theorem 1.1.23

For any {-word algebra WQ(X) and any set of identical
relations T c:WQ(X)><WQ(X), the relation =I= is a congruence

relation on WQ(X).
Proof:

Obviously =I'= is an equivalence relation, but since the
relation <f< is transitive and since subwords may be replaced
by equivalent subwords, it is also a congruence relation.

In fact, let a; == bi for all i, l<i<n, then to show that for

any wefi(n), aj...apw =I'= bj...b,w we are required to show
that there is a finite sequence of transformations from

aj...a,e to bl...bnw. Suppose the length of the sequence of

n
, then the length of the
n
reqguired sequence of transformations is at most z m, .
i=1

transformation from a,

1 to bi 1s my

1

Definition 1.1.24

W{{,X,T) which denotes the factor algebra (WR(X)X=F=,Q)
{or any algebra isomorphic to it), is called the free

Q-algebra of the variety I' generated by X.

Note the generators of this algebra are the sets of =T=

equivalent words, equivalent to the elements of X.
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In practice, when I' is understood, =I'= is written simply

as =.

Example 1.1.25

Consider the following free fQ-algebra Gdl,Gdl=W(ﬁ,X;T},

where
Q{i) = ¢ for all i#2
2(2) = {o}
X = {a} and I'=¢

Gdl is called the free groupoid generated by a singleton.

The following are the first few elements of Gdl ordered

lexicographically, within length and height.

a

aao
aaoao
aaasdo
agacaaco
aacagao
aaadaos

aaaacos

Example 1.1.26

Consider the following free Q-algebra Sgy -
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Sg) = W(2,%,1),

where
Qi) = ¢ for all i#2
Q(2) = {o}
X = {a} and I' = {xyozo = xyzool .

S94 is called the free semigroup generated by a singleton.
The following are the first few elements of Sg; in normal
form ordered by length. By normal form we mean here the
highest form in the lexicographical order among equivalent

Q-words representing an element of S5g.

a
aao
aaaco

aaaanoo

We may note that aaaoo = aaoao are equivalent forms
and so are
2222000 = aaacacd = aaNacao = aao’aaoo.
To show the eguivalence of the first and last elements in

the chain, we use the map h, h(x) = a, h(y) = a, h(z) = aao.

Example 1.1.27

Consider the following free g-algebra Gp .

G = W({Q,X,T), where
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Qo) = {1}
(1) = {71
2(2) = {o}
(i) = ¢ i>2
X = {a,bl
I = {xyozo = xyzoo, xx Yo = i,

x"Ixo = 1, xlo = x, 1xo = x,

Ly lo = yxo™t, VL = x)

Gp is the free group generated by two elements. T is not

2

minimal, but a convenient set of identical relations for
a free group.
The following are the first few elements of G in
2

normal form ordered lexicographically within length.

1,a,b,a”t,p71,
aao,abo,bao,bbo,
ab‘lo,a‘lbo,ba"lo,b'lao,
a'la—lo,a“lb”lo,b‘la"lo,b'lb“lo,
aaaoo, aaboo,....
By normal form we mean here the highest form in the

lexicographical order among equivalent Q-words of minimal

length.
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Definition 1.2.1

Given a set A, we consider the set of all finitary

operations on A, denoted by a(Ad),

An
ar) = U a5 = U o

neN neN
where the set of n-ary operations on A is denoted by

n
o (B) , oy (B) = A

We define the composition of WirWgreeortip with ©w as an

n—-ary operation, &, for each Wyrligre sy € an(A) and

m

w sam(A) as follows

s(x) = (xw.)(Xew_)... (X0 }uw for each xe A",
1 2 m

Any ordered set of operations, whose arities obey the
requirement for composition is said to be conforming. We

define for all n>{ n n-ary operations in o, {A) , namely

T1¢0pgse--,0,,, where for any given i, 1l<i<n
n
Hni.A > A
Hni (al,a2,...,ai,...an) = a; for all aj e A, lsjsn.

T3 selects the i~th element in an n-tuple of elements of A.
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I,; is called the i-th component projection of an n-tuple.

{I l<i<n} is called the set of n-ary projection operators.

nil

A set B of operations on A is called a closed set of

operations on A, or a clone on A in short, if and only if

g contains the projection operators and the conforming

ordered subsets of g8 are closed under composition.
Example 1.2.2
a{A) is a clone, an(A) is a clone.

Definition 1.2.3

Let A be an Q-algebra, then the c¢lone generated by the

Q-operators on A is called the clone of action of @ on A.

Theorem 1.2.4

Let A be an Q-algebra and 8 the clone of action of @

on A, let x¢ 2" and Bn the set of n~ary operators in 8, then

{{ze]u e8,}, B,) is the o-subalgebra generated by the

entries of X.
Proof:

The n-ary projection operators will provide the generators
and the operations in B8 will provide the (-algebra structure,
the composition of the n-ary projection operators with elements

of B are the set of all n-—ary operators in 8.
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We may see this in a different form in the following.

Theorem 1.2.5

Let @ be an operator domain, let ne N+, let WQ(X) be
an fi-word algebra generated by X = {xl,xz,...,xn}, let B
be the clone of action of @ on X, let 1, be the vector of

n-ary projection operators on X, namely

Hn = (HnllHnZI"'ln'nn) H S(Hn) then

denotes the set of n-ary operations that can be obtained from
I, by repeated compositions of the projections and the
operations in @, furthermore, there is an isomorphism between

the elements of.Wﬂ(X) and 8(Ii,).

Proof:

Let us define a mapping ¢ from the elements of WQ(X) to
the operations in B(I,), and show that this mapping is an

isomorphism.

1} ¢‘(Xi} = Hni = Hni(nn) .

Since the arity requirement for composition of operators in @
are the same as the arity requirement for forming Q-words, we

may proceed inductively on the height of @-words as follows:
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Suppose ¢ is defined for Yy, the 9-words of height
less than k, so that ¢(y) = B(Rn) for each ye Yy. Consider
an o-word x of height equal to k such as x = Y1¥pe Y0,
where w & (m). The yi's are Of height less than k,
therefore, by hypothesis, each ¢(yi) € B(Hn) and
¢(yl), ¢(y2),...,¢(ym) with o form a conforming ordered

subset of operations, therefore we may define in I,
2) ${x) = wldlyqy) » ¢{yp)re--sdlygy)) -

Since 1) defines ¢ for Q-words of height 0, the induction is

complete.

From 1} and 2) it is clear that ¢ is a homomorphism.
Clearly every { operation can uniquely be so simulated and
the composition of functions with a projection operator will

not produce an additional function therefore ¢ is an isomorphism.

The following example is included simply to show an
instance of the isomorphism and to make the notation more

familiar.
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Example 1.2.5

Let an Q-word algebra WQ(X) be given as follows:

X = {a,b}

(o) = ¢

2(1) = {+,”1}

Q(2) = {o}

Qi) = ¢ for i>2

Let HZl(a,b) = a and sz(a,b) = b.
Consider the Q-word
x = abo laso.

1

i

9(x) = ¢(abo taxo) = o(¢(abo™1), ¢(a%))

o(" (s (abo)), *(s(a))) =

i

o("L(ole(a), ¢(b)), #(Nyq(a,b)))

il
[

H

o (" olyla,b), Myy(a,b)), «(ly; (a,b)))
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A few remarks at this point are in order. First of
all, in Theorem 1.2.5 the concept of an isomorphism is
used in the relaxed sense that the parsing tree of the
g-word x is graph theoretically isomorphic to the composition
tree of the operators in ¢(x), as labeled ordered rooted

trees.

Secondly, the operation ¢(x) is an n-ary operation from

(xUa)*™ > (xUQ)*, whete X = {Xq,Xps.v0rX_}.
1772 n

Thirdly, Theorem 1.2.5 is simply the formal notion of
the operation of substitution for the free variables in a

given Q-word.

On the basis of these remarks, we adopt the following:

Definition 1.2.6

Let x be an O-word in the Q-word algebra WQ(X), where
X = {xl,xz,...,xn}. We denote the value of the n-ary
*
operation ¢(x}), ¢(x) : xUay*™ » xUa) ; given in the

proof of Theorem 1.2.5 as

x{yl,y2,...,yn} for any n-tuple {yl,...,yn) of strings in

(xUo)* and any xz:WQ(X). This convention identifies the
word x with the operation it represents as a substitution

formula.
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Example 1.2.6

Following Example 1.2.5, we obtain

x = abo~la*o
x(a,b) = abo~la*o
x(a,a“l) = aa~lo~la*o

x(a"l,abo) = a~laboo~la~1l#o

boao™lb*o

It

% (b,0a)

abofla*o(b,a) = bao~lb*o

We novw introduce operations that are homomorphic images

of compositions of operations in an Q2-word algebra.

