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PREFACE 

Since the introduction of developmental languages in 1968 

by A. Lindenmayer ("Mathematical models for cellular interactions in 

development", Parts I and II, Journal °f Theoret. Biolosy, 1968, v.18, 

280-315), this field, now commonly referred to as the study of L 

systems, has been very active. The number of people interested in this 

area has become larger and larger, and the yearly growth in the number 

of papers has so far been exponential. One reason for this widespread 

interest seems to be that this field is able to attract people with 

quite different backgrounds. For instance, automata and formal 

language theorists, like the present editors, have found in L systems 

an interesting and fruitful alternative to the ordinary Chomsky type 

of grammars. 

From the biological point of view, L systems have provided 

a useful theoretical framework within which the nature of cellular 

behaviour in development can be discussed, computed and compared. 

Their study has also provided a number of biologically interesting 

results. 

From the mathematical point of view, L systems have opened 

a new dimension in formal language theory. Its novelty is reflected 

in both new types of problems and new techniques for solving them. 

For a survey of biological aspects of the theory the 

reader is referred to the contribution by A. Lindenmayer to the book 

"Developmental systems and languages" by G.T. Herman and G. Rozenberg 

(North Holland Publ. Company, 1974). The first paper inthe present volume 

serves as a survey of the mathematical theory of L systems. It is 

hoped that the remaining ones give an idea of the current research. 

In this sense the above mentioned book and this volume should comple- 

ment each other: the first being more tutorial and the second more 

research oriented. 

The division of papers into sections is not intended to 

be too conclusive. It just provides a division line which might help 

the reader. As far as referenoing is concerned, a common bibliography 

is provided at the end of the volume. The reference numbers in the in- 

dividual papers refer to this bibliography. 

Most of the papers in this volume were presented at a 

conference in Aarhus, January 14-25, 1974. The conference was the 

third in a series of Open House meetings arranged by the Computer 
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Science Department of the University of Aarhus. The topics of the 

first two meetings in 1972 and 1973 were: "unusual automata theory" 

(proceedings available from the department) and "semantics of program 

ming languages" (no proceedings). This time the topic was L systems, 

and most of the people active in this area were present. 

The editors express their gratitude to all the partici- 

pants, as well as to Statens Naturvidenskabelige Forskningsrad in 

Denmark for financial support 

UTRECHT, May 1974 

Grzegorz Rozenberg Arto Salomaa 
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I 'A SURVEY oF MATHEMATICAL THEORY 1 

Or' L SYSTEMS 

THEORY OF L SYSTEMS: 

FROM THE POINT OF VIEW OF FORMAL LANGUAGE THEORY 

by 

G. Rozenber$ 

Institute of Mathematics and Department of Mathematics 

Utrecht University University of Antwerp. UIA 

Utrecht - De Uithof Wilrijk 

Holland Belgium 
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0. INTRODUCTION 

The theory of L systems originated from the work of Lindenmayer 

[59~60]. The original aim of this theory was to provide mathematical 

models for the development of simple filamentous organisms. At the 

beginning L systems were defined as linear arrays of finite automata, 

later however they were reformulated into the more suitable framework 

of grammar-like constructs. From then on, the theory of L systems was 

developed essentially as a branch of formal language theory. In fact 

it constitutes today one of the most vigorously investigated areas of 

formal language theory. 

In this paper we survey the mathematical theory of L systems. As to 

the biological aspects of the theory we refer the reader to an 

excellent paper by Lindenmayer ("Developmental systems and languages 

in their biological context" a contribution to the book Herman and 

Rozenberg [45]). 

This paper is organized in such a way that it discusses several 

typical problem areas and the results obtained therein. The results 

quoted here may not always be the most important ones but they are 

quite representative for the direction of research in this theory. It 

is rather unfortunate that we have no space here to discuss the basic 

techniques for solving problems in this theory, but information about 

these can be found in the listed references. As the most complete 

source of readings on L systems the book Herman and Rozenberg [45] is 

recommended to the reader. 

In this Paper we assume the reader to be familiar with basic formal 

language theory, e.q. with the scope of the book "Formal Languages and 

their relation to automata" by J. Hopcroft and J. Ullman, Addison- 

Wesley, 1989. We shall also freely use standard formal language notation 

and terminology. (Perhaps the only unusual term used in this paper is 

"coding" which means a letter-to-letter homomorphism). 

We also want to remark that this survey is of informal character, 

meaning that quite often concepts are introduced in a not entirely 

rigorous manner, and results are presented in a descriptive way rather 

than in a form of very precise mathematical statements. This was 

dictated by both the limited size of the paper and by the profile of 

its experted reader. We hope that this does not decrease the usefulness 



of this paper. 

Finally, I would like to state that this survey is by no means 

exhaustive and the selection of topics and results presented reflects 

my personal point of view. 

1. L SCHEMES AND L SYSTEMS 

In this section we give definitions and examples of basic objects 

(the so called L schemes and L systems) to be discussed in this paper. 

We start with the most general class, the so called TIL schemes and 

TIL systems. (They were introduced in K.P. Lee and G. Rozenberg "TIL 

systems and languages" [submitted for publication]). TIL systems are 

intended to model the development of multicellular filamentous 

organisms in the case when an interaction can take place among the 

cells and the environment can be subject to changes. 

Definition 1.1. Let k,l E N. An L scheme with tab!es and with < k~l > 

interactions (abbreviated T < k,l > L scheme) is a construct S : 

< ~,~,g > where ~ is a finite nonempty set (the alphabet of S), g is a 

symbol which is not in ~ (the masker of S), ~ is a finite nonempty set, 

each dement P of which (called a table of S) is a finite nonempty 

relation satisfying the following 

p ~ . .~J {gi}~j × ~ × ~m{gn} × ~ 

1;3,m~n ~ 0 

i+j = k 

m+n : i 

and for every < ~,a,6 > in • J  {gi}~j x Z × Em{gn}there exists a y 
i,j,m,n>>0 

i+j = k 

m+n = I 

in ~* such that < ~,a,B,y >EP. 

(Each element of P is called a productign). 

Definition 1.2. Let S = < ~,~,g > be a T < k,l > L scheme. We say that 

S is: 

1) an L scheme with < k,l > interactions (abbreviated < k~l > L scheme) 

if ~ ~ = 1. 

2) an L scheme With tables and Without interactions (abbreviated T0L 

scheme) if k = i = 0. 

3) an E seheme Without interactions (abbreviated 0L scheme) if both 

@= 1 and~k = i = 0. 

Definition 1.3. A construct S = < Z,~,g > is called a TIL scheme (IL 



scheme) if, for some k,l E N, S is a T < k,l > L scheme (< k,l > L 

scheme). 

Definition 1.4. Let S = < N,~,g > be a T < k,l > L scheme. Let x = 

a I ...an E ~*, with al,...,a n E ~, and let y ~ ~. We say that x direct- 

!y derives y in S (denoted as x ~  y) if y = y1 ...Tn for some 

y1 ~...,yn in ~* such that, there exists a table P in ~ and for every 

i in {1,...,n} P contains a production of the form < ~i,ai,Bi,Yi > 

where ~i is thel prefix of gka I ...at_ 1 of length k and ~i is the suffix 

of ai+l...ang of length i. The transitive and reflexive closure of 

the relation~ is denoted aS~S (when x ~  y then we say that 

x derives y in S). 

Definition 1.5. A TIL system (IL system) is an ordered pair G = 

< S,~ > where S is a TiL scheme (an IL scheme) and ~ is a word over 

the alphabet of S. The scheme S is called the underlyin~ scheme of G 

and is denoted as S(G). G is called a T < k,l > L system (a < k,l > L 

system, a T OL system, a OL system) if S(G) is a T < k,l > L scheme (a 

< k,l > L scheme, a TOL scheme, a OL scheme). 

IL systems in restricted form originated from Lindenmayer [ 59,60] ; 

in the form they are discussed here they were introduced in Rozenberg 

[86,87]. T0L systems were introduced in Rozenberg [81] and 0L systems 

were introduced in Lindenmayer [81] and Rozenberg and Douoet [91]. 

Definition 1.6. Let G = < S,~ > be a TIL system. Let x,y E ~*. We say 

that x direcltly derives y in G, denoted as x ~  y (x derives y in G 

denoted as x--p y) if y y) 

Notation. It is customary to omit the marker g from the specification 

of a T0L system. If S is an IL or a 0L scheme (system) such that ~ : 

1, say ~ : {P}, then in the specification of S we put P rather than 

{P}. Also to avoid cumbersome notation in specifying a TIL system G 

we simply extend the n~tuple specifying S(G) to an (n+l)-tuple where 

the last element is the axiom of G. (In this sense we write, e.g., 

G : < ~,~,g,~ > rather than G = << ~,~,g >,~ >). In specifying 

productions ina table of a given TIL systems one often omits those 

which clearly cannot be used in any rewriting process which starts 

with the axiom of the system. If < ~,a,B,y > is a production in a TIL 

scheme (system) then it is usually written in the form < ~,a,B > ~ y 

(where < ~,a,8 > is called its left-hand side and y is called its 



right-hand side). When the productions of a T0L scheme (system) are 

being specified, then we write a ~ y rather than < A,a,A > ~ y. 

Example I.i. Let E : {a,b}, PI = {< g,a,i > ~ a 3 , < a,a,A > -~ a, 

< a,b,A > -~ b 2 , < b,b,A > ~ b 2 , < b,a,i > ~ a}, P2 = {<g,a,A > -~ a 4 , 

< a,a,A > -~ a, < a,b,A > -~ b ~ , < b,b,A > ~ b 3 , < b,a,A > -~ a} and 

= aSb6a. Then G = < E,{PI ,P2},g,m > is a T < 1,0 > L system• 

Example 1.2 Let Z = {a,b}, P = {< a,a,A > ~ a 2 < b,a,A > ~ a 2 

< g,a,A > ~ a, < a,b,A > ~ b 2 < b,b,A > ~ b 2 < g,b,A > ~ b 2 

< g,b,A > ~ ab 2} and ~ = ba. Then G = < Z,P,g,~ > is a < 1,0 > L system. 

Example 1.3. Let Z :{a,b}, PI = {a -~ a2, b -~ b2}, P2 = {a -~ aa, b -~ b3} 

and m = ab. Then G : < Z,{PI ,P2 },~ > is a T0L system. 

Example 1.4. Let ~ = {A,~,a,B,B,b,C,~,e,F}, P = {A ~ A~, A ~ a, B ~ BB, 

B -~ b, C -~ C~, C -~ c, ~-~ ~, ~ -~ a, B-~ B, B ~ b, ~-~ C,C -~ c, a ~ F, 

b ~ F, e -~ F, F ~ F} and ~ = ABC. Then G = < X,P~ > is a 0L system. 

2. SQUEEZING LANGUAGES OUT OF L SYSTEMS 

There are several ways that one can associate the language with a 

given word-generating device. In this section we shall discuss several 

ways of defining languages by L systems. 

2.1. Exhaustive approach. 

Given an L system G (with alphabet Z and axiom w) it is most natural 

to define its language, denoted L(G), as the set of all words (axiom 

included) that can be derived from w in G; hence L(G) = {x e Z*: ~=~x}• 

Example 2.1.1. The language of a T < 1,0 > L system G from Example 1.1 

is {a2n+3mb2n3ma : n,m ~ 1}. The language of a T0L system from Example 

1.3 is {a2n3mb2n3m : n,m ~ 0). 

The languages obtained in this way from 0L, TOL, TIL and IL systems 

are called 0L, TOL, TIL and IL languages respectively. (Their classes 

will be denoted by £(0L), £(TOL), £(TIL) and £(IL) respective~). For 

k,l ~ 0, a < k~l > L language (a T < k~l > L language) is a language 

generated by a < k,l > L system (a T < k,l > L system). 

One may notice here two major differences in generating languages by 



0L and IL systems on the one hand and context-free and type 0 grammars 

on the other. 0L and IL systems do not use nonterminal symbols while 

context-free and type-0 grammars use them. Rewriting in 0L and IL sys- 

tems is absolutely parallel (all occurrences of all letters in a word 

are rewritten in a single derivation step) while rewriting in context- 

free and type-0 grammars is absolutely sequential (only one occurrence 

of one symbol is rewritten in a single derivation step). 

2.2. Using nonterminals to define languages. 

The standard step in formal language theory to define the language 

of a generating system is to consider not the set of all words generated 

by it but only those which are over some distinguished (usually called 

terminal) alphabet. In this way one gets the division of the alphabet 

of a given system into the set of terminal and nonterminal (sometimes 

also called auxiliary) symbols. In the case of L systems such an 

approach gives rise to the following classes of systems. 

Definition 2.2.1. An extended 0L, (TOL, IL, TIL) system, abbreviated 

E0L (ETOL, ElL, ETIL) system, is a pair G = < H,A >, where H is a 0L 

(TOL, IL, TILl system and A is an alphabet (called the tarset alphabet 

of G). 

Definition 2.2.2. The language of an E0L (ETOL, EIL, ETIL) system 

G = < H,A >, denoted as L(G), is defined by L(G) = L(H) ~ A*. 

An E0L (ETOL, EIL, ETIL) system G = < H,A > is usually specified 

as < ~,P,~,A > (< ~,~,~,A >, < ~,P,g,~,A >, < ~,~,g,~,A >) where 

< ~,P,~ >(< ~,~,~ >, < N,P,g,~ >, < ~,~,g,m >) is the specification of 

H itself. 

Example 2.2.1. Let G = < ~,P,~,A >, where ~,P,~ are specified as in 

Example 1.4 and A = {a,b}. Then L(G) = (anbnc n : n ~ 1}. 

If K is the language of an E0L (ETOL, EIL, ETIL) system, then it 

is called an E0L (ETOL, E IL, ETIL) language. The classes of E0L 

languages, ETOL languages, EIL languages and ETIL languages are denoted 

by £(EOL), £(ETOL), £(EIL) and £(ETIL) respectively. 

E0L s~stems and languages are discussed in Herman [351; ETOL systems 

and languages were introduced in Rozenberg [891; ElL systems and lang- 

uages are discussed e.g. in van Dalen [12] and Rozenberg [86,87] ; ETIL 

systems and languages were introduced in "TIL systems and languages"by 
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K.P. Lee and G. Rozenberg. 