To define operations of arbitrary arity, we will need
a potentially infinite alphabet for the free substitutional
variables. To specialize an operation, we use the scheme of
explicit transformations, i.e., we permute or identify
variables, put constants for variables and add new variables,
all this may be accomplished by composition with the
projection operators and substitution. Formally the develop-

ment is given as follows:
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Definition 1.2.7

Given an infinite set X = {xl,xz,x3,‘..}, consider
the sequence of oxdered subsets of S.

Xl = (xl) R X2 = (xl,xz),...,xn = (xl'XZ""'Xn)' ‘e

let § be a operator domain, let the corresponding g-word

algebras be the sequence
Wo (1) , WolXp), oo WXy ,ue

let x be a given q~-word in WQ(Xn) with the correspondingly

denoted operation x(xl,x2,...,xn) = X, which is a homomorphism

n
X WQ(XD) > WQ(X)

let ' be an operator domain and let d be a given arity

preserving mapping, i.e.

d: Q>0
such that

diw] = w' implies afw) = ale') ,
let AQ, be an 9'-algebra, and for any

Ays8yye- 8y E AQu ’

let h be the homomorphic extension of the map hi(x;) = aj
7

then we-define the operation y as follows

¥ : Al 5 A
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Q(al,az,...,an) = d[x](h(xl),h(xz),..,,h(xn))

{(In practice d is bijective and @ and Q' may be identified).
The definition of X may be exhibited by the following

commuting diagram of homomorphisms.

n h n
WQ (Xn) — A

xl l;z

WQ (Xn) —_—» A

v
X is called a principal derived n-ary operation on AQ,, and

is denoted by the expression g(xl,xz,...,xn).

For any integer k<n and any set of elements
bl’b2""'bk e A, the operation §(xl,x2,...,xm,bl,b2,...,bk),
where m=n-k, is called a derived n-ary operation on Ag,.

In this definition we chose to specialize the last k

arguments for notational convenience only.

Example 1.2.7

Consider the Ql—algebra given by

AQ = ({1,a,b} , {o,l,_l}), where a(o) = 2, a(l) = 0, a("h
1
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b b 1 a

It is easy to see that Aﬂl is the cyclic group on

{l,a,b}. Consider the subgroup closure operator

k(x,y) = x_ly0(x,y) = o(—l(nx(X.y)),Hx(x,y)),

where

Hx{x,y) = % and Hy(x,y) = y.

The operator k is a principal derived binary operator on

Agl.

Example 1.2.8

On the other hand, consider the Qz-algebra, given by

A, = ({1,a,b}, {x}), where a{x) = 2 and the multiplication
2

table for k is given as derived in the previous example, then

: . . -1 .
consider the operations o, i, and , where

1(x,y)

K(Hx(x,y) p HX(X.y))

Teny) = e Gay) s 165Y) and

Q(le) = K(_l(xr}’) ’ Hy(Xzy))
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The operations 1(x,y) , *l(x,y) and o(x,y) are principal

derived binary operations on Ag

11 a b =1 1 a b oftl a b
i1l 1 1 i1 1 1 111 a b
afil 1 1 ajl b b b aljla b 1
bif1 1 1 biil a a a biib 1 a
s 1 ssvaam S ————

and clearly they are respectively equivalent to the operations
1, -1 and o in Ag in the previous example, in fact, they

are given as the following derived operations:
1= «x(1,1) , 1ix) = «(x,1) and  of{x,y) = o{x,y).

Definition 1.2.9

For an Q-algebra AQ, the derived unary operations are

called derived translations on Ay 1f a derived unary

operation f is principal, then f is called a principal

derived translation on Ag. A subset 8 of A such that

s = {a,fla) , £(f(a)) , £(£(£(a))),...} is called a splinter

in A, or an {i-algebraic splinter in A for any derived

translation £ and any element a in A. Splinters play an
important role in the fundations of mathematics, and were
studied by Ullian, Myhill, Young and Rogers; they consider
£ to be any recursive function. Splinters also turn up in
disguise in the study of autonomous automata, in the study

of cyclic submonoids of the monoid of endomorphisms of
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f-algebras and in the study of fixed point theorems in

general.

Definition 1.2.10

Let A, be an Q-algebra, we define the @'~-algebra

:B(A)Q, as follows. For any w e Q(n), we define w' as follows
w' o B - B

' (X XX = {w(xl,xz,...,xn)[ x;eX, for all i, I<izn}
We identify @ and Q'.

B (a), is called the @-set algebra on A. In B (n), the

presence of the binary operator U is tacitly assumed. &as
an immediate consequence of the definition, we have the

following:

Theorem 1.2.11

For any @Q-set algebra 3(2&)9 and any w £ 2{n)

TG S S S U B(Xg Xpree e XE e X)) =

i’ n

R 1
m(xl,Xz,...,Xi U xi,...,Xn) where the Xi and Xi are

subsets of A.

Proof:

The left-hand side and the right-hand side are same

as sets.
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Example 1.2.11

Consider the free monoid generated by a doubleton
0, = W(a,Y,T), where Q = {r,0} , ¥ = {a,b}
a(x) = 0 and af{o) = 2, I' = {xyo2o = XyzZ00, AXO = XAo}l.

The first few normalized elements of W, in lexicographical

order within length are
A,a,b,aao,abo,bao,bbo,aaaoco,aaboo,abaoco,abboo,...

Here the binary operation ¢ is called the string catenation

and the following is an instance of that
o{aao,b) = aaobo = aaboo.

The operation symbol may be omitted in the forms. Consider
the Q-set algebra ’b(‘ﬁ)z)ﬂ corresponding to \{)2, namely the
algebra of languages over the binary alphabet with operation
set—-catenation or set-product. The following is an instance

of this operation:
o{{a,aa}, {b,ab,aabl}) = {ab,aab,aaab,aaaabl.
Because of the previous theorem, we have the following

identity for any set A,B,C,D in g(hgz) 9

oalUs, clUp) = oa,0) Yo,y Vo@,0)Vo(3,D).
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A set valued set mapping £ is called monotonic if it
preserves the inclusion relation, i.e. X< Y implies
£(X) «£(¥Y). Using this terminology, we can state Theorem

1.2.11 equivalently as follows:

Corollary 1.2.11

For any Q-set algebra EAA)Q any derived translation

is monotonic.

Proof: Let X&Y< A and without loss of generality assume
that the derived translation £ is given as follows
£(V) = w(V,Al,AZ,...,An_l) for all V€A, where Ag A, o<i<n,

and w is in the clone of action of @ such that a(w) = n>o,
then X€Y implies that Y = xV 2z, where 2 <3, furthermore by
Theorem 1.2.11

£(Y) = ﬂxUz)=¢MxUzAlA2“.”%Pﬁ

w(X,Aq,Ayr -0 ,Bp_1) U w(z,8],85,...,8,_7) = £(X)U £(2),

therefore

£(X)U £(¥).

Corollary 1.2.12

For any Q-set algebra 'B(A)Q and any w ¢ Q(n), the

following inclusion holds:
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wl(Xy, Xy, X

i,...,xn)[] w(xl,xz,...,xi,...,xn):

m(xl,xz,...,xi ﬁ Xi,...,xn) .

where the Xi's and Xi are subsets of A.

Proof:

The right-hand side is included in each term of the
intersection on the left, by the previous theorem,
consequently it is included in their intersection. We note
that the inclusion is proper in general and that

w(Xl,...,¢,...,Xn) = ¢,

Furthermore, if X<Y, then the splinter
(Y,£(Y),f(£(¥)),... ) dominates the splinter

(X,£(X) ,£(£(X}),... ) as a set sequence.

Definition 1.2.13

Let £ be a derived translation on A let a be an element

Q’
of A, then the mapping S[f,a,AQ] is called an f-splinter

sequence on Ay generated by a.

S[f,a,AQ] : N » AQ

It

S[£,2,85] (0) = a

S[f,a,Apl (n)

£(S[£,a,Ag] (n-1))
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In what follows, we generalize the concept of the
splinter to direct powers of {-algebras. By direct power
we mean a direct product in which all factors are identical.

Thus
1 2
1Y Y

n
= A e
AQ QXAQ % x 0

palds]

Definition 1.2.14

v, an n-tuple of derived n-ary operations on an

fi-algebra AQ is called a derived transformation on Ag. It
all the derived n-—-ary operations are principal, then it is

called a principal derived transformation on Ag.

n ;
Let 1 = (tl,tz,...,tn) and ti : A » A, l<i<n, then

Definition 1.2.15

. . . m m
Let t be a derived transformation on AQ and ace Aﬂ, then

we define an m-ary splinter as the following set of elements

m
of A

{a,t(a), t(t(a)), t(x(r(a))),...}

S[AS,T,&] will denote the following mapping:
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m m
S[Agltla] : N> AQ

It

s[Arg,r,a] (o) a

SiAg,t,al(n) = t(S[Ag,7,al (n-1)) for n>0.