It is very instructive at this point to notice that, as far as 

generation of languages is concerned, the difference between E0L and 

EIL systems on one hand and context-free and type-8 grammars on the 

other hand is the absolutely parallel fashion of rewriting in E0L and 

EIL systems and the absolutely sequential fashion of rewriting in 

context-free and type-0 grammars. 

2.3. Using codinss to define lan~uases. 

When we make observations of a particular organism and want to 

describe it by strings of symbols, we first associate a symbol to eaeh 

particular cell. This is done by dividing cells into a number of types 

and associating the same symbol to all the cells of the same type. It 

is possible that the development of the organism can be described by 

a developmental system, but the actual system describing it uses a 

finer subdivision into types that we could observe. This is often 

experimentally unavoidable. In this case, the set of strings generated 

by a given developmental system is a coding of the "real" language of 

the organism which the given developmental system describes. Considering 

codings for defining languages of L systems gives rise to the following 

classes of systems. 

Definition 2.3.1. A QL (TOL, I L, TILl system with codin$, abbreviated 

C0__~L (CTOL, CIL, CTIL) system, is a pair G : < H,h >, where H is a 0L 

(TOL, IL, TIL) system and h is a coding. 

Definition 2.3.2. The language of a COL (CTGL, CIL, CTIL) system G = 

< H,h >, denoted as L(G), is defined by L(G) : h(L(H)). 

Example 2.3.1. Let H = ~ (a,b),(a ~ a2,b ~ b~,ba ~ and h be a coding 

from ~a,b) into (a,b) such that h(a) ~ h(b) ~ a. Then L(~ H,h ~) = 

(a 2n+1 : n ~ 0]. 

If K is the language of a COL (CTOL, CIL, CTIL) system, then it is 

called a COL (CTOL, CIL, CTIL) language. The classes of COL, CTQL, CIL 
\ 

and CTIL languages are denoted by £(CGL), £CTOL), £(CIL) and £(CTIL) 

respectively. 

Using eodings to define languages of various classes of L systems 

was considered, e.g., in Culik and 0patrny [101, Ehrenfeucht and 



R~zenberg [28,25,27] and Nielsen, Rozenberg, Salomaa, Skyum [71,72]. 

2.4. Adult languages of L systems. 

An interesting way of defining languages by L systems was proposed 

by A. Walker (see [47] and [118] ). Based on biological considerations 

concerning problems of regulation in organisms, one defines the 

adult language of an L is ZstemG, denoted as A(G), to be the set of all 

these words from L(G) which derive (in G) themselves and only them- 

selves. Thus we can talk about adult 0L languages, adult T0L languages, 

adult IL lan~ua@es and adult TIL languages (their families are denoted 

by symbols £A(0L), £A(TOL), £A(IL) and £A(TIL) respectively). 

Example 2.4.1. Let G = < ~,P,~ > be a 0L system such that ~ : {a,b}, 

P = {a ~ i~a ~ ab,b ~ b} and ~ = a. Then A(G) = {b n : n ~ 0}. 

In the sequel we shall use the term L language to refer to any one 

of the types of language introduced in this section. 

2.5. Comparing the language generatin G power of various mechanisms for 

definin~ L language_~s. 

Once several classes of language generating devices are introduced 

one is interested in comparing their language generating power. This 

is one of the most natural and most traditional topics investigated 

in formal language theory. In the ease of L systems we have, for 

example,the following results. 

Theorem 2.5.1. (see, e.g., Herman and Rozenberg [45]). 

1) For X in {GL, T@L, IL, TIL}, £(X] ~ £(EX). 

2) For X in {@L~ TOL, IL, TIL], £(X) ~ Z(CX). 

3) £(0L) is incomparable but not disjoint with £A(0L]. 

Theorem 2.5.2. (Ehrenfeucht and Rozenberg [20,27], Herman and Walker 

[(47]). 

1) £(EOL) = £(COL] and £(ETOL) = £(CTOL]. 

2) £A(0L) ~ £(EOL). 

3. FITTING CLASSES OF L LANGUAGES INTO KNOWN FORMAL LANGUAGE THEORETIC 

FRAMEWORK 

The usual way of understanding the language generating power of a 



class of generative systems is by comparing them with the now classi- 

cal Chomsky hierarchy. (One reason for this is that the Chomsky 

hierarchy is probably the most intensively studied in formal language 

theory.) In the area of L languages we have, for example, the following 

result. (In what follows £(RE) denotes the class of recursively 

enumerable languages, Z(CS) denotes the class consisting of every L 

such that either L or LL(A} is a context-sensitive language, and £(CF) 

denotes the class of context-free languages.) 

Theorem 3.1. (van Dalen [12], Rozenberg [89], Herman [35]). 

£(EIL) = Z(RE), £(ETOL) ~ £(CS) and £(CF) $ £(EOL). 

Note that this theorem compares classes of systems all of which use 

nonterminals for defining languages. Thus the only real difference 

(from the language generation point of view) between (the classes of) 

EIL, ETOL and E0L systems on the one hand and (the classes of) type-0, 

context-sensitive and context-free grammars respeetively on the other 

hand is the parallel versus sequential way of rewriting strings. In 

this sense the above results tell us something about the role of 

parallel rewriting in generating languages by grammar-like devices. 

In the same direction we have another group of results of which the 

following two are quite representative. 

Theorem 3.2. (Lindenmayer [ 611, Rozenberg and Doueet [ 911). 

A language is context-free if and only if it is the language of an 

EGL system < E,P,~,A > such that, for each a in A, the production 

a -* a is in P. 

Theorem 3.3. (Herman and Walker [47~. 

A language is context-free if and only if it is the adult language of 

a gL system. 

As far as fitting some classes of L languages into the known formal 

language theoretic framework is concerned, results more detailed than 

t~ose of Theorem 3.1 are available. For example we have the following 

results. Let £(IND~ denote t~e class of indexed languages (see A. Aho 

"Indexed grammars - An extension of context-free grammars" J. of the 

ACM. 15 (19~8), 647-671~ and let ~(PROG) denote the class of A-free 

programmed languages (see D. Rosenkrantz "Programmed grammars and 

iciasses of formal languages" J. of the ACM. 16 (1969~, 107-131~. 
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Theorem 3.4.  (Culik [7] and Rozenhemg [8~$1. 

£(ETOL) ~ £(IND) and £(ETOL) ~ £(PROG]. 

Results like these can be helpful for getting either new properties 

or nice proofs of known properties of some classes of L languages. For 

example, the family £(IND) possesses quite strong decidability proper- 

ties which are then directly applicable to the class of ETOL languages. 

An example will be considered in section 8. 

4. OTHER CHARACTERIZATIONS OF CLASSES OF L LANGUAGES WITHIN THE 

FRAMEWORK OF FORMAL LANGUAGE THEORY 

A classical step toward achieving a mathematical characterization 

of a class of languages is to investigate its closure properties with 

respect to a number of operations. There is even a trend in formal 

language theory, called the AFL theory (see S. Ginsburg, S. Greibaoh 

and J. Hoperoft "Studies in Abstract Families of Languages",Memoirs of 

the AMS, 87, (1969)) which takes this as a basic step towards charac- 

terizing classes of languages. The next two results display the 

behaviour of some of the families of L languages with respect to the 

basic operations considered in AFL theory. There are essentially two 

reasons for considering these operations. One reason is that in this 

way we may better contrast various families of L languages with tradi- 

tional families of languages. The other reason is that we still know 

very little about what set of operations would be natural for families 

of L languages. (In what follows the symbols U,.,*,hom,hom-1,~ R denote 

the operations of union, product, Kleene's closure, homomorphism, 

inverse homomorphism and intersection with a regular language respecti- 

vely.) 

Theorem 4.1. (Rozenberg and Doucet [911, Rozenberg [81], Rozenberg [86], 

Rozenberg and Lee "TIL systems and languages") 

None of the families of 0L, TOL, IL, TIL languages is closed with 

respect to any of the following operations: U,.,*,hom,hom-1,N R. 

Theorem 4.2. (Rozenberg [89], van Dalen [2], Herman [35]~ 

The families of ETOL and EiL languages are closed with respect to all 

of the operations U,.,*,hom,hom-1,A R. The family of E0L languages is 

closed with respect to the operations U,.,*,hom and ~ but it is not 

closed with respect to the hom -I operation. 
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When we contrast the above two results with each other we see the 

role of nonterminals in defining languages of L systems. On the other 

hand contrasting the second result with the corresponding results for 

the classes of context-free and context-sensitive languages enables 

us to learn more about the nature of parallel rewriting in language 

generating systems. 

In formal language theory, when a class of generative devices for 

defining languages is given, one often looks for a class of acceptors 

(recognition devices) which would yield the same family of languages. 

Such a step usually provides us with a better insight into the 

structure of the given family of languages and (sometimes) it provides 

us with additional tools for proving theorems about the given family 

of languages. 

Several machine models for L systems are already available, see 

Culik and 0patrny [9], van Leeuwen [55] ~, Rozenberg [90], Savitch [108]. 

(Of these, the most general models are those presented by Savitch). 

As an example, we discuss now the notion of a pre-set pushdown 

automaton introduced in van Leeuwen [55]. Roughly speaking a pre-set 

pushdown automaton is like an ordinary pushdown automaton, except 

that at the very beginning of a computation a certain location on the 

pushdown store of the automaton is assigned as the maximum location 

to which the store may grow during the computation. Such a 

distinguished location is used in such a way that when the automaton 

has reached it then it switches to a different transition function. 

When a pre-set pushdown automaton is constructed in such a way that 

there is a fixed bound on the length of a local computation (meaning 

a computation that the pointer does not move) then we call it a 

locally finite pre-set pushdown automaton. We say that a pre-set push- 

down automaton has a finite return property if there is a fixed bound 

on the number of recursions that can occur from a location. 

Theorem 4.3. (van Leeuwen [55,56], Christensen [6]) 

The family of languages accepted by pre-set pushdown automata contains 

properly the family of EQL languages and is properly contained in the 

family of ETOL languages. 

Theorem 4.4. (van Leeuwen [55]) 

The family of languages accepted by locally finite pre-set pushdown 

automata with the finite return property equals the family of E0L 

languages. 
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5. SQUEEZING SEQUENCES OUT OF L SYSTEMS. 

From a biological point of view the time-order of development is at 

least as interesting as the unordered set of morphological patterns 

which may develop. This leads to investigation of sequences of words 

rather than unordered sets of words (languages], which is a novel 

point in formal language theory. It turned out that investigation of 

sequences (of words) gives rise to a non-trivial and interesting 

mathematical theory (see, e.g., Herman and Rozenberg [45], Paz [74], 

Paz and Salomaa [75], Rozenberg [82], Szilard [111], Vitanyi [116]). 

The most natural way to talk about word sequences in the context 

of L systems is to consider such L systems which (starting with the 

axiom) yield the unique next word for a given one. We define now one 

such class of such L systems. 

Definition 5.1. An IL system G = < ~,P,g,~ > is called deterministic 

(abbreviated DIL system) if whenever < ~,a,6,yl> and < ~,a,$,Y2 > are 

in P then YI = Y2. 

Note that a 0L system is a particular instance of an IL system. 

Hence we shall talk about DQL systems. The most natural way to define 

sequences by DIL systems is to take the exhaustive approach, which 

simply means to include in the sequence of a DIL system the set of all 

words that the system generates (and in the order that these words are 

generated). 

Definition 5.2. Let G = < ~,P,g,m > be a DIL system. The sequence of G, 

denoted as E(G), is defined by E(G) = ~0 ,ml ,... where ~0 = ~ and for 

===~ 60.. i >I 1, ~i-1 G l 

Example 5.1. Let G = < ~,P,g,m > be a DIL system such that ~ = {a,b}, 

= baba 2 and P = {< g,b,A > -~ ba, < a,b,A > -~ ba 2 , < a,a,A > -~ a, 

< b,a,A > ~ a}. Then E(G) = baba 2 , ba2ba 4 ,..., bakba 2k, .... 

Definition 5.3. Let s be a sequence of words. It is called a DIL 

sequence (DOL sequence) if there exists a DIL system (D'0L system) G 

such that s = E(G). 

Obviously as in the case of L languages (see section 2) one can 

apply various mechanisms of squeezing sequences out of DIL systems. 

Thus, in the obvious sense, we can talk about EDIL and EDOL sequences 

(when using nonterminals for defining sequences) or about CDIL and 

CDOL sequences (when using codings for defining sequences]. Comparing 

the sequence generative power of these different mechanisms for 

sequence definition, we have, for example, the following result. 
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Theorem 5.1. (Nielsen, Rozenberg, Salomaa, Skyum [71,72]) 

The family of D0L sequences is strictly included in the family of 

EDOL sequences, which in turn is strictly included in the family of 

CDOL sequences. 

In the sequel we shall use the term L sequence to refer to any kind 

of a sequence discussed in this section. 

6. GROWTH FUNCTIONS; AN EXAMPLE OF RESEARCH ON (CLASSES OF)L SEQUENCES 

As an example of an investigation of properties of L sequences and 

their classes we will discuss the so called growth functions. It 

happens quite often(in both mathematical and biological considerations) 

that one is interested only in the lengths of the words generated by 

an L system. When the system G under a consideration is deterministic 

then, in this way, one obtains a function assigning to each positive 

integer n the length of the n'th word in the sequence of G. This 

function is called the growth function of G. The theory of growth 

functions of deterministic L systems is one of the very vigorously 

(and succesfully) investigated areas of L system theory (see, e.g., 

Doucet [15], Paz and Salomaa [7S], Salomaa [98], Vitanyi [116]). It 

also lends itself to the application of quite powerful mathematical 

tools (such as difference equations and formal power series). 

Definition 6.1. Let G be a DIL system with E(G) = ~0,~i, .... The 

growth function of G, denoted as fG' is a function from nonnegative 

integers into nonnegative integers such that fG(n) = l~nl. 

Example 6.1. Let G = < {a,b},{a ~ b,b ~ ab},a > be a D0L system. Then 

fG(n) is the n'th element of the Fibonaeci sequence 1,1,2,3,5, .... 

Example 6.2. Let G = < {a,b,c,d},{a ~ abd6,b ~ bcd11,c ~ cd6,d ~ d}, 

a > be a D0L system. Then fG(n) = (n+l) 3 . 

Directly from the definition of an L system we have the following 

result. 

Theol.em 6.1. 

The growth function of a DIL system G such that L(G) is infinite is 

at most exponential and at least logarithmic. 

The following are typical examples of problems concerning growth 
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functions. 

Analysis problem: Given a DIL system, determine its growth function. 

Synthesis problem: Given a function f from nonnegative integers into 

nonnegative integers, determine if possible a system G belonging to a 

given class of systems (say, D0L systems) such that f = fG" 

Growth equivelence problem: Given two DIL systems, determine whether 

their growth functions are the same. 

In the following there are some typical results about growth funct- 

ions. 

Theorem 5.2. (Paz and Salomaa [75]) 

If G is a D0L system then fG is exponential, polynomial or a combination 

of these. 

Theorem 5.3. (Paz and Salomaa [ 75] ) 

If f is a function from the nonnegative integers into the nonnegative 

integers such that 

(i) For every n there exists an m such that 

f(m) = f(m+l) = ... = f(m+n), and 

(it) lim f(t) = ~, 
t-~ 

then f is not the growth function of a D0L system. 

7. STRUCTURAL CONSTRAINTS ON L SYSTEMS 

One of the possible ways of investigating the structure of any 

language (or sequence) generating device is to put particular restric- 

tions directly on the definition of its various components and then to 

investigate the effect of these restrictions on the language generating 

power. Theorem 2.5.1 represents a result in this direction (it says for 

example that removing nonterminals from ETIL, EIL, ETOL or E0L systems 

decreases the language generating power of these classes of systems). 

Now we indicate some other results among the same line. 

The first of these results investigates the role of erasing pro- 

ductions in generating languages (sequences) by the class of E0L (EDOL) 

systems. (A production < ~,a,B > ~ y is called an erasing production 

if y = A). 

TNeorem 17.1. (Herman [39]) 

A language K is an E0L language if and only if there exists an E0L 

system G which does not contain erasing productions such that K-{A} = 

L(G). 
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Theorem 7.2. 

There exists an EDOL sequence which does not contain A, and which 

cannot be generated by an EDOL system without erasing productions. 

Our next result discusses the need of "two-sided context" (more 

intuitively: "two-sided communication") in IL systems. 

Theorem 7.3. (Rozenberg [86]) 

There exists a language K such that K is a < 1,1 > L language and for 

no m > 0 is K an < m,0 > L language or a < 8,m > L language. 

Our last sample result in this line says that for the class of IL 

systems with two-sided context it is the amount of context available 

and not its distribution that matters as far as the language generat- 

ing power is concerned. 

Theorem 7.4. (Rozenberg [86]) 

A language is an < m,n > L language for some m,n > 1 if and only if 

it is a < 1,m+n-1 > L language. For each m > 1 there exists 

a < 1,m+1 > L Language which is not a < 1,m > L language. 

8. DECISION PROBLEMS 

Considering decision problems for language generating devices is a 

customary research topie in formal language theory. It helps to 

understand the "effectiveness", of various classes of language generat- 

ing devices, explores the possibilities of changing one way of 

describing a language into another one, and, in connection with this, 

it may be a guide line for a choice of one rather than another class 

of specifications of languages. (For example it is quite often the 

case that when a membership problem for a given class of language 

defining devices turns out to be undicidable, one looks for a subclass 

for which this problem would be decidable). Various decision problems 

are also considered in the theory of L systems. In addition to more or 

less traditional problems considered usually in formal language theory 

new problems concerning sequences are also considered. 

Some results concerning decision problems are obtained as direct 

corollaries of theorems fitting different classes of L languages into 

known hierarchies of languages. For example, as an application of 

Theorem 3.4 we have the following result. 

Theorem 8.1. 

Membership, emptiness and finiteness problems are decidable in the 

class of ETOL systems. 
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The following result by Blattner (for different solutions see also 

Salomaa [99] and Rozenberg [84]) solved a problem which was open for 

some time. 

Theorem 8.2. (Blattner [6]) 

The language equivalence problem is not decidable in the class of 0L 

systems. 

The corresponding problem for the class of D0L systems is one of 

the most intriguing and the longest open problems in the theory of L 

systems. Some results are however available about subclasses of the 

class of D0L systems. 

Theorem 8.3. (Ehrenfeucht and Rozenberg) 

If GI,G2 are D0L systems such that fG1 and fG2 are bounded by a 

polynomial (which is decidable) then it is decidable whether they 

generate the same language (sequence). 

The following result points out "undecidability" of various exten- 

sions of the class of 0L systems. (In what follows an F0L system denotes 

a system which is like a 0L system, except that it has a finite number 

of axioms rather than a single one). 

Theorem 8.4. (Rozenberg) 

It is undecidable whether an arbitrary iL (COL, EOL, FOL) system 

generates a 0L language. 

For L sequences we have for example the following results. 

Theorem 8.5. (Paz and Salomaa [75], Vitanyi [115]) 

The growth equivalence problem is decidable in the class of D0L systems 

but it is not decidable in the class of DIL systems. 

Theorem 8.6. (Salomaa [98], Vitanyi [115,116]) 

Given an arbitrary D0L system G it is decidable whether fG can be bound- 

ed by a polynomial. This problem is not decidable if G is an arbitrary 

DIL system. 

Theorem 8.7. (Nielsen [70]) 

The language equivalence problem for D0L systems is decidable if and 

only if the sequence equivalence problem for D0L systems is decidable. 

Theorem 8.8. (Ehrenfeucht~ Lee and Rozenberg) 

If GI,G2 are two arbitrary D0L systems and x is a word then it is 

decidable whether x occurs as a subword the same number of times in the 
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corresponding words of sequences generated by GI and G~. 

9. GLOBAL VERSUS LOCAL BEHAVIOUR OF L SYSTEMS 

The topic discussed in this chapter, global versus local behaviour 

of L systems, is undoubtedly one of the most important in the theory 

of L systems. Roughly speaking , a global property of an L system is a 

property which can be expressed independently of the system itself 

(for example a property expressed in terms of its language or sequence). 

On the other hand a local property of an L system is a property of 

its set of productions (for example a property of the "graph" of pro- 

ductions of a given system). In a sense the whole theory of L systems 

emerged from an effort to explain on the local (cellular) level global 

properties of development. 

As an example of research in this direction we discuss the so called 

locally eatenative L systems and sequences (see Rozenberg and Linden- 

mayer [95]). Locally catenative L sequences are examples of L se- 

quences in which the words themselves carry in some sense the history 

of their development. 

Definition 9.1. An infinite sequence of words T0,TI ,... is called 

locally catentative if there exist positive integers m,n,il ,...,i n 

with n > 2 such that for each j > m we have Tj = Tj_i~j_i2...T. • • 
]-i n 

Definition 9.2. A DIL (or a DOL) system G is called locally catenative 

if E(G) is locally catenative. 

Very little is known about locally catenative DIL sequences. For 

locally eatenative D0L sequences some interesting results are avail- 

able. Our first result presents a property of a D0L sequence which is 

equivalent to the locally catenative property. 

Let G be a D0L system such that E(G) = ~0,~i ,... is a doubly 

infinite sequence, meaning that the set of different words occurring 

in E(G) is infinite. We say that E(G) is covered by one of its words 

if there exist k ~ 0 and j ~ k+2 and a sequence s of oeeurrences of 

~k in (some of the) strings ~k+l,~k+2,...,~j_l such that ~j is the 

eatenation of the sequence of its subwords derived from respective 

elements of s. 

Theorem 9.1. (Rozenberg and Lindenmayer [95])  
A DOL system G is locally catenative if and only if E(G) is covered 

by one of its words. 
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Our next theorem presents the result of an attempt to find a 

"structural" property of the set of productions of a D0L system such 

that its sequence is locally eatenative. First we need some more 

notation and terminology. 

If G = < ~,P,~ > is a D0L system then the graph of G is the directed 

graph whose nodes are elements of ~ and for which a directed edge leads 

from the node a to the node b if and only if a ~ ~bB is in P for some 

words ~,6 over N. 

Theorem 9.2. (Rozenberg and Lindenmayer [95]) 

Let G = < ~,P,~ > be a D0L system without erasing productions such 

that both E(G) and L(G) are infinite, ~ is in ~ and each letter from 

occurs in a word in E(G). If there exists ~ in ~ such that ~==~ ~ and 

each cycle in the graph of G goes through the node ~ then E(G) is 

locally catenative. 

We may note that neither of the above results is true in the case 

of DIL sequences (systems). 

10. DETERMINISTIC VERSUS NONDETERMINISTIC BEHAVIOUR OF L SYSTEMS 

An L system is called deterministic if, roughly speaking, after one 

of its tables has been chosen, each word can be rewritten in exactly 

one way. Investigation of the role the deterministic restriction plays 

in L systems is an important and quite extensively studied topic in 

the theory of L systems (see, e.g., Doucet [14], Ehrenfeucht and Rozen- 

berg [17], Lee and Rozenberg [52], Nielsen [70], Paz and Salomaa [75], 

Rozenberg [82], Salomaa [98], Szilard [111]). First of all, some 

biologists elaim that only deterministic behaviour should be studied. 

Secondly, studying deterministic L systems, especially when opposed 

to general (undeterministie) L systems, allows us to better understand 

the structure of L systems. Finally, the notion of determinism studied 

in this theory differs from the usual one studied in formal language 

theory. One may say that they are dual to each other: "deterministic" 

in L systems means a deterministic process of generating strings, 
11 
determlnistic, in the sense used in formal language theory means a 

deterministic process of parsing. Contrasting these notions may help 

us to understand some of the basic phenomena of formal language theory. 

Definition 10.1. A TIL system G = < ~,~,g,~ > is called deterministic 

(abbreviated DTIL system) if for each table P of ~ if < ~,a,~ > ~ YI 

and < ~,a,6 > ~ y~ are in P then YI = Y2- 

A T0L system is a special instance of a TIL system hence we talk 

about DTOL systems. 
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As an example of a research towards understanding deterministic 

restriction in L systems we shall discuss deterministic T0L systems. 

It is not difficult to construct examples of languages which can 

be generated by a T0L system but cannot be generated by a DTOL system. 

One would like however to find a nontrivial (and hopefully interesting) 

property which would be inherent to the class of deterministic T0L 

languages. It turns out that observing the sets of all subwords 

generated by DTOL systems provides us with such a property. In fact 

the ability to generate an arbitrary number of subwords of an arbitrary 

length is a property of a T0L system which disappears when the deter- 

ministic restriction is introduced. More precisely, we have the follow- 

ing result. (In what follows ~k(L) denotes the number of subwords of 

length k that occur in the words of L). 

Theorem 10.1. (Ehrenfeueht and Rozenberg [17]) 

Let Z be a finite alphabet such that ~Z = n > 2. If L is a language 

generated by a DTOL system, L C Z* then lim ~k(L) 
- ~ n k 

Various ramifications of this result are discussed in Ehrenfeucht, 

Lee and Rozenberg [18]. 

11. L TRANSFORMATIONS 

An L system consists of an L scheme and of a fixed word (the axiom). 

An L scheme by itself represents a transformation (a mapping) from Z + 

into ~* (where Z is the alphabet of the L scheme). From the mathema- 

tical point of view~ it is the most natural to consider such transfor- 

mations. This obviously may help to understand the nature of L systems. 

Although not much is known in this direction yet, some results about 

T0L transformations are already available (see Ginsburg and Rozenberg 

[31] ). 

Let a T0L scheme G = < Z,~ > be given. (Note that each table P of 

is in fact a finite substitution, or a homomorphism in the ease that 

satisfies a deterministic restriction). The basic situation under 

examination consists of being given two of the following three sets: 

a set L, of (start) words over Z, a set L2 of (target) words over Z, 

and a (control) set ~ of finite sequences of applications of tables 

from ~. The problem is to ascertain information about the remaining 

set. (Note that we can consider a sequence of elements from ~ either 

as a word over ~*~ called a control word~ or a mapping from ~* into Z*. 

We shall do both in the sequel but this should not lead to confusion). 

The following are examples of known results concerning this problem. 
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Theorem 11.1. (Ginsburg and Rozenberg [31]) 

If L 2 is a regular language, and LI an arbitrary language then the set 

of control words leading from L~ to L~ is regular. 

Theorem 11.2. (Ginsburg and Rozenberg [31]) 

If L2 is a regular language and ~ is an arbitrary set of control words 

then the set of all words mapped into L2 by ~ is regular. 

Theorem 11.3. (Ginsburg and Rozenberg [31]) 

If L~ is a regular language and ~ is a regular set of control words 

then the set of all words obtained from the words of LI by applying 

mappings from ~ is an ETOL language. Moreover each ETOL language can 

be obtained in this fashion. 

Also the following is quite an interesting result. 

Theorem 11.4. (Ginsburg and Rozenberg [31]) 

There is no T0L scheme S = < ~,@> such that ~* is the set of all 

finite nonempty substitutions on ~*. There is no T0L scheme S = 

< ~,~ > such that ~* is the set of all homomorphisms on ~*. 

We may also mention here the following result concerning "adult L 

transformations". Roughly speaking the adult language of an IL scheme 

G with an alphabet ~ is the set of all those strings over ~* which are 

transformed by G into themselves and only themselves. 

Theorem 11.8. 

There are regular languages which are not adult languages of IL schemes. 

12. GETTING DOWN TO PROPERTIES OF SINGLE L LANGUAGES OR SINGLE L 

SEQUENCES 

Undoubtedly, one of the aims of the theory of L systems is to 

understand the structure of a single L language or a single L sequence. 

Although some results in this direction are already available (see, 

e.g., Ehrenfeucht and Rozenberg [19,22,24] and Rozenberg [82]), in my 

personal opinion, there is not enough work done on this (rather diffi- 

cult) topic. 

Here are two samples of already available results. 