Let 1t be a derived transformation on Ag, then the
following set of transformations is called a splinter of

transformations on Ag.

{Hm,r,rz,...}, where 1 is defined as follows:
I S
(a) = siag,c,al () .
Because of the associativity of composition and the identity

action of the projection operations, we obtain the following:

Theorem-1.2.16

Given an g-algebra A, and let § = {Hm,T,rz,...} be a
splinter of transformation on Ag, then S with the operation
composition forms a cyclic monoid generated by =.

Proof:

Clearly, from what we said 1a+b = Ta°Tb and

For consistency we have the following:
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Definition 1.2.17

For any splinter transformation 1 on Ag

Definition 1.2,18

Let WQ(X) be an Q-word algebra, where X = {xl,...,xn}
and let y = (yl,yz,...,yn) be an n-tuple of Q-words in
WQ(X}, let
T = (¢(yl}, ¢(y2),...,¢(yn)) be the corresponding n-~tuple of
n-ary operations, where for each i, l<i<n, ¢(yi) is given

ply) = U™ > (xuUa)¥,

as defined by

Definition 1.2.6, then

T 1s called an n-ary {-word transformation, and the set

{10,71,72,...} is called an n-ary Q-word transformation

splinter.

Definition 1.2.19

Let WQ(X) be an Q-word algebra with the finite ordered

set of generators X = (Xl""'xn)' let 1 be an n-ary Q-word

transformation, let x be an g-word, then the triple

HO=(WQ(X),T,X) is called an OL Q-word system.
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L[HQ], the language of the Q-OL word system, is

defined as the following set:
m
LiHg] = {x{t (X)) m>0}

WS[HQJ, the Q-word sequence defined by HQ is the following

mapping:
WS[HQ] : N -+ WQ(X)

WS[H] (m) = x(«"(x)) .

Theorem 1.2.20

Given an OL Q-word system HQ = (WQ(X),T,X), where X is
any (non-empty) finite ordered alphabet, then for any
non-negative integers such that i+3j = m, the following

equality holds:

wsiagl (m) = x(«L(x) (I .

Proof:

Let n be the cardinality of X, then for any n-tuple
a 8(XUQ}*n and for any n-ary transformation y,

x{X) (a}) = x{a), therefore
(3 = I = A = R
hence

x () (3 (X)) = x(+™(x)) = S[H] (m)
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Corollary 1.2.20

WS [H,] (m) () ()

I

m-1 .
WS(HyI (m) = x(t(X) (x (X)) if m>0.

Coxollary 1.2.21

Let X = (Xl’XZ""'xn)' and let

Hyo, = (Wo(X),7,x) for all k, l<k<n, let

Vi = (WS[Hio1(3), WSIH,o1(J), ..., WS[H_ ] (3))

then
WS [H ] (m) = x(Tl(VB)) for each i,j and m

such that i+ij=n.
In particular,
i = v = x(" v
ws{zﬂj(m) = x(t{ m—l)) = x(T (Vy))
if m>0.

Proof:
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Example 1.2.22

Let X = (a,b) , 2 = {0} , a(o) = 2,
w{e,8) = (Oy{e,8) , olly(e,8) , Hzla,B8)))
where
T,(a,8) =a and Ty(a,8) = &  for all a8 in (xV )"
Let H = (WQ(X),T,X), where x = abo.
From this we obtain the following:
12 (a,8) = (o(ly («,8) 7, (a,8)) 000, (a,B8),0,(a,B)), 1 (a,8)))
©3(e,8) = (o(o( (a,8),M_(a,8)),0 (a,8)),
o(o(o(My, (a,8) 0, (a,8)), T, (%,8) ,0(Ty (a,8) 1 (a,8))))
(X) = (b,o(b,a)) = (b,bao)
t2(x) = {o(b,a),o{o{b,a),b)) = (baoc,o(bao,b)) = (bao,bachko)
13(X) = (o(o(b,a),b),olo(o(b,a),b),0(b,a))) =

= {o(bao,b),o{o{baoc,b},baoc)) =

= {bacbo,o(baocbo,bac)} = {(baobo,bacbobaco)
t2(1{X)) = t%(b,baoc) = {(bacbo,baocbobaco)
(12 (X)) = t(bao,baobo) = (bacbo,bachobaoco)
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WS [H] (3) = x(baobo,bacbobaoco} = baobobacbobacoo

It

x{t(X) (t2{X)}) abo ({b,bao) { (bao,bacbko))) =
= abo{b{(bao,baobo) ,bac{bao,baocbo))

= abo(baoko,baocbobaco) =

= baobobaobobaocoo

It

x(12(X) (1{X))) abo({(bao,bacbo)} {(b,baoc}}) =

= abo({bao(b,bao) ,baobo(b,bao))) =
= abo (baobo,baobobaco) =

= baobobacbobaooo.

The image of an OL Q-word system under a homomorphism h, is
called ¢~OL system. It is clear that a statement similar to
Theorem 1.2.20 may be phrased about the image, since ﬁe may
commute h and 1. One way we may interpret Corollary 1.2.20

is as follows:

In a developmental system without interaction, the global
pattern on the highest level is identical with the pattern of
the first stage of the development, or in cosmic terms:

The macro-cosmos reflects the microcosmos.
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If we examine the rewriting systems of Ibarra(l), the so called
Simple Matrix Grammars (SMG), we see that rewriting has the following
three facets, namely

(1) rewriting occurs in PARALLEL,

(2) the parallelism is, a priori, BOUNDED, and

(3) the rewriting is, a priori, CONTROLLED.

Secondly, if we examine the rewriting systems of Lindenmayer

[61], the so called EQOL systems, and compare and contrast with the

(1) 1Ibarra, 0. H., Simple matrix languages, Information and Control
17 (1970), 359-394.
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SMG's we find:

(1)
(2)
(3)

rewriting again occurs in PARALLEL,
the parallelism is, a priori, UNBOUNDED and EXHAUSTIVE, and

the rewriting is, a priori, UNCONTROLLED.

Later extensions to EOL systems have lead to two kinds of CONTROL

(a)

(b)

'RULE-CONTEXT~FREE' CONTROL ~ Rozenberg's Tabled Systems
{81]; rules are applied EXHAUSTIVELY from one table of

rules from a given set of tables. However, within this
restriction a particular rule is applied independently of
the other rules that are applied at the same time.
'RULE~CONTEXT' CONTROL - [11]. The application of a partic-
ular rule is dependent upon its context within the seguence

of rules applied at a particular time.

In the light of these developments in EOL systems, simple matrix

grammars can be considered to have either 'RULE-CONTEXT' or 'RULE~-

CONTEXT-FREE' CONTROL. 1In the following we present a survey of

results on the effect of changing facet (3) for SMG to:

(3)

the rewriting is UNCONTROLLED.

This is the investigation of E0L-like systems where the paral-

lelism is bounded, and can be considered to be the investigation of

the development of filamentous organisms under an environment which

deprives the cells of "food". We consider two different kind of gen-

erating systems, finite state generators and right linear grammars,
which we generalise to give n-parallel finite state generators and

n-parallel right linear grammars.

Section 2: n-parallel finite state generators,

Definition
A finite state generator (FSG) G, is a quintuple (N,T,E,S,F)

where
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N is a finite set of points,

T is a terminal alphabet,

E is a set of edges, E VxT*xV,

S N is a set of entry points, and

FP N is a set of exit points.

Example 1
aa N ={1,2}, T = {a,b},
m@ E = {(1,aa,2), (2,b,1)}
b S = {1} and F = {2}.
Definition

Given G, an FSG, then we write u+vx if u,v in N, x in T* and
(u,x,v) in E.
- . i . . .
Similarly, we write u»"vx, i>0 if there exist sequences Ugreeee Uy

and xl,...,xi such that

IR FISE S 0<j<i,

X = X,...X,yb W=1u, and v = Uu,.

i i 0 i

We write u++vx if there exists i>0 such that u+ivx, and we write
u+*Vx if either u»'vx or u = v and x = €. The language generated by
an FSG G is

L(G) = {x: u+*vx, u in S, v in F}.
We say LET is a finite state language (FSL) iff there exists an FSG
G such that L = L(G). We usually say L is a regular set, so we denote
the family of FSL's by ﬁZ .
Example 1 (cont.)

L(G) = {aa,aabaa,aabaabaa,...}

{aa(baa)i: iz0}.

1]

We can now consider n-parallel FSGs, The basic idea is to have
n FSG's operating synchronously and in parallel. Rather than re-
peating a generalised form of the notation above, we develop the

model informally.
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Consider a 2-PFSG (2-parallel FSG)} G:

© ®

Initially these two processors (or generators) (G, and Gz) are

1
both alive and idle. We start them up simultaneously and synchro-
nously (by which we mean we move along edges at the same time).

Thus we have:

point reached and word generated so far:

€1 €,
time = 0 1 2
=1 la 2b
= 2 laa 2bb
=3 laaa 2bbb

If the two processors each. reach an exit point at the same time,
then we catenate the two words generated so far. Here we have, since
both points 1 and 2 are exit points that:

word generated by G so far

time = 0 €
1 ab
2 a2b2
3 a3b3

«e o e

i

ot is0l.

Thus, we say L{G) = {a
In a similar way we can generate languages given by an n-PFSG,
n21l, called n~PFSL's, Let an denote the family of n-PFSL's.
We have:
Result 1: é% = 3%1, trivially.

Result 2: For n3xl, Sﬁng san_ﬂ-
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Proof: Simply add an extra processor Gn to G, which generates

+1
nothing but the empty word, giving an {n+l)}-PFSG, i.e.

€

Result 3: e-edges do add generating power.

Proof: Consider L = {ale: 0<i<j}, L cannot be generated without an
e-edge occurring in at least one processor.

i

Result 4: For n»2, L_ = {a l...an : i30} is in j;n but not in

n 1
;? n-1°

Corollary: For nxl, & %‘J«

n ntl®  an infinite hierarchy of lan-

guages.

Result 5: ?ﬁz éﬁ family of one-counter languages.

Result 6: For nxl, 3@11 < family of context-sensitive languages.

Result 7: For ni3, QEH and the family of context-free languages are
incomparable.

(2)

These results will be found in Wood .

Section 3: Variations on the basic model of n-PFSG's.

In the previous section, the terminology alive and Zdle with
respect to n-PFSG's was introduced. If we say that an FSG dies when
it reaches an exit point, then a word is output by an n-PFSG whenever
all n processors die at the same time. We also say a processor is
active when it is alive and .not idle.

Variation 1l: Given m FSGs, m>0 and n, 0<n<m then allow n live pro-
cessors (at most) to be active at one time, and no longer require
that n processors die together. A word is generated by Gl""’Gm if
initially, they become alive simultaneously and n of them become

active for one time step, then another n become active for the next

(2) Wood, D., Properties of n-parallel finite state languages,
Utilitas Mathematica 4 (1973), 103-113. i
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time step, and so on until all m processors are dead. Then we cate-

nate the m words together left to right, to give a word generated by

Gl""’Gm‘ Let gk(m’n) be the family of languages defined by this

model. Then we have:

Result 8: é& = JbUnﬁﬂ for all m,n, 0<n<m. That is the model degen-
erates.

Variation 2: Let the m processors proceeding from left to right be-

come active n at a time (if there are less than n, then the remaining

number of processors), and all n die simultaneously. Let g;m,n de-

note the corresponding family of languages.

Result 9: For m>0, O0<n<m, where m = np+g, 0<g<n, then ‘gbm,ﬁ =
(FPP

Result 10: e m nﬁé for all m,n, O<n<m.
_— I

m+l,n’

Result 1l: Je and :p m,n+l 2Fe incomparable, for all m,n, 0<n<m.
——————— ’

m,n
Note that Jam,m = J‘* - and Jim,l = % , for all m>0.
Variation 3: We can impose more structure on the n-PFSG by intro-
ducing a traffic cop, who by making use of a book of regulations de-
termines which edges are allowable edges for the n FSG's at this

time instant.

Example 2 ¢ Given the 2-PFSG G:

a b ’@~

with the rule book {<(1,a,l1),(2,a,2)>, <(1,b,1),(2,b,2)>} then pro-

cessor Gl can only traverse the a-edge whenever processor G2 tra-

verses an a-edge, thus L(G) = {ww: w in {a,bl}*}. The rule book is
usually called a control set, the corresponding family of languages
is denoted gknc‘
Result 12: ﬁn% $nc, for all n>1.

) C _ . . . (3)
Result 13: gbn = ﬁz[n]’ the family of n-wight linear SML .

{3) see footnote 1.
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These results can be found in Wood(4)

Section 4: An alternative formulation, n~PRLG's and closure proper-—

ties.

Definition
For n3l, let G = (Nl,...,Nn,T,S,P) where Ni' 1<ign, are disjoint
nonterminal alphabets,
T is a terminal alphabet,
n
8 is a sentence symbol, $§ not in \v/Ni = N,
P is a finite set of rules of the f;;é:
(i) S*Xyee X s Xy in N+
(ii) X+a¥, X,Y in Ni, gsome i, a in T*, and
(iii) X»a, X in Ni’ some i, a in T*,
G is an m~-parallel right linear grammar, n-PRLG.
We write x = y iff
either x = S and S»y in P,

= = : & . .
or x ylxl...ynxn, vy ylxl...ynx y; in T*, Xi in Ni' X, 1in

n' i
T*UT*Ni and Xi+xi in P, 1l<i<n.

In the usual way we obtain x =t y and x = v, notice that either
a valid sentential form, other than S itself, has either no nonter-
minals or exactly n nonterminals. L(G) = {x: S =F %X, X in T*}, and
LET* is an n-PRLL iff there exists an n-PRLG G such that L = L{(G).
Let the family of n~PRLL's be &Zn‘
Result 14: &il = ﬁi.
Result 15: P ng ﬁn’ for all n>1.

Result 16: Closure and non-closure results for Jin and ﬁzl], n>1l.

(4} Wood, D., Two variations on n-parallel finite state generators,
McMaster University CS TR 73/3 (1973).
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operation zkn @Ln
union No Yes
hemomorphism No Yes
finite

substitution No Yes
substitution No No
catenation No No
intersection No No
complementation No No
intersection

with regular set No Yes
a-NGSM maps

{accepting states) No Yes

(5)

These results are detailed in Rosebrugh and Wood and Wood(6).

Section 5: Characterisation Theorems for JE‘] and ézii.

Definition
o« fes]
Let gh II = k_J Jh i and QZII = \,} &3 i and <M> denote an
i=1 i=1
infinite sequence Ml'Mz"" where Mié T*, Define L(M) = {x: x in Mi'

some izl}. A sequence <M> is a regular sequence iff there exists an
FSG G such that L{(M) = L(G) and Mi = {x: u+'vx, u in S, v in F}.

Given two sequences <M;> and <M,> define <M,> ® <M,.>, the

2
synchronised product of <Ml> with <M2>, as the sequence MllMZl’Ml2M22’
<ev. . Define <M;> C)<M2>, the synchronised union of <M;> with

>
<M2 , as the sequence, MlﬂJMZl'Ml2UM22""

Result 17: For n>0, L in iff there exist mxn regular sequences
Resulc ./ n g

<Mij>, 1<i<m, 1<j<n for some m>1l such that

(5) Rosebrugh, R. D., and Wood, D., Restricted parallelism and
right linear grammars, McMaster University CS TR 72/6 (1972).
(6) See footnote 2.
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L = L(M) where <M> = <M, > © <M 5> G ... <M, >

1n
@<M21>

Avere

@

Result 18: For n>0, L in Jﬂn iff there exist n regular sequences

M >0 O >
<M;> such that L = L(M) where <M> = <M;> @ ... © <M_>.
Definition
Let<§)be the smallest family of segquences containing the
regular sequences and closed under © and@and let L(aa) = {L(M):
a ind 3.

Result 19: Sequence Characterisation of @Zl

@H =L(39).

.

Definition
Let'g be the smallest family of sequences containing the regular
sequences and closed under ©.

Result 20: Sequence Characterisation of Ekll.

L(gf) = .gbil

Definition
An a~-NGSM is a nondeterministic generalised sequential machine
with accepting states. Lel L = {all...anl: i30}.

Result 21: Image Theorem for'ﬁzn and }Rn

For all L in @in, n>0 there exists an a-NGSM M such that
L = M(Ln). Since;ﬁ ni-ﬁzn the result holds for Jhn.

Result 22: Language Characterisation of ﬁﬂtv

For n>0, &an is the smallest family of languages con-

taining Ln and closed under union and a-NGSM maps.

For further details see Wood(7) and Rosebrugh and Wood(g).

{7} See footnote 2.