Let ~ be a finite alphabet and B a non-empty subset of ~. If x is a 

word over ~ then ~B(X) denotes the number of occurrences of elements 

from B in x. Let K be a language over ~ and let IK, B = {n : ~B(W) = n 

for some w in K}. We say that B is numerically dispersed in K if iK, B 
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is infinite and for every positive integer k there exists a positive 

integer n k such that for every ul,u 2 in IK, B such that u I > u 2 > n k 

we have ul-u2 > k. We say that B is clustered in K if IK, B is infinite 

and there exist positive integers kl,k2, both larger than 1, such that 

for every w in L if ~B(W) ~ k I then w contains at least two occurrences 

of symbols from B which are distant less than k 2 . 

Theorem 12.1. (Ehrenfeucht and Rozenberg [24]) 

Let K be an E0L language over an alphabet ~ and let B be a nonempty 

subset of ~. If B is numerically dispersed in K, then B is clustered 

in K. 

Results like the above one are very useful for proving that some 

languages are not in a particular class. This is often a difficult 

task. For example as a direct corollary of Theorem 12.1 we have that 

the language {w in {0,1}* : ~{0}(w) is a power of 2} is not an E0L 

language. (The direct combinatorial proof of this fact in Herman [35] 

is very tedious.) 

For D0L sequences we have the following result.(in what follows if 

x is a word and k a positive integer then Prefk(x) denotes either x 

itself if k ~ Ixl or the word consisting of the first k letters of x 

if k < Ixl. Similarly SUfk(x) denotes either x itself if k ~ Ixl or 

the word consisting of the last k letters of x if k < [xl). 

Theorem 12.2. (Rozenberg [82]) 

For every D0L system G such that E(G) = ~0,~I,... is infinite there 

exists a constant C G such that for every integer k the sequence 

Prefk(~0),Prefk(ml),... (respectively SUfk(~0),SUfk(~1),... ) is 

ultimately periodic with period C G. 

The above result is not true for DIL sequences; the corresponding 

sequences of prefixes (or suffixes) are not necessarily ultimately 

periodic. 

It should be clear that Theorem 12.2 can provide elegant proofs that 

some sequences are not DOL sequences. 

13. GENERALIZING L SYSTEMS IDEAS; TOWARDS A UNIFORM FRAMEWORK 

As in every mathematical theory, also in the (mathematical) theory 

of L systems one hopes to generalize various particular results and 

concepts and get a unifying framework for the theory. One still has to 
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wait for such a uniform framework for the theory of L systems, however 

partial results are already available. 

It was already noticed in early papers on L systems (see, e.g., 

Rozenberg [81]) that the underlying operation is that of the iterated 

substitution. This operation was quite intensively studied in formal 

language theory, however in the theory of L systems it occurs in 

somewhat modified way (one has a finite number of finite substitutions, 

tables, and then performs all their possible "iterative" compositions). 

This point of view was taken by J. van Leeuwen and A. Salomaa and(as 

a rather straightforward generalization of the notion of an ETOL 

system) they introduced the so called K-iteration grammars (van Leeuwen 

[57], Salomaa [103]). 

For a language family K, a K-substitutlon is a mapping ~ from some 

alphabet V into K. The mapping is extended to languages in the usual 

way. A K-iteration ~rammar is a construct G = < VN,VT,S,U > where VN, 

V T are disjoint alphabet (of nonterminals and terminals), 

S E (V N U VT)~ (the axiom) and U = {~, ,...,~n } is a finite set of K- 

substitutions defined on (V N U VT ) with the property that, for each i 

and each a in (V N U VT) , ~i(a) is a language over (V N U VT). The 

language generated by such a grammar is defined by 

L(G) =~JOik .~11(S) ~ VT, 

where the union is taken over all integers k > 1 and over all k-tuples 

(il,...,i k) with 1 < ij < n. The family of languages generated by 

K-iteration grammars is denoted by Kiter. For t > 1, we denote by 

K(t)iter the subfamily of Kiter , consist-~-~ of languages generated by 

such grammars where U consists of at most t elements. 

Example 13.1. If we denote the family of all finite languages by F, 

then it is clear that F(1)iter = Z(EOL) and Fiter = Z(ETOL). 

The families of K-iterated languages can be related to Abstract 

Families of Languages (AFL's) as follows. 

Theorem 13.2. (van Leeuwen [57], Salomaa [103]) 

If the family K contains all regular languages and is closed under 

finite substitution and intersection with regular languages then both 

Kiter and K (t) iter are full AFL's. 

The notion of a K-iteration grammar was extended to the case of 

context-sensitive substitutions by D. Wood in "A note on Lindenmayer 

systems, spectra and equivalence" McMaster University, Comp. Se. 

Techn. Dep. No. 74/1. Some results are also available about possibly 
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extending a few basic properties of the families of L systems (or L 

languages) to the case of families of K-iteration grammars (or lan- 

guages) (see, e.g., Salomaa [103land the above mentioned paper by 

Wood). 

14. CONCLUSIONS 

We would like to conclude this paper with two remarks. 

(1) In the first five years of its existence the mathematical 

theory of L systems has become each year fruitful and popular. This 

is exemplified by exponential growth of the number of papers produced 

(per year), and a linear (with a decent coefficient) growth of both 

the number of results and the number of people joining the area. 

(2) It may have already occurred to the reader (and it is certainly 

clear to the author of this paper) that both formal language theory 

and the theory of L systems have benefited by the existence of the 

other. 
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Summary 

L-systems (i~ 2~ 3) were introduced by one of us in order to model morphogenetic 

processes in growing multicellular filamentous organisms. We will show her% how a 

computer model of the growth and flowering of Aster novae-angliae could be built 

using a particular L-system. 

Introduction 

Champagnat (~) and Nozeran~ Bancilhon and Neville (5) classified various internal 

correlations in the morphogenesis in higher plants: They argue that often there is 

evidence of internal correlations which involve the whole plant and of correlations 

which involve parts of the plant such as organs~ regions or even one tissue. Inter- 

nal comrelations with respect to pattern formation in growth and flowering of higher 

plants are interesting~ because of the relationships between position and time of 

flowering and flower development. 

~Since our references are mostly to biological papers~ we deviate from the format 

used in this book and we list our references at the end of this article. 
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There seems to be enormous diversity in the inflorescences and inflorescence forma- 

tion in higher plants. Within a plant species~ however, the pattern of the inflo- 

rescence and its development are quite constant and show great similarity to the 

patterns of related species as has been shown by Tr@ll (6) and Weberling (7). Seve- 

ral theories and models have been put forward to explain the evolution of inflo- 

rescences, Maresquelle (8, 9, I0, II), Stauffer (12) and Sell (13). Champagnat (A) 

and Nozeran~ Bancill~n and Neville (5) held gradients responsible for the pattern- 

formation in their plants. Maresquelle and Sell (14) also assumed gradients which in 

their opinion controlled the descending inflorescences in higher plants (these are 

inflorescences where flowering proceeds from the top down). Sell (15, 16) and 

Jauffret (17) also gathered experimental data about correlations between growth and 

flowering. However~ the question how growth and flowering in plants are correlated 

is still open. This is mainly due to the fact~ that no suitable representation and 

calculation devices are available to work out the consequences of different theore- 

tical correlation mechanisms. Most correlations were supposed to depend on gradients 

These gradients are supposedly formed by diffusion and/ or active transport. For the 

calculation of their effects differential equations must be solved. Because the 

plant is also growing~ the equations cannot be solved analytically~ but by step-by- 

step approximations. L-systems can be used to obtain approximate solutions. In this 

case~ all states of a growing filament are simultaneously replaced by new states at 

discrete time steps~ according to certain transition rules ( as for example growth 

and division rules). Furthermore, L-systems have been defined so that computer pro- 

grams can be based on them~ ~" Baker and Herman (18, 19, 20). They are suitable for 

representing and quantifying correlations in growing systems as long as th~se sys- 

tems can be treated as simple or branching filaments. 

In personal communication Sell advised us on the suitability of Aster as a subject 

for an inflorescence development model. This genus belongs to a large family 

(Compositae) that makes it convenient to compare it with other plants. Aster novae- 

angliae~ a species of Aster~ reaches a height of about one meter. Its pattern of 

growth and flowering is quite complex~ It can form up to 50 side-branches on any 



26 

one branch. It shows apices which turn into flowers and apices which stay vegeta- 

tive. It produces hundreds of easily countable and classifyable flowers. Branches 

in various parts of the plant exhibit easily recognizable patterns of growth. 

Flowering is presumably triggered by an environmental signal (short days). Fully 

developed flowers appear first midway along the plant and susequently appear above 

and below this point (ascending and descending flowering sequence). Aster forms its 

organs at the apices of its shoots. Growth in length only takes place in a zone just 

under the apex~ growth in gi=th might take place anywhere. 

We had to formulate first the minimum requirements for a meaningful model. A number 

of characteristics of Aster are not relevant to our purpose. Therefore~ we decided 

to disregard phyllotaxis and shape and size of leaves. We regarded as essential to 

the model: (I) the number and order of branches~ and their positions~ (2) the posi- 

tions and time order of the appearance of floral buds~ and their development~ and 

(3) the lengths of all internodes. We insisted that the computer model shoul~ show 

the same features in these respects as the actual plant. 

Characteristics of Aster novae-angliae 

The features of Aster novae-anglia% limited to those which were under consideration 

in the computer model~ were as follows. 

Figures i and 2 (all figures which are shown have been drawn by computer~ as will be 

described later) show a diagrarmnatic representation of a plant of Aster novae-angliae 

growing in a garden in Huis ter Held% The Netherlands~ on 7 Sept. 1973. The inter- 

nodes on the main branch (the O-order branch)~ and the branches of the main axis and 

their "flowers" have been indicated (Aster plants have compound inflorescences typi- 

cal of Composita% where the smallest inflorescence units are the so called "heads". 

These we shall refer to as individual "flowers,,). The internodes seem to decrease 

gradually in length from base to apex. The 15 lower internodes bear no branches 

leaves are not shown in these figures). The first order branches increase suddenly 

in length as function of their position on the main axis (from base up) and decrease 

gradually after that. The plant does not seem to posess either purely descending or 
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Fig. i. Diagram of a plant of Aster novae-angliae on 7 Sept. 1973. The main axis 

with its internodes, its side branches, and the apically born flowers (heads). The 

symbols@denote the flowers, the size of the symbols show the state of their de- 

velopment. 
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purely ascending order of flowering~ the most developed flowers are found on the 

branches positioned midway along the main axis. 

Figure 2 is an enlarged detail of the top part of Fig. I. Here~ all internodes and 

flowers~ and to some extent the order of development of the flowers~ have been indi- 

cated. As O~ the O-order branch~ it can be seen that the internodes of the higher 

order branches decrease in length gradually from base to apex. The lower placed 

branches on any branch~ have shorter internodes than their mother branch above the 

branching point~ the higher placed branches have internode lengths equal to their 

mother branch above the branching point. 

The first order branches seem to be able to grow faster than the O-order branch: 

starting with the longest first order branch~ they show about twice as many inter- 

nodes as the corresponding parts of the O-order branch above the branching points. 

This phenomenon appeared to be repeated in the higher order branches. The O-order 

branch had ig branchless internodes~ the higher order branches showed always less 

branchless internodes~ frequently exactly 55 while the branches nearest to the base 

often had the highest number of branchless internodes and the ones nearest to the 

top the lowest. In total numbers this plant had on that date: 25 first order bran- 

ches~ 125 second order branches~ 200 third order branches~ i0 fourth order branches 

and no fifth order branches. Other plants frequently show more branches~ as well as 

fifth and even sixth order branches. 

The flowering order which consists of flower development starting midway along the 

first order branches, was also encountered in the higher order branches. However~ 

the topmost flower of a certain branch was nearly always further developed than the 

flowers of the side branches of that branch. We noticed that the larger a plant had 

grown or the longer a particular branch had becom% the less developed was the apex 

of that plant or branch as compared to some of the flowers on its side-branches. In 

our plant this was visible in the complete absence of a flower at the top of the 

main axis. 

On 28 Sept .  1973, we observed again the same plant represented in Figs. i and 2. We 
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took new measurements of some branches and noticed that several branches had conti- 

nued to grow~ while others had not. It appeared that the branches nearest to the 

top of their mother branch had grown more than the branches nearest to the base. 

This phenomenon was strongest near the top of the plant. The flower de~ 

velopment had also most strongly proceeded at the top of the plant and on the 

branches positioned nearest to the top of their mother branches. The data we had 

gathered about the lengths of the internodes were not complete enough to elaborate 

them in a new figure. We had gathered, however~ all the necessary data of the flo- 

wers of the plant. Figure 3, therefore, which is identical to Fig. 2 except for the 

flower development~ shows all floral buds and flowers of the plant at the later 

stage. A number of flowers had already formed plumed fruits (0) and it was diffi- 

cult to assign flowering stages to them. One flower, however, had lost its fruits 

and therefore could definitely be classified as being the most developed flower. All 

the other plumed fruits were classified equally as second in the flowering order. 

The computer model 

As mentioned before, Baker and Herman (18, 19, ZO) and Liu (ZI) designed a computer 

program~ called CELIA~ to process strings in the way L-systems do. The first version 

of CELIA was followed by a second~ more extensiv% version (E2)~ which we used in 

our model. CELIA consists of a main program which can be instructed by a total num- 

ber of 16 fixed control and data cards and by several user-written subroutines. We 

wrote the developmental rules for the model in the (user-written) DELTA subroutine. 

We found inspiration for the formulation of the rules for our model in the work of 

Cohen (Z3). As "cell~" or "units" in the sense of L-systems we took already mentio- 

ned segments of the plant: internodes~ apices~ lateral buds~ and first internodes on 

a branch. We instructed CELIA by the control card MODEL to process ou~ organism as a 

branching < i~0 > L-system. This latter system is a branching system in which the 

information for a cell only comes from its own state and that of its first neighbour 

on the left. The first internode of a branch receives its left neighbour information 

from the internode on the mothe~branch which bears the branch in question. The 

strings were written out in the conventional way~ that is~ the shoot apex at the 
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right and the base at the left. We introduced four attributes per unit. For the 

sake of convenience, a unit with its attributes was placed between sharp brackets. 

The four attributes were~ in order of appearance: TYPE~ FORS~ LONG~and BULK (the 

whole unit abbreviated as < T~ F~ L~ B >). 

The variable TYPE can have only three values: i~ standing for an apex or flower7 3~ 

standing for an internode~ and 8~ standing for a laterOl bud or for a first inter- 

node on a branch. 