{8) Rosebrugh, R. D., and Wood, D., A characterization theorem for
n-parallel right linear languages, Journal of Computer and
System Sciences 7 (1973), 579-582.
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Section 6: Concluding Remarks,

We close by first posing two open problems and secondly intro-
ducing some possibilities for future research.

Open problem l: Is the equivalence of two n-PRLG's decidable or

undecidable?

Open problem 2: ProveG% [ is not closed under intersection, It

is easy to construct examples of languages which are formed by the

intersection of two n-PRLL, which intuitively are not in ﬁ%l . But

some new {or adapted) proof techniques are needed.

Future research possibilities

(1) Can generalise n~-PRLG (or n~RLSMG) in the same way that Salomaa
{103] has generalised EQOL systems.

(2) Rewriting in EQOL systems has been considered as a one-state NGSM
map, Salomaa [103] has considered one extension of this notion,
however it can be extended in another way by allowing more than
one state in the NGSM. This extension can then be applied to

n-PRLG (n-PFSG and n-RLSMG),
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Summary
Most cellular organisms in the real world are not one~dimensional. How can

we model the global development of such organisms by rules that are local to each
cell ? It is not unreasonable to suppose that the development of an individual cell de~

pends on the cell state and the cell context, the state and position of the neighbours

of the cell. In this paper we present models in which this cell information and the
attendant local developmental rules can be represented discretely. The precise ma-

thematical description of the models is left to an appendix.

von Neumann models

The first class of models we shall discuss have been much studied (e. g.,
Cellular automata, ed. E.F. Codd, Academic Press, 1968; Essays on cellular au-
tomata, ed. A.W. Burks, 1970). The distinguishing feature of models in this class
is that the positions of the cells in an organism are fixed once and for all. As an
organism develops the states of the neighbours of a cell may change, but the number
and positions of its neighbours may not. The local developmental rules need only
specify a new cell state for each of the finitely many possible ceil contexts.

In figure 1 we compare a von Neumann model for the development of the red
algae Callithahion: Roseum with the corresponding OL.~system. We suppose that the
cells of the organism lie on the points with integer coordinates in 2-dimensional
Eucliidean space so each cell has 8 neighbours. The seed, the initial configuration of
the organism, has the cell at the origin in state a and all other cells in the "vacuous"

state. The context independent local developmental rules are:
a+b, b*b,c+b,dre, e+f, f2g, h>h, ht+h'.

The context dependent rules are given in figure 2. If the reader continues the devel-
opment of the algae in figure 1, he will appreciate the following disadvantages of
the von Neumann model:

- growth and cell division can only occur when there are cells in the vacuous

state;
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- unwanted interaction because of the severe restrictions on growth
direction;

- the inflexibility caused by having a fixed global limit on the number
of neighbours a cell can have.

Time Nature VN model L.-model
(o} E] a a
1 BNl bc bc
2 bbd bbd
3 [b\b/e\d] bbed bbed
4 [P\ b/ f\e/d] bbfed bbfed
5 b\ bfg\f/e\d | bbgfed bbgfed
6 [\ b/ F o] e/ d] bbhgfed bbh{a)gfed
A\2) a
a
7 b\b/h\h]/g\f[eld] bbhHgfed bbh{bc)h(a)gfed
5 b
A\ c
Cc
b
8 b\ b/ h\h|h\a/f\e/d| bbhRhgfed bbh{bbd)h{bc)h(a)gfed
b b a
s :

\a\ d

Figure 1. The development of Callitha"r‘ﬁon. Roseum

Papers by Szilard (this volume) and Lindenmayer [in 45] have indicated how the
von Neumann mode! can be modified so that these disadvantages are somewhat miti-
gated.

Web models

Our second class of models was invented by J.L. Pfaltz and A. Rosenfeld
{Web grammars, Proc. Joint Int. Conf. on Artificial Intelligence, Washington,
1969) for other purposes. The distinguishing feature of models in this class is that
the positions of the cells in an organism can be represented by an unordered graph,
where there is an edge between two vertices ifand only if the corresponding cells -
are neighbours. The price we pay for removing the restriction on the possibie num-
ber of neighbours is that cell contexts give no indication of the relative positions
of cell neighbours.

Suppose we can apply a local developmental rule to a particular cell with a

particular context. What should it give us? The natural answer is a latent organ-—
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ism, a labelled graph just like that which represents the whole organism. In this
way every vertiex of the labelled graph for the whole organism produces its own
labelled graph and these must be joined by some embedding algorithm.

Let us look at figure 3 which shows the web mode! for our red algae. The
seed, is represented by the graph consisting of a single vertex labelied by a. All
the local developmental rules are context independent, and to be found in the tab—

leau:

State a o C d e f g h

Latent organismib-c | b [b-dle-d | f g h-a | h

Time Graph

o

a

b-c

b-b-d

b-b-e~d

b-b-fwe-d

t-b-g-f-e-d

b-b-h-g-f-e-d
a

[ ) B € O

2
7 b-b-h-h-g-f-e-d

Figure 3. The web model for Callithé‘r‘ﬂon Roseum.
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But what is the embedding algorithm? The literature on web grammars shows the
choice of embedding algorithm may influence greatly the expressive power of our
class of web models. Experimenting with various possibilities has shown that the
following embedding algorithm is a reasonably simple and powerfui choice. For

a particular web mode!l we have a forbidden list of state pairs. Using this and a

collection of latent organisms, one for each vertex in a labelled graph, we build

a new graph by 1) replacing the vertices by the corresponding latent organisms;

2) for each edge (v, V') in the original graph, joining each vertex in the latent or-
ganism for v with each vertex in the latent organism for v'; 3) dropping the edges
added at step 2 which would give a state pair in the forbidden list. For our red al-
gae the forbidden list is:

(b, d), (f, d), (a, b}, (a, ), (&, h), (c, h)

In this particular exampie we can also use the concept of the skin of a latent organ~
ism to give a simpler embedding algorithm [69].

Figure 4 illustrates a web model for the development of a leaf, Again the
seed is represented by the graph consisting of a single vertex labelled by a. Again
all the local developmental rules are context independent. This time the rule tab-

leau is:

State a b C: d e f

L.atent organism] b-aj| ¢ | d-e] d f | c-cC

and the forbidden list is:

(a, d), (a, e)y (b: e)’ (C, e)) (d’ e)'

We notice, that staies a and d represent the primary and tertiary cells of Nageli
[617.

Web modeis have their weaknesses. On learning about them Aristid Linden-
mayer challenged the auihor to reproduce the way nature creates a closed surface.
It s0 happens that web models have no zip mechanism - if two cells in an organism
are disconnected, then there is no way for a descendant of one of them to be linked
to a descendant of the other at a later stage in the development. It is possible to
introduce the needed context sensitivity in many ways - e, g. by allowing rules to

~apply to subgraphs not just vertices - but, as yet, none of these ways can be justi-
fied by a convincing biological argument. Notice that the kind of context sensitivity
needed to make a box is different from. that which is allowed in web models. To see

the allowable kind of context sensitivity consider the fictive organism, the IMIAD,
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Nature

Time

o o
7
a/ b// C\A\ o= /\/ /d\ ° M\dl/ﬂw\d\le
| P N DA VA NN VA I
n 40 o/ oo f.d\ o/ " 1. J_Ls°

00 6 & &
WO W & &

Figure 4. The web model for Phascum Cuspidatum.
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d=d ¥

\d/ C:‘
v— — C\

’ v a

\d_..d/—_b’
/\ 3
c C e

OL.~-representation; (d{de)(de))(d(c)(c))(d(f)}{de)(c)ba

Time 6 1/2,

Time 7.

Figure 5. An epoch in the life of Phascum Cuspidatum.




309

of figure 6, Its development is not monotonous, even although it is only a two cell

state fish.

state L4
if 1 or 3 neighbours state

otherwise state [e)
Forbidden list, (e, ©)
Time Nature

. )
! -

: ¥
B =

gives latent organism e-—o

gives latent organism o—-o

gives latent organism e--e

(o, »)

Graph

LA

*—o
*—e

DO o oF
o O o o=

A

1

S— 00—t

Figure 6. The development of an IMIAD.