FORS is a variable applicable to apices or internodes (it can have values greater 

than or equal to -E). The FORS value of an apex is simply equal to the number of 

internodes which were produced by that apex (from the stage of a lateral bud on). 

The FORS value of an internode is equal to twice the number of internodes produced 

above it on that branch. The fact that an internode keeps account of the number of 

internodes produced above it does not necessarily mean that we have here to do with 

long range communication between parts of a branch. An internode can simply measure 

the time since its production and the degree of inhibition applicable to that branch 

and compute from that at any time the number of internodes which have arisen above 

it. Using twice the number of internodes in FORS is due to our wish to let the 

growth function of internodes look more realistic~ as we shall show later. The nega- 

tive values for the number of plastochrones were introduced for practical program- 

ming reasons~ they had no further significance. 

The variable LONG can only have values greater than or equal to zero. It stands for 

the initially determined length of the mother branch of the particular bud or inter- 

node. Its value has to do with the degree of inhibition. 

We let our plant grow (expand) until a certain stage~ at which stage we switch the 

set of rules. This switch~called ',table-switch'~ is meant to represent the change 

from vegetative to flowering conditions in the whole plant. 

Outside the scope of the table < I~0 > L-system we make information available 

concerning the length and inhibition of the branch and of its mother branch. We 
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will argue that this extra information can be deduced to one-step-at-a-time left- 

sided information transmission~ so that it could be fitted into a table < I~O > 

not 
L-system~ if we so desired. We will explain later why we thought it was/convenient 

to do that. 

The core of the model:productio~ule__ss 

The most important differences in the rules for the units are based on their first 

attribute~ their TYPE. Therefore we classify the rules according to their TYPE. 

A unit (internode or apex) is represented by a quadruple of attribute~ 

< T~ F~ L~ B >. L(LI) designates the value of the attribute LONG of the left neigh- 

bour of a unit. The rules which specify how certain quadruples change to other qua- 

druples are shown below. For certain combinations of attributesthe same rule is 

used under both vegetative and floral environmental conditions. For other combina- 

t~ions~ the rule which is applicable depends on the environment (vegetative or flo- 

ral condition). The term "int (F)" indicates the integer portion of the value of the 

variable F (the lower entire of F). 

B_u_l_e_s _w_hi_cb_ _apg!~_ _u_n_d_e _r_b_ oth__v_eg_e_e_a_t_i_v_e_ _a_n_d_ _fl_o_r_al_ c_o_n_d_i_tio_n_s. 

TYPE 5 

I. If F is greater than or equal to 8 then 

< 5, F~ L~ B > --~ < 5, F~ L, B >. 

This rule states that an internode unit is fully grown when the value of its 

variable FORS (the number of plastochrones) is greater than or equal to 6. 

2. If P is smaller than 6 and int (F) is equal to int (F + 2K) then 

< 5~ F~ L~ B > --4 < 3~ F + 2K~ L~ B >. 

This states that an internode unit does not grow (does not increase the value of its 

variable LONG)~ but just increases the value of its plastochrone number (the value 

of the variable FORS) with twice the value of the variable K (the degree of inhibi- 

tion - the behaviour of which will be explained later -)~ whenever the value of its 

variable FORS is smaller than 8 and the value of the lower entire of its variable 



F is equal to the value of F + 2K. 

5. If F is smaller than 6 and int (F) is smaller than int (F + 2K) the~ 

< 3, F, L, B > ~ < 3, int(F) + I, L + LX(int(F) + i - 0.15(int(F)+ i~ ), B >. 

This states that an internode unit grows and at the same time increases its plasto- 

chron~ number whenever the value of its variable FORS is smaller than 6 and the 

value of the lower entire of its variable FORS is smaller than the value of 

FORS + 2K. The new length of the internode becomes LONG + LONG x (in~(FORS) + I - 

- 0.15 (int(FORS) + 1)2), which can also be written as xt= xt_1+ xt_l(t -0.15t2), 

where x t is the length of the internode at time t and t is the plastochrone number 

( 0 < t < 6 ). This formula provides an S-shaped growth curve for the internodes~ 

the derivation of which shall be given later. The new plastochrone number of the 

internode unit becomes int(FORS) + I and not (FORS + 21{) as in the preceding 

rule. This is in order to make it impossible to let the increase of the plastochrone 

number amount~ more than one integer uni% for this would mean that the growth 

formula for an internode possibly would not be applied at every integer unit, lea- 

ding to false results° 

TYPE 6 

4. If F is greater than or equal to 6 then 

< 6~ F, L, B >--) < 6, F~ L, B >, 

Similar to Rule i. 

5. If F is smaller than 6 and int(F) is equal to int(F + ZK) then 

< 6~ F~ L~ B >--~ < 6~ F + 2K~ L, B >. 

Similar to Rule 2. 

8. If F is smaller than 6 and int(F) is smaller than int(F + 2K) then 

< 6, F, L, B >--~<6, int(F) + i, L + LX (int(F) + I - 0.15 (int(F) + I)2), B >. 

Similar to Rule 5. 
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TYPE 1 

7. If int(F) is equal to int(F + K) then 

< i~ F~ L~ B >--)< i~ F + K~ L~ B >. 

This rule states that an apical unit does not give rise to new organs~ but just 

increases the value of its plastochrone variable by the value of K (the degree of 

inhibition)~ whenever the value of the lower entire of its variable FORS is equal 

to the value of the lower entire of FORS plus K. 

8. If int(F) is smaller than int(F + K) then 

< I~ F~ L~ B >-~< 5~-i~ L(LI)x O.9~ B > (, < 6~ 2~ L(LI)~ A > :) < I~ F + K~ L~ B >. 

We state here that an apical unit gives rise to a lateral bud and to an internode~ 

whenever the value of the lower entire of its variable F is smaller than the value 

of the lower enire of F + K. The unit standing for the lateral bud is placed be- 

tween parentheses and colons as follows, ( : < 6~ F~ L~ B > : ). The apex in- 

creases the value of its plastochrone number (FORS) by K (the degree of inhibition)~ 

as in Rule 7. The newly formed lateral bud gets a FORS value of -2. The value for 

the length (LONG) of the newly formed lateral bud is equal to the ~ength of the 

first internode on the left. The lateral bud~ therefore ~ will have the length of 

the internode~ which is going to bear the new branch (Rule 9). The value for the 

variable BULK of the newly formed lateral bud is equal to the value of A~ which is 

the length of the mother branch of the lateral bud. The behaviour of the variables 

BULK and A will be explained later. The newly formed internode gets a FORS value 

of -I. This negative value for the plastochrone number ensures that it will take at 

least two iterations before the newly formed internode will grow (see the formula 

given in Rule 3). In the meantime it is very easy to determine the initial length 

of the next internode which will be formed on the same branch~ because the initial 

length of the previously formed internode on the branch is still available. The 

LONG value of the newly formed internode is equal to the length of the first inter- 

node on the left~ multiplied by 0.9. This ensures that the length of the newly 

formed internode will be somewhat smaller than the length of the previously formed 
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internode on that branch. 

TYPE 8 

9. If F is equal to -2 then 

< 6~ F~ L~ B >--><6~ -I~ L~B~ B > < i~ O~ 0~ B >. 
A 

This rule states that a lateral bud unit (with FORS equal to -2) develops into a 

first internode on a branch and into an apex. The FORS value of the newly formed 

first internode on this branch is equal to -i (see Rule 8). The value for the length 

(LONG) of the newly formed first internode is equal to LONG x BULK~ divided by A 

(the length of the mother branch from base to branching point). Since the variable 

BULK is equal to the length of the mother branch of the time when the lateral bud 

is formed (see Rule 8)~ BULK divided by A implies that the initial length for the 

newly formed internode depends on the increase in the degree of inhibition (an ex- 

planation of this will be given later) which has taken place since the formation of 

the lateral bud. The FORS and LONG values of the newly formed apex are set equal to 

zero. 

TYPE I 

i0. If L + F x K is greater than or equal to ~ then 

< i~ F~ L~ B >--~<i~ F~ L + F X K ~ B >. 
i0 

An apical unit is considered to be a flower whenever its LONG value is greater than 
or equal to 

/~. The value for the plastochrone number of a flower does not increase anymore. The 

LONG value of this unit now indicates its flowering state. According to the rul% 

LONG increases by FOILS x K divided by i0. The derivation of this formula shall be 

given later. Under floral induction~ the apices also loose gradually their ability 

to give rise to internodes and to lateral buds~ as a consequence of this rule. 

ii. If L + F x K is smaller than ~ and int(F) is equal to int(F + K) then 
i0 

< i~ F~ L~ B >--)< I~ F + K~ L + F X K ~ B >, 
I0 
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As Rule 7, this rule also states that an apical unit does not give rise to new or- 

gans whenever the value of F x K divided by I0 is smaller than 4 and the value of 

the lower entire of the variable F is equal to the value of the lower entire of 

F + K. The FORS value of the apex is increased by K (see Rule ?). 

12. If L + F X K is smaller than 4 and int(F) is smaller than int(F + K ) then 
I0 

< I, F, L, B >-~< $,-I, L(LI) ~ 0.9, B > (: < 6,-2, L(LI), A > :) < I~F+K~L+F~K~B>. 
i0 

Here we state tha~ an apical unit gives rise to a lateral bud and to a new internode 

(see Rule 8)~ whenever the condition of the rule holds. The value for all variables 

of the apex~ the newly formed lateral bud and the internode are equal to the values 

given for these variables in Rules 8 and ii. 

TYPE 6 

13. If F is equal to -2 then 

< 6, F~ L~ B >-->< 6~ F~ L~ B >. 

This states that a lateral bud unit does not develop any further if the plant is 

under flowering condition. This rule prevents the formation of new branches (Rule 9) 

when the plant has come under flowering conditions. This restriction is not necessa- 

ry for the construction of the model. It ensures that the model plant does not be- 

come too extensive, which is convenient from the viewpoint of computer processing. 

Extra information 

Variable A is the sum of the lengths of the internodes of a certain branch and 

variable K is the degree of inhibition of that branch. We have built a common block 

of information into the CELIA main program and into the DELTA subroutine. This com- 

mon block makes it possible to assign to each unit < T, F, L, B > a value for A 

and a value for K. The computation of A and K at every computing step proceeds from 

left to right along the filament. 

14. If a unit is encountered which is of TYPE 6 and its F value is equal to -2~ then 

the variables A and K assigned to it have the same value which they have in the pre- 



38 

vious unit lying on the mother branch. In other words, the values for A and K are 

not affected by the encounter of a lateral bud as the computation proceeds along 

the filament. 

15. If a unit is encountered with TYPE 6 and an F value which is not equal to -2~ 

then an A value is assigned to this unit equal to the length (LONG) of the first 

internode on this branch. Further~ we assign a value for K equal to the K value of 

the mother branch times twice the value of BULK, divided by the length of the 

mother branch from its base to the branching point. (The values for K are always 

greater than or equal to zero. A value for K of zero stands for complete inhibition~ 

values for K greater than I stand for negative inhibition. The main axis always has 

a K value of i). In other words, A takes as its value the value of the length of 

the first internode of that branch~ and K determines the degree of inhibition for 

the branch according to the given formula. The derivation of this formula shall be 

given later. 

16. If a unit is encountered of TYPE ~ or of TYPE I, then the value of the variable 

K stays the same as in the previous unit~ and the value for the variable A is in- 

creased by the length of this unit. In other words, the degree of inhibition (K) for 

the branch is not affected while the sum of the lengths of the internodes of the 

branch (A) is increased by the value of the length of the internode we are looking 

ato When the end of a branch is reached (when a unit of TYPE I has been processed)~ 

the degree of inhibition (K) and the length of the branch CA) are not carried on 

any further. 

The drawinE pro~r~ 

A computer program was also written in order to draw diagrams based on the CELIA 

output. We used this program to make diagrams of the actual plant as well, where 

we indicated the lengths of all internodes and the floral states of the apices. The 

computer program drew the first side branch of a certain branch always at the left 

hand side and all following side branches alternately to the right and to the left. 

We had an option in the program for the angles of the branches. In the pictures we 
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allowed the first order branches to make angles of 70 degrees with the main axis~ 

the second order branches to make angles of 50 degrees with the first order branches~ 

and the third and higher order branches to make angles of 20 degrees with their 

mother branches. The value of the variable LONG of the apices in the model deter- 

mined the size of the flower (~). If the value of the variable LONG was greater 

than 103 we considered the flower to have formed fruits (~). The numbers next to 

the flowers were handdrawn and ~ive the time order of development of the flowers 

(according to the value of the variable LONG). 

The computations and drawings were carried out by a CDC 6400 ( CYBER 75 ) computer 

at the University of Utrecht. 

Results 

Starting with an initial filament of two units < 6~ -i~ 0.% 0.5 > < I~ 1.0~ O~ 0 > 

we expanded the filament for 45 iterations. We let the table-switch from vegetative 

to floral condition occur at iteration 55. The computer drawing program supplied us 

with the drawings of the filaments at iterations 5~ 15~ 25~ 35~ 40 and 45. The 

drawings are collected in Figs. ~ 5~ 6~ and 7. The drawings of the filament at 

iteration 40 and 45 (Figs. 6 and 7) may be compared with the drawings of the actual 

plant (Figs. i~ 2 and 5). Comparison with Fig. i shows that the computer output does 

not have the same general appearance as the actual plant. This was mainly due to the 

absence in the computer model of the long stretch of branchless internodes at the 

base of the main axis. As we pointed out before~ the main axis of the real plant 

has at its base a part which is quite different in appearance from any higher order 

branch. When we were building our model we discovered that we could only include 

this characteristics of the main axis if we adopted a special set of rules for the 

first part of the development of the plant. This seemed to us unnecessary for our 

model~ so we confined ourselves to building a model of the actual plant without the 

basal part of the main axis. Our output~ therefore~ can only be compared with Figs. 

2 and 3. Figure 6 is a drawing of the model plant at about the same stage of deve- 

lopment as the actual plant in Fig. 2. The two figures can be matched to a 
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~T= 40 

Fig. 6. Diagram of the model plant at iteration ~0. (This Figure may be compared 

with Fig. 2) 
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considerable extent.The model plant is somewhat smaller than the real plant~ but 

keeping it smaller was more practical for the computer simulation. If we had post- 

poned the table-switch by another IO iterations~ the model plant would have been 

just as extensive as the actual plant (as we have tested it in some additional si- 

mulations). The strictly regular appearance of our model plant is not entirely rea- 

L~istic~ namely with respect to the lengths of the internodes~ where the higher 

positioned internodes were always smaller than their preceding ones~ and with res- 

pect to the lengths of the branches which increased after a certain point to a 

maximum and decreased very regularly afterwards. These aspects of the model plant 

are the results of exclusively deterministic values f~r the constants in the rules~ 

with stochastic values we could introduce more variation into the model. Figs. 

and 5 could not be compared with the figures of the actual plant~ because we did 

not observe its comparative stages. The figures show how the computer model deve- 

loped from the initial filament to the stage where it can be compared. Fig. 7 on 

the other hand~ was produced in order to show the progress in the development of 

the model plant and should be compared with Fig. $ (except that Fig. 5 is only ac- 

curate for floral stages and not for internode lengths at that date of observation). 

Discussion! The computer model vs. the ,actua I plant 

The rules and notions in our model had to satisfy the following demands: they had 

to be able to produce the desired pattern~ they had to be physiologically reasonable 

they had to produce stable~ hut adaptable patterns~ which were flexible enough to 

account for variations in the plants of Aster novae-angliae (and even in related 

species). 

The first attribute in our model~ TYPE~ is assumed to represent the more or less 

permanently differentiated character of the units which constitute the plant. Clear- 

ly~ meristematie apices~ internodes and flowers (or inflorescenees) are both morpho- 

logically and developmentally distinct plant organs. We have distinguished between 

the apices which are born at the tips of branches~ and those which are in a lateral 

position. This distinction was necessary in order to be able to control the further 
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Fig. 7. Diagram of the model plant at iteration ~5. (This Figure may be compared 

with Fig. 3). 
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growth of the branch which originates from a lateral bud~ by assigning it a certain 

BULK value. We also distinguished between first internodes of branches and later 

internodes~ for the reason that the degree of inhibition for a branch (K) can be 

determined for the whole branch by using a special formula for the first internode 

of the branch. This procedure was adopted here for our convenience± another model 

could easily be constructed without distinction between first and lateral internodes. 

Formally~ we used only three symbols for designating the TYPE of a unit~ namely I~ 

3~and 6. The sy~ol I was used to designate apices in terminal positions as well as 

flowers (no confusion arises from having the same symbols used in these two sense). 

The symbol 3 was used for internodes~ other than first internodes of a branch, The 

symbol 6 was used to designate lateral buds or first internodes of branches. 

The following state transition diagram shows the possible transitions among the dif- 

ferentiated states of organs. 

Q 
terminal a~ 

nternode~ J lateral 

Often other differentiated units may also be recognized. Nozeran~ Bancilhon and 

Neville (5) for example show that at the beginning of the development of the main 

axis of Phyllanthus amarus another kind of differentiation may take place. The 

organs formed during this differentiation~ when isolated~ kept different potentia- 

lities. We remarked already~ that the basal part of Aster novae-angliae behaved dif- 
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ferently from the rest of the plant. This could in our model only be reflected if 

we would have applied a separate set of rules for the formation of this part of the 

plant. Apart from the basal par% the main axis was in one more aspect different 

from the rest of the plant (which is often observed in higher plants) : Its apex 

sometimes did not form a flower (Figs. 2 and $). According to our set of rules it 

would always form a flower~ although not necessarily the most vigo rous one (Figs. 

5 and 6). 

The question arises whether this plant could he simulated by a developmental system 

in which ~o interactions take place among the constituent parts (as in a < 0~0 > 

L-system). But then for every lateral bud and its resulting branch there would have 

to be a different sequence of states~ because for every branch the slowing down of 

its growth seemed to be different and dependent on its position in the plant. There- 

fore~ only interacting systems seemed to be suitable for the simulation of Aster. In 

addition~ we decided to use a table-switch~ because we have seen plants of many dif- 

ferent sizes in flowering condition which indicates that the production of the flo- 

wering stimulus is not internally regulated. Furthermore, a table-switch is physio- 

logically well defendable because of the well-known "short-day" induction mechanism. 

We first thought of using a table < I~i > L-system. This is an interacting system 

with tables in which the next state of a unit is determined by its own state~ by the 

state of its first neighbour on the left~ and by the state of its first neighbour on 

the right. This Mind of developmental control could be natural from a physiological 

point of view~ namely involving both apical dominance and basal information about 

the extent of growth. But we decided to try first the simpler system with basal 

information only. It proved possible to build a model exclusively using basal infor- 

mation~ represented by our table < i~0 > L-system. Further work might prove inter- 

esting on the construction of a model with both basal and apical information. 

Development with interaction can be modelled not only by < I~i > L-systems but also 

by < k~ > L-sysjems~ where each cell is influenced by ~ left and ~ right neighbours. 

Since < k~ > L-systems can be programmed in CELIA (22)~ they could provide an 
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opportunity to speed up the flow of information through a filament. The advantages~ 

h~ever~ are limited. The rules become much more complicated. We found it easier to 

introduce cormnon blocks of information in the CELIA program and in the DELTA sub- 

routine rather than to make use of information arriving faster from more distant 

neighbours. 

The slowing down of growth (or inhibition) of branches as function of their positio~ 

had to be provided by interaction rules. It was not easy to formulate these rules. 

We cannot claim that the rules we adopted are the rules which the plant uses. The 

interaction rules must be of the following kind: First~ inhibition must become 

strQnger the further the branching points are left behind the apical meristem which 

split them off; this relationship is~ however~ not linear with distanc% but is 

dependent on the size of the whole branch. Secondly~ the existing inhibition in a 

certain branch has to govern the inhibition of its side branches. And thirdly~ the 

side branches near the top of a long branch have to be negatively inhibited~ in 

other words~ they had to grow faster than their mother branch~ with a factor up to 

twice. 

The first property could only be built into our rules by a rather complicated pro- 

cess. This process involves in the first internode an imprinting (Rules 8 and 12) 

of the length of its mother branch at the time that the lateral bud is formed (this 

is stored in the value of the variable BULK). In addition~ the rules specify (Rule 

15) that the first internode of a branch must keep a measure at all times of the 

length of its mother branch (from its base to the branching point). And finally~ 

the rules state (Rule 15) that the first internode of a branch must compute the 

degree of its inhibition from the two previous pieces of information~ by dividing 

the imprinted original length by the new length of the mother branch. This process 

may be hard to envisage~ but it produces the required property and all other methods 

that we could think of involve far more complicated rules. We got the idea of having 

an imprinted original length of the mother branch from Sell (15~ 16). He demonstrated 

that buds after isolation showed a different rate of development~ depending on their 
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previous position on their mother branch, This implied the imprint of some kind of 

message. 

The second property~ that the inhibition of a side branch is controlled by the in- 

hibition of the mother branch~ could very easily be built into our rules. This was 

done by multiplying the inhibition of a particular branch by the inhibition of its 

mother branch (Rule 15). 

The third property~ of negative inhibition~ could also be easily built into the 

rules~ namely by multiplying the inhibition of any side branch by the factor of 

two (Rule 15). 

Because the growth of the internodes exert an effect on the inhibition of their 

branches it appears to be important to have a realistic time course for internode 

growth. From data in the literature (16) we found that full growth of internodes in 

Coleus takes about 5-7 plastochrone units. Aster novae-angliae may not be much dif- 

ferent. More exact data on internode growth~ however~ were unobtainable. Therefore 

we compared the 5~? plastochrone time-units of Coleus with the data of root growth 

of Zea mays (2~). This comparison gives us an indication of the order of length 

increase which takes place in internodes per time-unit. We obtained a formula which 

in the case of Zeama_ay_s root would push a newly formed internode in 6 plastoehrone 

time-units out of the growth zone , x t = xt_ I + xt_ I ( t - 0.15 t2)~ where x t the 

length of the internode at time t and t is expressed in plastochrone time-units 

( 0 < t < 6 ). We are fully aware that this formula is rather arbitrary for the 

internode growth of shoots of Aster~ but it proved to be adequate (Rules 5 and 6). 

Apart from considering the growth rates of internodes we must also deal with diffe- 

rent final sizes of internodes throughout the plant. It appeared that the rules must 

satisfy the following requirements: 

First~ a certain apex~ which gives rise to internodes~ must gradually give rise to 

smaller internodes. Secondly~ internodes on a strongly inhibited branch must be 

smaller than the internodes on the mother branch above the branching point~ while 



4g 

not heavily inhibited branches must have internodes of the same size as the mother 

branch. 

The first requirement could be satisfied by letting a newly formed internode be 0.9 

times the length of the preceding internode on that branch (Rule 8). The second re- 

quirement is satisfied by letting the size of the first internode and consequently 

all following internodes on a new branch depend upon the inhibition exerted at the 

time of formation (Rule 9). These rules were simple enough and possibly physiologi- 

cally defendable. 

The last phenomenon~ which has to be regulated by the rules~ is the process of flo- 

wering. The rules for this process must satisfy the following requirements~ First~ 

the apices must develop in a particular time sequence dependent on their position 

in the plant. Secondly~ after some time the process has to proceed faster in the 

higher positioned apices than in the lower positioned ones. Thirdly~ the plant must 

continue to grow after floral induction. 

It proved to be possible to satisfy all three requirements based on a principle we 

call "vigour" (Rules i0~ ii~ i~). We define "vigour" of a certain apex as the number 

of plastochrone-units that apex has gone through~ multiplied by its inhibition. In 

the real plant there is an observable connection between branch growth and flower 

development. Therefore~ the parameter "vigour" connects these two in the model. 

Thanks to repeated observations of a plant of Aster novae-angliae (Figs. 2 and g~ 

and explanatory text) it was possible to estimate the developmental speed of the 

flowers against the continuing vegetative growth of the plant. This resulted in the 

formula for the attribute LONG (as in Rule i0). 

As growth continues~ "vigour ~ changes~ and it changes in such a way that higher 

positioned apices in the plant benefit more from it than lower positioned ones. The 

principle of "vigour% therefore~ works so well in our model~ that it would not be 

surprising if the real plants control the development of their flowers in this way. 

Side branches near to the top of a large branch often bear more developed flowers 

than the mother branch. This is possible in our model~ because the increase in 
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"vigour" is related to the rate of growth of the branch, and branches near to the 

apex of a large branch can be negatively inhibited up to a factor of two. This means 

that the ,,vigour- of those branches can become larger than the ,,vigour,, of their 

mother branch and consequently that the developmental rate of their flowers is 

higher than the developmental rate of the flower of the mother branch. 

Finally we should require that the model be stable and flexible. In the course of 

our computer work we tried a variety of values for the constants in the formulas. 

These provided us with some insight in the stability of the model. Future work with 

stochastic variables might yield more stable models° The flexibility of the model 

could be tested by investigating the rules for their creative power, i.e., their 

power to simulate patterns of growth and flowering in related species. 
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ADDING CON~flNUOUS COMPONENTS TO L-SYSTEMS 

A. LINDENMAYER 

Theoretical Biology Group~ University of Utrecht 

Heidelberglaan ~ Utrecht~ Netherlands 

Summary 
Constructions are shown for cellular developmental models with continuous parameters~ 

such as concentration of nutrients or inhibitors~ size and age of cells or compart- 

ments. It ~S proposed that we can make use of some of the L-system results for these 

continuous component models. 

Introduction 

Developmental descriptions with the help of L-systems are based on discrete symbols 

which stand for discrete states of cells. In accordance with our present-day under- 

s..tanding of cellular processes~ the "state of a cell" at any time is assumed to 

consist of the "state of the genome" and of the "state of the cytoplasm" at that 

time. By the "state of the genome" we mean the configuration of active and inactive 

genes at that time. The genes being discrete entities which are either repressed or 

not at any one timej the combination of active genes forms a naturally discrete 

"genomic state". Nevertheless~ if the number of genes n involved in developmental 

regulation were large~ then the number of possible combinations of active ones~ E 

could be unmanageable. This~ however~ does not seem to be the case in the develop- 

mental processes investigated so far~ not more than a handful of genes being at 

most implicated in each case. 

But the "cytoplasmic states" are an entirely different matter. The cytoplasm con- 

sists of thousands of different proteins~ nucleic acids~ metabolites~ and other com- 

pounds~ each at continuously varying concentrations. Most of these materials are ne- 

cessary for the normal functioning of the cell and are not involved in developmental 

regulations. Again~ the number of those £ompounds which are developmentally impor- 
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tant, such as growth hormones~ inducers~ cell division regulators and the like, is 

probably small. Neverth~less~ their diffusion and reaction rates must be taken into 

account~ as well as their concentrations~ in order to compute their effect on va- 

rious cells. Ever since the constructions of A.M. Turing's diffusion-reaction model 

i 
for morphogenesis, a considerable number of developmental models have been published 

with computer instructions and partly based on the production~ diffusion~ and decom- 

position of morphogenetically active compounds (morphogens~. Among these we may 

mention the models of D. Cohen2for branching structures~ of D.A. Ede and J.T. Law 3 

for the early development of chick limbs~ of C.P. Raven and J.J. Bezem4tfor the de- 

velopment of snail embryos, of A.H. Veen and A. LindenmayerSfor leaf position deter- 

mination on shoot apices~ and of Baker and Herman 6 for heterocyst initiation in 

blue-green algae. Only the last of these models has to do with simple (unbranched) 

filaments of cells, so we chose it as the first example to introduce our ideas. 

What we propose to show is how developmental models with both discrete genomic and 

continuous cytoplasmic states can be expressed as counterparts of L-systems~ and 

that in fact these new systems represent a useful extension of the original concept% 

with the hope that the results and insights gained on L-systems will carry over to 

them. 

The correspondence between "dynamic" systems (described by differential equations) 

and discrete algorithmic systems, with reference to diffusion-reaction mechamisms~ 

has recently been con~nented upon by H.M. Martinez and R.M. Baer~: "discreteness can 

Since the references are mostly to biological papers, we deviate from the 

format of this volume and list the references at the end of the article. 
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also be dynamic. It can correspond to the steady states of a physical system main- 

tained far from thermodynamic equilibrium (a dissipative structure). One is accor- 

dingly tempted to view this dynamic discreteness as the essential ingredient of any 

biological process at the cellular level having a programmed nature". 