4@@
@3

5

H: I
© g

Map models

For all their virtues web models cannot represent the relative positions of

the neighbours of a cell. Following Rosenfeld and Strong (A grammar for maps,

Software Engineering v. 2, ed. J. Tou, Academic Press 1971} we can improve the
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models by allowing the edges of the underlying graph to be ordered. This influen-
ces the model in two ways:
- the ordering in the context can be used to restrict the choice
of applicable local developmental rules;
- the ordering in the graph influences the interconnection of the
latent organisms produced by the local developmental rules.
Figure 7 illustrates the second of these. The point to note is that any subregion of
France that touches Sp, It, Be must also touch H. This restriction cannot be ex-

pressed if the underlying graph is unordered.
It is very difficult to give a precise rule for connecting several ordered

graphs into one large ordered graph. Furthermore, we shall later want to consider
cells which touch one another in several places and even cells which enclose other
cells. Ordered graphs cannot express this, and we have a problem. The way out
was suggested to the author by J. Thatcher: to consider an ordered graph as a
function from vertices to circular words onv the vertices. A circular word on an
alphabet A is an ordinary word A on A except that it consists of one or more sub-
words that are ''cycles' in the sense: the first (last) letter is the right {left) neigh-
bour of the last (first) letter. The circular words are used in the appendix to give
a precise description of the embedding algorithm for map models. Figure 8 shows
an application of this embedding algorithm. The restriction on the rule is met by
splitting the context of 4 into the two words, 56 ® and « 5, then substituting these
words for » in the two cells in the skin of the latent organism.

In order to check that the embedding algorithm is correctly formulated, a
computer program has been written that draws a picture of the life stages in an or-
ganism that is described by a map model. Figure 9 shows two such pictures. The
smooth curves and straight boundary edges in the computer plots are due to the fact
that the computer represents the organism as a list of lists from which it can gene-
rate a triangular network before plotting (the internal cell boundaries are the per-
pendicular bisectors of triangle edges). In the computer the local developmental
rules of the web model become rules to change the list of lists that represent the
current life stage.

Before leaving map models let us consider two more examples. Figure 10
shows the map model for Phascum Cuspidatum in action. It should be compared with
figure 5 and also figure 11, which shows the map model for a fictive organism

UACER that develops internal organs.
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Query: Can France divide so that one part has only l+l neighbours and the

other has only + neighbours?

Sw,—l—,

Sp+

In answering this problem it helps to consider the coniext of France as the

"ecircular! word,

Figure 7. The religious war problem.
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Rule

Name Condition Latent Organism Restriction

BUD statep D) Split touchs e

More precise decription of the latent organism.

cell 1 state: p context: (;)
cell 2 state: s context: (‘1')
skin 2

An application of the rule,

Befor‘e:ﬁ E E
4y

1-2
’ /

cell 5 old context: 6_o new context: 6 on
i8N 1\

cell 6 old context: (° 5 new context w5

cell 1 I. o. context: 2y new context: 5, oe

oo 2

cell 2 |. 0. context: . new context: 175
12 —

After:

Figure 8. Rule application in map models.
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Spilitting of cell 4 produCes cell g
Splitting of cell 7 produces cell 9
Splitting of cell 6 produces cell 10

10

OGO

Figure 9. An epoch in the life of a leaf.




Rules:

Name
BUD
ANTI
PERI
STABLE

Life history.

LD pup
N\

Condition
state p
state s
state s

state i

BUD, PERI

AV

2SS

VA

2

314

Restriction

split touchs~once
split touchs =once

s but not split touchs =

NONE

DuD, PERI ANT!, STaB ¢

Figure 10, Map model for Phascum Cuspidatum




Rules
Name Condition Lat. org. Restriction
BABY state p none
SPLIT state s @ none
HOLE state s @ none
STABLE state t ® none
Life history

@ BAoY
N\

DABY SPLIT

®
<DL

L BABY, SPUIT, SPLIT, HoLE

Figure 11. Internal organs: growth of a UACER
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Globe models

At last we can indicate how to model three dimensional organisms. Imagine
a demon inside one of the cells of a two dimensional organism. 1t would see the
outside world as a circle, divided into segments by the neighbouring cells, and it
could model this world as a circular word. Now imagine a demon inside one of the
cells of a three dimensional organism. It would see the outside world as a sphere,
divided into clouds {regions, contact areas) by the neighbouring cells. it could
model this world using spherical words if only we had a suitable definition of sphe-
rical words. Revive the two-~dimensional demon for a moment. [t could split a
circle into two segments by picking two points, then convert each segment into a
circle by adjoining a new segment (consult figure 8 and the appendix). The anal-
ogous process in three dimensions is to split a sphere into two clouds by picking
a circle, then convert each cloud to a sphere by adjoining a new cloud.

How do we make all this discrete? Just as the circular words of our map
models can be defined in terms of ordinary words that represent circle segments,
so the spherical words can be defined interms of flat words that represent clouds.
But what is a flat word. Nothing butamap of the kind we have discussed in the pre-
vious section. There we described two possible discrete representations: labelled
ordered graphs and functions into circular words. All this is discussed In more de-
tail in [69]. We favour amore schematical representationof the model here because:

- for very few three dimensional biological organisms is the development

known in detail;

- the precise mathematical description is complicated;

- the author cannot draw three dimensional organisms.
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Appendix

The mathematical description of the models

We define a model class to be a triple consisting of:

1) a set of configuration spaces;,

2} a set of rule repertoires;

3} an algorithm ¥ which, given a rule repertoire R and

a configuration space I', provides a binary relation on I,

A model in such a class is (I, R, y,) where T is a configuration space, R is a
rule repericire, and y, is an element of T' called the seed of the model. If y and

y! are configurations in I, we write:

y » y' for ¥ (R, I) holds on (y, y');

y = y'! for the transitive closure of =+ .

We define the language of the model to be the set of configurations y such that
Yo = V.
In all our models we will have sets:
Structure, State, Context, Latent Organism

and these sets will be such that:

4) State is finite;

5} the configuration space I’ of the model is the set of linear
words on State x Structure;

6) the rule repertoire R of the model is a finite subset of

Ci .
State X 2 ontext % L_atent Organism.

The configurations are denoted by (B, L x D), and the rules are de-
noted by (S, P, 1). For this to make sense B must be a subset of
integers, L. must be a function from B to State, D must be a function
from B to Structure, S must be in State, P must be a property of

contexts, and | must be a latent organism.

Before we fill in this general frame work, let us introduce a few concepts
we shall need. A circular word on a set X is a triple (B, 7, F), where B is a fi-
nite set of integers, 7 is a permutation of B, and F is a function from B into X.
We denote the empty circular word on X by & Suppose C = (B, 7, F) is a circular

word on X. If T is the identity permutation, we call C a linear word on X. If G is
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a function from X to Y, then we write G ¥ C for (B, 7, G « F )}, a circular word on

Y. Now we can compare the four model classes discussed in the paper:

model class [von Neumann Web Map Globe

i words o
subset of circular words CEPCUlaP rds on
y circular words on

m
Structure nteger Intege on Int
I g ger Integer Integer

. circular words| circular words on
multiset on d ! d

Context Statem State on State circular words on
State
Latent Configuration | Configuration Configuration
Organism State Space Speice_ X Re~ Space X Res_tmc-
striction tion

The von Neumann model class
In a model of this class we have an integer m, and a finite set State with a

designated element s, such that: Structure = !ntegerm, Context = Statem, L.atent
organism = State. In addition we have designated functions 6,, 6, ... 6, from In-
teger to Integer. Contrary to what one might expect, m is the number of elements
in the context and this is totally unrelated to the spatial dimensionality of the or-
ganism that we are trying to model. Another unusual feature of our formulation of

a von Neumann model is the definition of (B, L. x D)~ (B!, L! x D!). For this we re-

quire
1)8'=BU [y | x=8;(y} for some x¢ B and some i};
2) DYy) = (4, (v}, & (y),..., O, (y) for y € B';
3) for each y € B! there is a rule (L.''{y), P{y}, L{y)) such that
P(y) holds of the context
(L0 8, (y), LMo 8y}, ..,L1 0 8, (y))
where L.'{y) = if y € B then L(y) else s5.
Example 1

m=1, 8 {n)=n-1.
There are three states: a, b, sgp.
The seed is [ [17], L, x Do ] where Ly{17) = a, Do{17} = 16. The Ruie repertoire
is: {a, true, b), (b, true, b), (s, true, a), (s,, true, sg). There are two configur
rations y such that seed » y:
[[17, 18], L; x D, ] where L,(17) =b, L,{18) =a, D,(17)=(16), B, (18)=(17)y
[ [17, 18], Ly x D, ] where L;{(17) = b, L, {18) =s,D, (17)=(16), D, (18)=(17).
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Example 2 {Conway's life)

Suppose the points with integer coefficients in two-dimensional Euclidean
space are numbered in some way. Then we have a 1:1 function J from such points
onto Integer, and we can define 6,, 05,..., 85 as the functions from Integer to In-

teger given by:

0, (Jlx, ¥)) = Jx=1,y) , 0,(J(x,¥)) = J(x+1,y)
05 (I, v} = x=1,y-1),  8,{J(x,¥)} = J{x+1,y-1)
85 (I, v)) = Jx=1,y+1) ;85 (d(x, y)} = S0, yi1)
07 (Jlx, y)) = I, y+1) 85 (J(x,¥y)) = J(x, y-1)

Suppose there are two states: s, , Sy. Suppose that the rule repertoire is:
{sy, BORN, s,), {s5, " BORN, s,), (s, LIVE, s,), (s;, = LIVE, s4) where
BORN (L.IVE]} is true of contexts containing 3 (2 or 3) occurrences of the state s, .

Let us define the seed as {B,, Ly X Do) where

By =[J0,0), J0,1), J0,2), J(1,0), J(1,1), (1,2}, J2,1)].
Lo{x) =5, for x¢ Bo;
Do (%) = (8, {x), 85(x},..., 0g(x}} for x€ By.

This time there is only one y such that Seed 2 v.
It is (B,, Ly x D;) where:

B, =[J0,))] -1 =<1i,j<3]-[3(3,-1), J3,3)];
Ly(x) = if x=J(0,0) V x = J{0,2} V x = J(~1,1)

Vv x=J{(2,0)V x=J(2,1}V x= J(2,2) then s, else s}
D, {x) = (85 (x}, O5(x),..., 0g{x} for x€ B;.

The Web model class.

Iin a model of this class we have a finite set State such that:
Structure = asubsetofinteger, Context = a set of functions from State
toInteger, Latent Organism=Configuration Space. In addition we have a

finite subset of Stat e"‘l called the forbidden set. By definition we have:
B, LxD) » (B, L'xD')

if and only if there is a function g from B to Latent Organism and a function 7 from

B to subseis of Integér such that:

1) if x,y € B, then y § T(x) and r{y) is disjoint from r(x);
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2} for each x € B there is a rule {L(x), P(x), p(x)) such that P(x) holds
of the context C{x} given by:
C(x)(s) = number of y € D(x) such that L{y) = s;

3) 7(x) has the same cardinality as the first component of p(x);

4y (B', L' x DY) =W(B, D, p, T, forbidden set).
Clearly we must define the function W. For each x € B we have a latent
organism p{x) = {B,, Ly x Dy). By condition (3) there is a uniquely de-

fined order preserving function h from 7(x) onto By. We define:

B! = union of T(x) for x€ B

Ly} = L o hy{y} fory€ 7(x)

D'y} = hy * o Dy o h,ly) for v € T(x)
D' (y) = [y' ]| (I x') (x' € DIx) A y' € T(x")

A {Lty), LU(y")) € forbidden set)]
wis, D, p, 7, forbidden set) = (B!, L' x (D''U D'"'}).

Example 3
There are two states: a, b. The forbidden set consists of: (a, b}, (b, a).

The Seed is ([1], Lo X Do) where Lo(1) = a, Do(1) =@. We shall need two other
configurations:
a=([2,3], L, * Da) where I_a(z) =b, Da(z) =[3]

L, (3) = a, D,(3) = [2];

B ={[4], LIS X DB) where l_’g(ll) =b, DB(4) =@,

Now we can give the Rule repertoire: {a, true, a), (b, true, B). To find a new mem-
ber of the language, we choose p and 7 such that p(1) =a, 7{1) = [7,9]. Our
function h, becomes: h; (7} = 2, h, (9) = 3, and we get

B! [7,9)

L'(7) La(z) =b, L!'(9) = L.a(3) =a

D7) = hy"Y o D (2) = [9], D'(9) =h,"" 0 D,(3) = [7]
Seed =+ (B'!, L' x D).

Example 4
There are three states: a, b, e. The forbidden set consists of (a,b), (b,a).

The Seed is {[1,2,3,4], Lo X Dy} where:
Lol =b ,1o(2)=b ,Lo(3)=e , Lols) =a
Do{1) = [2,3], Do(2) = [1,3], Do(3) = [1,2,4], D (4) = [3].



321

We shall need three other configurations:

a={[1], La X Da) where L {1} = a, D&(I) =@

g =017, I_B X Dﬁ) where L.BU) = b, DB(I) =

e=([1,2], L x D) where L (1) =L _(2) =b, D _(1) = [27, D€(2) =[1].
Now we can give the Rule repertoire: {(a, true, a), (b, true, 8}, (e, true, ¢}. To
find a new member of the language, we choose p and T such that:

p(1) =38 pl(2) =38 p{3) =¢ pl4) =a

(1) =[5] r(2)=[6] 7(3)=[7,8] r(a)=[9].
Our functions hy , hy, hy, h, become: h, (5) =1 =h,(6), hy(7) =1, hy(8) = 2,
h,(9) =1, and we get:

B''=15,6,7,8,9]

L(8) = LBU) =D DIY5) =¢ D1'Ys) = [6,7,8]
LiYe) = Lﬁ(i }=b D6} = Dt1i(6) = [5,7,8]
L7 =L (1) =b D1{7) = [8] D"Y7) = [5,6]
L'g) =L (2)=o D'Y8) = [7] D"(8) = [5,6]
L"(9)=l_a(1)==a DY) =0 DY) =@

Seed » ([5,6,7,8,9], L' x (D' U D'')).

The Map model class

in a model of this class we have a finite set State such that: Structure=
circular words oninteger, Context =circular words on State, Latent Or-
ganism =Configuration space x Restriction where

Restriction = subsets of lnteger'z X State.
By definition we have (BU {0}, L x D)+ (B'U {0}, L' x D!) if and only if there is
a function p from B to Latent Organism, a function o from lr\te-ger2 to (inte-

ger* )* , and a function T from B to subsets of Integer such that:
1) if %,y € B, then 0,y € 7(x) and 7{x) is disjoint from 7(x};

2} for each x € B there is a rule {L{x), P{x}, p{x}} such that P(x)
holds of the context L. ¥ D{x};

3r{x) U {0} has the same cardinality as the first component of the

first component of p{x);
4) o is consistent with respect to (B, L, D, p, T) (see note below);

5)(8'U {0}, L'xD)=M(8, L, D, p, 0, 7).
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Clearly we must define the function /)hz . For each x € B we have a latent organism
pi{x}) = ({By, Ly X Dy}, r}. By condition (3) there is a uniquely defined 1:1 order-
preserving function hy from T(x)U {0} onto B, . We define:

B! = union of 7(x) for x€ B
L'y} = Ly o hly) for vy € 7{x)
D'"(y) = h™t * (Dy o h,(y)) for y € T(x).

Now we have to define the patching together of a number of configurations. For

each x € B, y € 7(x) we define (see note below):

wly) = Flatten (g, * D(x))} where g, (x') =gly,x!)
D'y} = Substitute {(wly), D''{y))

If we set D'H{0) = & and L.'1(0) = L{0), then we can define ] (B, L,D,p, 0, T)to
be (B''U {0}, L!', D'").

Note
After a careful study of the two examples we are about to give, the eager
reader should be able to give a precise definition of:F latten, Substitute, ¢ is con-
sistent with respect to (B, L, D, p, 7). Here we will only mention:
- the most interesting consistency requirement on ¢ is that we may
not have (h,~* (i), h,"*(j}, L(y)) in ry when we have
i,jeET{x)roli,jl=y for x,y € B;
- Flatten reads around a circular word, and it produces linear
words as it proceeds;
- Substitute (w,c) replaces occurrences of 0 in the circular word ¢

by linear words from w.

Example § is the discrete version of figure 8, Let us begin by inviting the reader
to draw the following circular words on lnteger:
Do (0) =D"(0) =&
Do (4} ={[0,1,2], 75, V)
where T, (0) =1, 7o(1) = 2, 7,(2) =0
v (0} =0, v, (1) =5, v,(2})=6
D (5) =([0,1,2], 7o, vs) where v (0) =0, (1) =5, w(2)=4

D,y {6) ={[0,1,2], Ty, vg) where v{0) =0, v (1} =4, (2] =5
DOL(O) =([0:1]! 7Ta, Vo)

where na(o) =1, na(l) =0, {0)=1, w1} =2
Da(l) =([0,11, Moo vy } where v, {0) =0, v, (1) =2

D(2) =([0,1], Ty, v ) where v, (0) =0, v, (1) =1
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DB(O) = ([1], identity, identity)
Dﬁ(l) = {[0], identity, identity)
D'"Y(1) =([0,1,2], o, vi) where v{(0) =0, vi(1) =2, v{(2} =8
U7y =([0,1,2], my, Vi) where v}{0) =0, W(1) =8, vj(2)=2
D{2) ={[0,1,2,3], 7', v})

where 71(0) =1, 7'(1) = 2, 7'(2) = 3, 7'(3) = 0

vi{0) =0, vi{1} =7, vi{2) =8, vi(3) =1

p(g) =([0,1,2,31, 7', W)

where vi{0) = 0, vi{1}) =1, vi{2}) = 2, v}(3)="7.