For a more detailed biological justification of L-systems see my review j and 

my chapter in the book of Herman and Rozenberg @ . For formal definitions and re- 

/o 
suits see Salomaa's chapter on Lindenmayer-systems! and the rest of the above 

mentioned book. 

Heterocyst initiatio n in growing algal filaments 0fAnabaen @ 

In order to account for the differentiation of heterocysts at more or less regular 

intervals (every I0 cells or so) in growing filaments of the blue-green alga 

6 
Anabaena~ Baker and Herman made the following assumptions (which are widely ac- 

cepted by biologists). 

The heterocysts produce an inhibitor which diffuses along the filament~ and into the 

surrounding medium as well. A cell in which the inhibitor concentration falls below 

a certain ~hreshold value tur~s into a heterocyst~ and s~arts producing the inhibi- 

tor. Cells which are inhibited from turning into a heteroeyst (vegetative cells) 

can divide upon reaching a certain age. 

Diffusion of the inhibitor is governed by the equation 

~C 

~t 
= k (~ - c) + k (r - c) + k (e - c) 

where c is the concentration of inhibitor in the cell under consideration~ ~ ~ and 

e are concentrations of inhibitor in the left and right neighbour cells~ and in the 

environment. From this equation we get 

Z~c = k.At.(~ + r + e - 3c), 
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Assuming for the present that e = o~ and choosing (footnote i) ~ as the value of 

k.~t~ we have then the formula 

which was used in the simulation of Baker and Herman ~ . The fact that e = o means 

that each cell of the filament continually looses inhibitor to the environment. This 

is why the inhibitor concentration does not keep increasing in the filament as 

would be expected since the heterocysts keep producing the inhibitor. 
and He~man andLiu ~- 

The simulation was carried out by the program CELIA which Baker and Herman ;~ Acon- 

structed for generating cellular one-dimensional growing arrayS. In the program the 

state of each cell consists of a certain number of attributes. The next state of 

the cell~ or - if it divides - of its daughter cells~ is determined by its present 

state~ and possibly also by the states of its left and right neighbour cells. This 

means that each attribute has to be computed at each time step for each cell. The 

instructions used by Baker and Herma# in their first simulation in the paper 

can be given as follows (in a somewhat modified form)~ 

Let w = (< -~ x~ ->~ <a~ y~ u >~ < -~ z~ - >)be a cell-triple. Then 

(I) if y > t and u > 0 then w--~< a, f (x, y, z)~ (u - i)>, 

(Z) if y J t and u ~ 0 then w--~< b, h~ 0>, 

(~) if y > t and u = 0 then w--~ < a, f (x, y, z), Sl°~° >-I < a, f (x, y, z), Sl°°/°>. 
~000 6000 

Finally~let 

(A) < b, h~ 0 > --~ < b~ h~ 0 >. 

The attributes of each cell are shown between sharp brackets. The first attribute 

Footnote i. The diffusion rate constant k is taken here to be the same between cells 
along the filament~ and between cells and the environment. This obviously is a gross 
simplification= The choice of the value I for k.At has the consequence that if the 
length of the time step ~t can be estimated from other data then k can also be esti- 
mated. Baker and Herman considered ~t ~ i0 sec. a valid estimate from life cycle 
data~ which gives then k = 0.025 sec -I as the estimate for the diffusion rate con- 
stantj a rather high rate. 
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of a cell has only two values~ a or b~ standing for vegetative cells and heterocysts~ 

respectively. The second attribute is the concentration of the inhibitor~ and the 

third attribute is the age of the cell. The first instruction states that the center 

cell in state < a~ y~ u >~ with its left neighbour having an inhibitor concentration 

x~ its right neighbour an inhibitor concentration z~ if y is greater than threshold 

t and u > O~must go into a cell in state < a~ f (x~ y~ x)~ (u - i) >. The function 

f in this case comes from diffusion considerations and is assumed to be 

f (x, y, z) = y +! (x + z - 3y) 

by using the formula derived previously. The age of the cell is computed by sub- 

tracting I from u at each step. Thus~ as long as the inhibitor concentration remains 

in a cell above the threshold concentration t (chosen as t = 3 in this simulation)~ 

the cell remains in the vegetative state ~ its inhibitor concentration changes ac- 

cording to the diffusion law~ and its (reverse) age decreases by one. 

The second instruction specifies that if y ~ t and u ~ 0 then the center cell turns 

into a heterocyst (b), its inhibitor concentration goes to a constant value of h~ 

and its age to O. According to the fourth instruction~ cells of this type remain 

from then on in the same state. 

The third instruction specifies a division of the cell < a~ y~ u > into two new cel~ 

each in the state <a~ f (x~ y, z)~ Sl°°/°>.~ The term S IO°/O ~ stands for a stochasti- 
6 0 0 0  6 0 0 0  

cally chosen value of age from an integer set with average 6000 and standard devia- 

tion of i0°/o. This transformation takes place if y > t and u = O~ in other words~ 

when an inhibited vegetative cell reaches age O. 

The genomic states in this developmental system are clearly the states of the first 

attribute of each cell~ a and b~ standing for its vegetative and heterocyst condi- 

tion. The switch from one genomic state to another ( a-~b)~ and the decision for a 

cell to divide (a--~aa) or not to divide (a--~a)~ are controlled by the two cyto- 

plasmic attributes (inhibitor concentration and age) with respect to the two 

threshold values (3 and O). Once a cell is in state b~ it remains so (b-->b)~ 

The simulation of Baker and Herman was successful in generating acceptable hetero- 

cyst distributions along growing filaments~ For practical reasons they allowed the 
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inhibitor concentration in any cell to assume integer values only 3 those between 0 

and 999 (in the heteroeysts the concentration was at the constant value h = 999). 

The use of integer values did present some difficulties when the inhibitor eoncentr~ 

tion in the environment had~to be varied (e > 0). As we have seen~ the instructions 

of this developmental system were~ however~ formulated with the help of the conti- 

nuous function f ( x~ y~ z ) and its computations could be carried out to any de- 

sired degree of accuracy. 

The point we wish to make concerning this developmental system is that it could de- 

monstrably be formulated in a manner analogous to an L-system with tw~sided inputs 

(called a "2L-system" or "< i~i >L-system") in spite of having continuous and 

stochastic functions as components. Furthermore~ the analogy of this model with L- 

systems goes much deeper than just a common form of expression. For all practical 

purposes the computation of the function f ( x~ y~ z ) would be carried out only to 

some finite accuracy~ which would mean that the concentration parameter would in 

fact be discretized (just as Baker and Herman have done it). Any discretized para- 

meter within finite bounds could be regarded as a finite set of states. Thus~ al- 

though we define the developmental system by a continuous function~ we would in rea- 

lity be working with a discrete state system~ in other words~ an L-system. The 

stochastic aspect of the above instructions could also~ for most purposes~ be re- 

placed by non-deterministic ones. 

Once we recognize that certain developmental systems with continuous and / or 

stochastic components are fundamentally related to certain types of L-systems~ the 

results available for the latter become dir~dtly or at least by analogy applicable 

to the former. 

Unfortunately the theory of L-systems with interactions is not sufficiently strong 

yet to provide many useable results concerning the behaviour or equivalence proper- 

ties of such systems. The only theorems we might mention are those of Rozenberg ~ 

concerning the normal forms of L-systems with ~ left and ~ right neighbours with in- 

puts. He showed that for any k and ~ the class of < k~ > L-languages is identical 

with the class of < k+~-l~l > L-languages~ or with the class of < l~k+~-i > L-langua- 

ges. Furthermore he proved the existence of a hierarchy of < k~ > L-systems, in the 
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sense that for every k and ~ one can find a language which cannot be generated by a 

< k~ >L-system~ but can be generated by a < k+l~ >L-system. In a simulation~ the 

sizes of k and ~ correspond to the rates at which active substances can travel along 

a filament in one or another direction. Thus these results may have a bearing on 

the simulation parameters chosen in a particular biological model. 

The results on growth functions of L systems with interactions |~J IF" may also 

be eventually useful in answering questions concerning growth rates of filaments 

when growth is regulated by a process involving interactions among the cells~ such 

as (possibly oriented) diffusion of hormones. 

As more properties of L systems with interactions become known~ more insights will 

hopefully be gained of development governed by diffusion-reaction mechanisms~ such 

as the one concerning heterocyst differentiation discussed here. 

Branching_gr0wt h of barley roots 

The situation concerning useable L-system results is quite different when we c o n -  

sider developmental processes in which no interaction takes place among the units~ 

as illustrated in the following. 

We take as basis of this example the mathematical description by C~ackett and D. 

A. Rose16of the development of the seminal root of barley. The ~sential features of 

their description are: each root member grows at its apex by a constant rate~ and 

produces subapically branches at constant distances from each other. According to 

their observations~ "The development of the root system of barley . . . proceeds in 

such a manner that relations between the total number~ length~ surface area and 

volume of root members remain approximately constant during the vegetative stage of 

growth. The existence of this property of root development implies that the plasti- 

city of root form so evident to the eye is achieved within a fra~ork of some re- 

markably constant principles." 
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In a simplified form, the description of Hackett and Rose consists of giving apical 

growth rates Vo~Vl,Ve~ ... and branching densities qo,ql,q2 , ... for zero~ first, 

second~ etc., order branches. Growth rates v i are given in terms of mm per day~ and 

branching densities qi are in terms of branches per mm. They derive approximations 

of the total numbers and total lengths of first~ second and third order branches as 

functions of time, and attempt to show how these formulas can be fitted to observa- 

tions by suitable choice of parameters (the v i and qi values). 

Our purpose is to show that this developmental model can be expressed in a formalism 

analogous to OL-systems, and that, in spite of the continuous parameters employed~ 

recurrence formulas can be found for the developmental sequence it generates (cf.171 

Let us assume the following interactionless production rules for all i > O: 

(i) if X <~ then < ai, x > -'-~ < ai, x + v i > ) 
ql 

1 
(2) if x 2~ then < al, x > --~ < b, --i > ai+1,0 <al, x + v i - -- > 

qi qi qi ) 

(3) < b,x > ---~ < b~x > for all x ~ 0 . 

Each cell in this case represents a root segment, either an apical segment (above 

the highest branch), or an internodial segment (between two branches), or a basal 

segment (below the lowest branch and the branching point). The square brackets in- 

dicate branches, as in previous articles. The state of each segment consists of two 

attributes. The first attribute has the value a;and b~ standing for apical segments 

and for internodial or basal segments~ respectively. The second attribute indicates 

the length of the segment. 

The first instruction determines that as long as the length of an apical segment on 

an _ith order branch is below the required distance between branches _I ~ the segment 
ql 

should grow by an amount v i. 

The second instruction states that once an apical segment on an ith branch exceeds 

1 
the required distance -- it should produce a new branch of order ( i + 1 ) with 

zero length at a point -I distance above the last branch. An internodial segment is 

ql 1 
cut off this way in state < b~ qi >' and a new apical segment is formed which re- 

ceives the left over length of the original segment (which has been extended by vl). 
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The third instruction shows that internodial segments do not grow or branch any 

further. 

For the sake of this simple example let us assume that for all i > O~ v~ = v and 

ql = q" Consequently we also have a i = a. Let us designate ~ as r. The constants v q -- 

and ~ may take any positive real value. The term L x] designates the lower integer 

bound of x. The series of integers k1~ km~ ks~ •..~ k~ . . o are defined as~$]~ 

The following developmental sequence can then he obtained from the axiom < a~ 0>. 

S = < ajO > 

S I = < a~v> 

S~ = < a~2v > 

S k = < a~klv > 
1 

Skl+l = < b~r > [< a~O >] < a, (k1+ I) v - r > 

Skl+2 = < h~r > [Skl_~l+l] < a~ (k I + 2) v - r > 

S k 2 

S 
k~+ 1 

Sk+2 

= < b~r > [Ske_kl_l] <a~ kev-r > 

= < b~r > [Ske_k1~ < b, r> [< a~O >] 

= < b~r > [Ske_kl+l] < b~r > [Ske_k~+1] 

< a, (k2+ i) v - 2r > 

< a~ (k2+ 2) v - Zr > 

S k 

Sk +I 
s 

SkS+2 

< b,r > [Sksok1~1 ] < b~r > [Sks_ke_l] < a, ksv - 2r > 

< b~r > [Sks_k I ] < b~r > [Ske_~e ~ < b,r > [< a~O >] <a~ (k s + I ) v - 3r> 

< b~r > [Sks_kZ+1] < b~r > [Sks_k2+1] < b,r > [Sks_k;+1] <a~(ks+ 2)v- 3r> 

It is not difficult to see that the following formulas can be obtained~ for all in- 

tegers ~ and m such that i > I and 0 < m < (ki+ I - ki). 

Sk = ( < b,r > [Sk. k. ]) < a, kiv - (i - i) r> i 1 j = l  ~- J- 

Ski+m = ~ ( < b~r > [Ski_kj_l+ m ]) < a, (k~+ m)v - ir > 

The ~operator in these formulas indicates concatenation of strings. 
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The length x of the apical segment (the right-most segment in each string) is always 

such that 0 < x < r. This we can prove by recognizing that 

for any r and X- Thus we also have 

kiv- ( i- i) r < r 

and (k i + m) v - ir < r 

The above general formulas apply to strings produced at every step n such that 

n >~]jbut they are actually not recurrence formulas, because the difference-terms 

(~+I - ki ) andthe length-terms of the apical segments may keep changing in an ir- 

regular fashion as i increases without bound. However~ since in all practical 

examples ~ is a finite fraction~ both the difference-terms and the apical length- 
v 

terms must follow a cyclically repeating sequence. Thus~ if for some ~ and X values 

the cycles of terms are determined~ we can also obtain true recurrence formulas for 

these systems. 

The availability of recurrence formulas for such continuous component systems is 

clearly of great advantage. Among others~ formulas for total numbers and lengths of 

different orders of branches are then obtainable. 

It is of some interest to ask in general what requirements must a developmental 

system with continuous components fulfill in order to yield recurrence formulas° One 

requirement is obviously that no interactions should take place among the units. 