Now we can give the model. There are four states: p, s, t, s5. The Seed is

({0,4,5,6], Ly X Do) where Lo{0) = s,, Lo{4) =p, Lo(5) =1, Lo(6) =t. We shall
need two other configurations:

a=([0,1,2], Ly * Da) where La(o) =Sy, La(l) =p, La(z) =s

g=(l0,1] , LB X DB) where LB(O) = 54, Lﬁ(l) =1,

The rule repertoire is: (p, true, {a, [(2,1,s,)])),

{t, true, (8, D).
To find a new member of the language, we can choose the functions p, 7 given by:
pl4) = (o, [(2,1,5)]), p(5) =p(6) = (8,8), 7(4) =[1,2], r(5) =[7], 7(6) = [8].
Our functionsh, hs hg become hy {1} =1, h, (2} =2, hs{7) =1, hs(8) =1, and we
get:

Bt =11,2,7,8] L1Y0)= s,

L) = 1) =p D'M(1) =D (1)

L1y2) = L_a(z) =g D12} = Da(z)

L(7) = L.ﬁﬂ) =1 D7) =hs"! * DB(I) = ([0}, id, id)
L”(e):L’Bm =t DB =ht * Dﬁ{l) = ([0], id, id)

Now we patch the structures together using a function g satisfying: o(1,2) = 0,
o{2,1) =6, o{1,5) = A, o{1,6) =8, ¢(2,5) =7, 0(2,6) = 8, ¢{7,6) = 8, o(7,4) = 2,
o(8,4) =12, o(8,5) = 7. We note that the only applied rule with a non-empty re-
striction is satisfied because L(6) ¥ s,, and continue by computing:

wi1) =8, w(2) =78, w(3) =82, w(4) =127,
Substituting these in D! gives:

Seed » ([0,1,2,7,8], LI, D),

Example 6 shows other featur‘es‘ of map modeils. Again we begin by inviting the
reader to draw the following circular words in integer:
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Do (0) =D"(0) =
Do(11) =([0,12,13,14], 7y, identity)
where 7, (0) =14, m, (14} =12, 1,,(12) =13, 7, (13) =0
Do(12) = ([11,13,14], my, identity)
where T, (11) =14, 7,,(14) =13, 7,5(13) =11
Do (13) =([0,11,12,14], Tys, identity)
where 1,5 (0) = 11, 1713(11) =12, 1713(1 2) =14, 1113(14) =0
Do{(14) =([0,11,12,13], my,, identity)
Da(O) =([4,5], ’)TG‘0 , identity) where 'n'ao (4) = 5, TT%(S) =4
Dot(4) =([0,5], ‘”0[4 , identity) where wa4(0) =5, ﬂaé(S) =0
D, (5) ={[0,4], L identity} where was(o) =4, M (4y=0
DB(O) =([1,2,3], 7 8o identity)
wher‘e'h‘lj (1) = 2, » My (2) =3, W50(3) =1
Dﬁ(l) =([0,2,3], 7, , identity)
wher‘eﬂﬁ (0) =2, 'n' (2) = 3, 11'}3 (3)=0
Dﬁ(Z) = [0,1,3], 5, |dent1ty)
where WBQ(O) =3, 11'/52(3) =1, 1152(1) =0
Dp(3) =([0,1,2], L identity)
where wﬁa(o) =1, ﬁﬁs(l) =2, 11"33(2) =0
DG(O) =([7,8], 1160 , identity) where 7'[60(7) =8, L (8) =7
D€(7) =([0,8], e, identity) where 7(0) =8, 1r (8) =0
D€(8) ={([0,7], T’Es’ identity) where 1 (0) =17, 17 (7) =0
Dd(O) =([s6,9], 7700 , identity) where Ts (6) =9, 1700(9) =6
DG(G) =([0,9], 7 5, identity) where Ty (0) =9, 1706(9) =0
Dd(g) =([0,6], 7 Sy’ identity) where Ts (O) =6, WOQ(G) =0
D'"Y(1) =([2,3,4,5, 7 ,8], m{, identity)
where ] (8)=7, 7]{7)=4, 7! (4)=5, 7] (5)=2, 7}(2)=3, ! (3)=8
D''(2) =([1,3,5], 74, identity)
where 74 (5)=3, 71(3)=1, 71(1)=5
D'1(3) =([1,2,5,6,7,8], 74, identity)
where m4(5)=6, 1{(6)=7, 7i(7)=8, ni(8)=1, wi(1)=2, w4(2)=5
D''"Y{(4) ={[0,1,5,7], m}, identity)
where 71(0)=5, 1} (5)=1, 71(1)=7, 71(7)=0
D''1(5) ={[0,1,2,3,4,6], md, identity)
where 7d (0)=6, 7l (6)=3, 7d(3)=2, nd (2)=1, nd(1)=4, i (4)=0
D!(6) =([0 3,5,7,9 IO],ﬂs,ﬁi=10then0else i)
where 14 (0)=7, 74(7)=3, 7}(3)=5, mL(5)=10, 74 (10)=9, 7}(9)=0
D7) =([0,1,3,4,6,8], m, identity)
where 14 (0)=4, 7} (4)=t, 7i(1)=8, 7}(8)=3, m}(3)=6, 7} (6)=0
D"'!(8) =([1,3,7], w&, identity)

where m4(3)=7, w4(7)=1, 74(1)=3
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D''(9)  =Dg(9).
Now we can give the model. There are five states: a, b, ¢, d, s5. The Seed is

([0,11,12,13,14], Lo X Do) where Lo{0) =s5, Lo(11) =a, Lo{12) =b, L,(13) =¢,

Lo(14) = d. We shall need four otHer configurations:

a=(]0,4,5], Ly X Da) where La(O) = Sg, I._a(4) = La(S) =a

B =1([0,1,2,3], LB X DB) where LB(O) =g, L_B(l) = I_B(Z)=LB(3) =b
€ =([0,7,8], L. x Df) where Le(O) =sq, L((?) = L.€(8) =c

5 =([0,6,9], Ly x Dy) where Ls(0) =so, Ls(6) =L4(9) =d.

The rule repertoire is: (A, true, {(a,9)), (b, true, (8,8)), (c, true, (¢,9)),
{d, true, (8,®)). To find a new member of the language, we can choose the func-

tions p and T given by:

p(11) =(a,®) p(12)} = (8,8) p(13) =(e,P) p(14) =(5,9)
r(11)=1[4,5] r(12)=[1,2,3]7(13)=[7,8] 1(14) = [6,9].

With this choice hy;, hyz, hyz, hy, are identity mappings and we get:

B't=1[1,2,3,4,5,6,7,8,9] L1{0) = s,

L"(1)==I_B(l)=b D'"(1) =D,(1)
Li(2) = L_B(Z) =b D"(2)=Di3(2)
L'(3) = LB(3) =b D''(3) = D5(3)
Li(4) =L, (4) =a D'(4) = D,,(4)
L'{s) = La(s) =a D'(5) = Da(S)
L1Y6) = L4(6) = d D''(6) = D4(6)
LI1Y7) = L€(7) =c D7) = D€(7)
LI1Y8) = L€(8) =c D!(8) = D€(8)
L1(9) = Ls(9) =d D'(9) = D4(9)

Now we patch the structures together using a function ¢ satisfying: g(1,2) =11,
o(2,3) =11, 0(1,3) =13, o(4,5) =0, g(5,4) =12, ¢(6,9) =0, ¢g(9,6) =0, ¢(7,8) =12,
0(8,7) =12, o{1,11) = 45, g(1,14) = A, o(1,13) =87, ¢(2,11) = 5, ¢(2,14) = A,
0{(2,13) = A, 0(3,11) =5, 0(3,14) = 6, ¢(3,13) =78, g(4,14) = A, c{4,12) =1,

o(4,13) =7, o(5,14) =6, 0(5,12) = 321, ¢(5,13) = A, 0(6,13) =7, 0(6,12) = 3,
o(6,11) =5, ag{7,11) = 4, ¢(7,12) =1, 3, 6(7,14) =6, g(8,11) = A, 0(8,12) =13,
o(8,14) = A, 0{(9,13) = A, 6(9,12) = A, 0(9,11) = A. We note that all rules have empty

restricitons and continue by computing:



326

w(l} = 8745 , w{2) = 5, w{3) = 5678
w(4) =17 , w(5) = 6321

w(6) = 735 , w(9) = A

w(7) =41, 36 , w(8)=31.

Substituting these in D' gives:

Seed -+ {[0,1,2,3,4,5,6,7,8,9], L', D).
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