Another one seems to be that the numerical values which appear in the formulas should 

remain between certain bounds. 

!nfloreseenqe development in Aster 

Our third example of a developmental system with continuous components is that con- 

structed by D. Frijters and A. Lindenmayer (in these Proceedings) for the growth and 

flowering of Aster novae-anglia_ee. This developmental process combines certain as- 

pects of both of our previous examples~ branching filamentous growth (as in the root) 

as well as differentiating structures (like the heterocysts) are involved in it. A 

new aspect of this process is that an environmentally triggered major change occurs 
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in the course of development: a change from vegetative to flowering condition takes 

place when the lengths of days under which the plants are growing get shorter than 

a certain critical value. Asters are namely "short-day" plants~ they are induced to 

flower only when day-length falls below about IO hours, in late August at our lati- 

tude. This major change in developmental program is presented in the form of two 

tables of instructions, one for vegetative and one for floral development. 

Four attributes are used for each segment of the plant. The first attribute (again 

the controlling genomic attribute) has three values in this case: ~ for apical seg- 
or flowers 

ment~ ~ for internodial segments~ and ~ for ~at~a~ b~ds or if6r ~ 

basal segments ). The second attribute is a biological age parameter (called here 

"number of plastochrones"j rel~ted to the plastochrone index of R.O. 

Erickson and F.~. Michelini ~. The third attribute is segment length~ just as in 

the case of root segments. The fourth attribute is "bulk", interpreted as "assimi- 

late intake-eapacity"~ and having a role similar to the inhibitor concentration in 

the blue-green algal model. 

In addition to these four "local" or "cellular" attributes, two other aZributes~ 

and K~ are also computed for each segment. A is computed as the sum of the lengths 

of the segments from the nearest branching point to the internodial segment under 

consideration. K is a variable standing for an inhibition value controlled by the 

"bulk" value of the first internode on a branch. The value of K thus represents an 

inhibitory effect imposed on a whole branch depending on the position of the branch. 

Sets of instructions are given for both vegetative and floral conditions. Some of 

the instructions take into account not only the attributes of the segment itself 

which is being computed~ but also those of its nearest left neighbour segment. These 

two properties of the model, having two "tables" of instructions, and taking the 
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left neighbours into accoun% would make it a T iL-system with continuous components, 

were it not for the fact that the variables A and K are not locally comput~ • This 

feature of the model is, however, not essential~ A and K values could be carried 

along as two additional attributes for each segment. This would make the computation 

less efficien% however. 

Assuming that we are dealing here with a continuous counterpart of a T IL-system~ we 

can make use of the recent results concerning those systems (cf. Lee and 

RozenbergN~ 

L-systems with continuous components 

We have discussed three examples of developmental descriptions with continuous para- 

meters, the first one a counterpart of a non-deterministic 2L-system~ the second one 

of a deterministic 0L-system~ and the third one of a deterministic TiL-system (all 

of them were propagating systems~ i.e.~ without cell death). We might ask what pro- 

perties~ in general~ would be required~ from a biological point of view~ of L-systems 

with continuous components. 

First~ let us consider interactionless L-systems (0L-and TOL-systems) with continu- 

ous components. We could formulate deterministic production rules in the following 

completely general form: 

<al, a , ...~ a n >--~< fl (al~ "''' a= ), fa (al~ "''' a), ..., fn (al' "''~ a ) >, 

if no division takes place~ or 

<al, aa, ..o, an >--~< d I (fl(al, ..., an))~ ..., dn(f n (al, ..., a=)) > ~ m- 

< d I (fl(al~ ...~ a ))~ ...~ dn(f n (al~ ...~ a ))> ... ktimes 

) 
... < d I (fl(al, .~ an)), , dn(f n (a I, ., an))>, 

if division takes place. We let here each cell have n attributes; we allow each 

attribute to influence the values of all the attributes at each computation step by 

specifying the functions f1~ fe~ " " "~ fn"; and~ finally~ when a cell divides into 

new cells~ we introduce distribution functions dij d2~ • . .± d a to distribute the 

new values of the attributes over the newly produced cells. 

We are thus proposing here a next-state function F = (fl~ fe' " " "~ f=) and a dis- 

tribution function D = (dl~ da~ . • .~ d ) such that for each i~ i < i < n, ft is a 
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mapping from A n into A~ and d i is a mapping from A into A m ~ where A is the set of 

values over which the functions range. We have thus 

F : A n x A n --~ A n 

D | A%-~A m x A n 

The functions f1~ . " " ~ fn may be of very simple form. For genomic attributes they 

usually consist of simple step-functions~ such as represented in the root example by 

the first-attribute rules for all i > 0 that : if x < i__ -- qi then ai-~ai~ 

>i then ai-~b [ai+i]a i. if x qi 

Similar step-functions with externally determined (constant) thresholds are built 

into the other two examples discussed. One should in fact, require on biological 

grounds that in each L-system with continuous components there must be one genomic 

attribute~ and the next-state function for this attribute must be a step-function 

with one or at most two previously specified thresholds (the thresholds may not be 

computed). The reason for this requirement is the well-known Jacob-Monod model for 

gene activation and repression. For the same reason~ the genomic attribute should 

always be a discrete one. 

The next-state functions for the other attributes may be freely chosen as long as 

their values remain non-negative and between finite bounds. In no biological situa- 

tion would one expect to find a parameter which increases without bound or which be- 

comes negative. 

The distribution functions d1~ . . ., d n are in most realistic systems rather 

simple. In our first example the distribution function is the identity function for 

both new cells as far as the second attribute is concerned (both new cells receive 

the same inhibitor concentration f (x~ y~ z 9' In our second example the distribu- 

tion function for the second attribute is such that the new length x + v of an api- 

cal segment ( where x + v exceeds the threshold value) is divided into three portions 

of lengths r, O; and x + v - r~ respectively~ which together add up to x + v~ Dis- 

tribution functions are mostly of one of the above two types~ most biological para- 

meters being such that either they appear at the same value in both daughter cells 

(concentration~ temperature~ etc.) or they are subdivided among the daughter cells 

(length~ mass~ etc.). Occasionally there is also need for an unequal and non-addi- 
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rive distribution function~ such as the age assignment (the third attribute) in 

Baker and Herman's model. 

The construction of non-deterministic L-systems with continuous components presents 

no particular problems. One simply has to specify the set of new cells or strings of 

cells from which one can choose the next-state of a cell. Similarly, continuous com- 

ponent table L-systems can be easily constructed, as shown by Frijters and 

Lindenmayer (in these Proceedings). 

An additional remark: in a sense the principal effects exerted by next-state func- 

tions in interactionless L-systems are timing effects. Certain parameters increase 

or decrease to a point where they exceed a threshold value, when a new genomic state 

comes into operation~ but no spatial effects can be exerted by them. The fact that 

OL-systems are composed of timing sequences and cycles was recognized and further 

~0 
elaborated by D. Wood 

In systems with interactions we have~ in addition to timing sequences~ the possibi- 

lity of sending and extinguishing signals~ and setting up oscillations (standing or 

propagating waves). In continuous component L-systems with interactions the next 

value of each attribute may~ in general, be a function of not only all the attri- 

butes of the same cell but also of all the attributes of the neighbouring cells. As 

shown by the models of Baker and Herman and of Frijters and Lindenmayer~ the next- 

state function of one attribute may depend only on the same attribute in neighbouring 

cells~ or on several attributes. The genomie attribute is usually involved in the 

functions of all other attributes. 
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INTRACELLULAR BEHAVIOR 
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The State University of New York at Buffalo 

The fact that a gene in the DNA is a string over the alphabet 

of 64 codons, which describes a string over the alphabet of 20 amino 

acids is a great scientific discovery with an obvious relationship 

to formal language theory. We have begun the process of translating 

into formal language theoretical terminology the concepts associated 

with the fact that an organism carries a description of its 

developmental rules in the DNA of every cell. It is our hope that 

we shall thus be able to formulate precisely (and possibly answer) 

some problems related to the origin of life: i.e., how the unique, 

arbitrary genetic code utilized in organisms today could have first 

arisen. 

For example, one may start with the following definitions. 

A molecular soup is a 4-tuple M = <A, C, E, G>, where 

A is a finite nonempty set of constructor units (amino acids), 

C is a finite nonempty set of descriptor units (codons), 

E C A + is the set of constructors (enzymes), 

G C C + is the set of descriptors (genes), 

such that #A < #C < #E < #G. 
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whe re 

A production sche~ is a 7-tuple S = <A, C, E, G, F, fl' f2 >' 

<A, C, E, G> is a molecular soup, the soup of S, 

F C E, #F = #C, 

fl: F ÷ C, 

f2: C ÷ A. 

f2 can be extended to an f3 so that f3: G ÷ A +, in the 

usual way. 

A production scheme S = <A, C, E, G, F, fl' f2 > is said to 

be self-coding if and only if 

(i) fl is one-to-one onto, 

(ii) f2 is onto A, 

(iii) f3 is onto F. 

Example. Consider the following molecular soup. 

M = <A, C, E, G>, where A = {a, b}, C = {0, I, 2}, E = {ab, bab, 

aa, b}, G = {02, 212, 10, 0, ii}. Let F, fl' f2' F, fl and 72 

be defined as follows. 

F = {ab, bab, b}, 

fl(ab) = 0, fl(bab) = I, fl(b) = 2, 

f2(0) = b, f2(1) = a, f2(2) = b, 

= {ab, bab, aa}, 

3 l(ab) = 0, 7 l(bab) = i, 7 l(aa) = 2, 

32(0) -- a, 72(I) = a, ~[2(2) = b. 
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It is easy to show that both <A, C, E, G, F, fl' f2 > and 

<A, C, E, G, F, fl' f2 > are self-coding production schemes whose 

soup is M. 

Using such definitions we can now state precisely problems 

like the following: "Characterize those molecular soups for which 

there is one and only one self-coding production scheme of which 

it is the soup." (This question is related to the uniqueness of 

the genetic code in living organisms. However, this might not be 

the only possible way in which a unique code may arise. A more 

general question is: "How do the formal, time-independent 

relationships proposed in our definition constrain the real-time, 

dynamical behavior of a molecular soup, to result in a unique code?") 

Because of the finiteness of the domain and range of fl 

and f2' it is of course decidable for any molecular soup whether 

or not it is the soup of a unique self coding production scheme. 

The systems we have considered so far are quite simple, but 

they indicate the type of approach we have in mind. We plan to 

continue to work to improve these definitions so that one can ask 

really meaningful questions about the origin of the genetic code. 
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1. INTRODUCTION. 

The theory of L systems and languages (see, e.g., [45], [66], [75] 

and their references) is one of the fast growing areas of formal lan- 

guage theory. Still it is a rather young field (it originated in 1968 

from the work of Lindenmayer, (see [59])) and a number of basic pro- 

blems remain to be solved. One of the open areas within the theory are 

characterization results for various subclasses of the class of L lan- 

guages. The kind of results the absence of which feels rather badly in 

the theory are the characterization results which would allow one to 

prove that particular languages do not belong to particular subclasses 

of the class of L languages. So far, almost exclusively, most of such 

proofs involved combinatorial arguments directed very much at specific 

properties of the specific language in question (see, e.g., [81] and 

[91] for proofs of such a kind). This led to the situation that each 

time it appeared necessary to prove that a given language is not of a 

particular kind, a whole new proof, mostly ad hoc, must be produced. 

(The drastic example of this kind is the proof from [35] of the fact 

that the language {x E {a,b}*: the number of occurences of the letter 

a in x is a power of 2} is not an E0L language. This proof requires 

from the reader quite an investment of time to follow involved combi- 

natorial arguments, and yet to prove that a slight variation of the 

above language is not an E0L language could pose a serious problem to 
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the reader). 

In this paper we want to present three results, which, although 

far from resolving the difficulties discussed above, should signifi- 

cantly contribute to this open area. The first of these results pro- 

vides a partial characterization for a subclass of ETOL languages (see 

[89]), the second one provides a partial characterization for a sub- 

class of deterministic ETOL languages (see [89]) and the last one pro- 

vides a partial characterization for a subclass of E0L languages (see, 

e.g., [35]). The consequences of these results for comparison of vari- 

ous classes of L languages are also discussed. 

In this paper we use standard formal language terminology and 

notation. In particular A denotes the empty word, Ixl denotes the 

length of x and~A denotes the cardinality of A. Also if x is a word 

over an alphabet E and a is in E, then~a(X) denotes the number of 

occurrences of a in x; furthermore if B ~ E then~B(X) : Z ~a(X). 
a • B 

Finally abs(n) denotes the absolute value of n. 

2. ETOL SYSTEMS AND LANGUAGES. 

The class of ETOL systems and languages was introduced in [89] 

and is one of the actively investigated topics in the theory of L sys- 

tems (see, for example, [6], [16], [27], [71] and [72]). 

Definition 1. An ETOL system is a construct G = <V,E,~@,~>, where 

1) V is a finite set (called the alphabet of G). 

2) ~ is a finite set (called the set of tables of G),~ = {P1,...,Pf} 

for some f ~ 1, each element of which is a finite subset of V × V ~. 

~satisfies the following (completeness) condition: 

(VP~(Va)v(3~)~(<a,~> • P). 

3) ~ • V + (called the axiom of G). 

4) E C V (called the target alphabet of G). 

(We assume that V, E and each P in ~are nonempty sets.) 

Definition 2. An ETOL system G = <V,E,~,~> is called: 

1) Deterministic ~f for each P in ~ and each a in V there exists exac- 

tly one e in V ~ such that <a,~> E p. 

2) An E0L system if ~= 1. 

3) An 0L system if~= 1 and (V-E) = %. 

Definition 3. Let G = <V,~,~,~> be an ETOL system. Let x E V +, 
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x = al...ak, where each aj, 1 ~ j ~ k, is an element of V, and let 

y E V*. We say that x directly derives y in G (denoted as x ~ y) if, 
G 

and only if, there exist P in ~and pl,...,p k in P such that 

Pl = <a1'~1 >' P2 : <a2'~2 >''''' Pk = <ak'~k> and y = ~l...~k. Further- 

more ~ denotes the reflexive and transitive closure of the relation ~. 
G G 

Definition 4. Let G = <V,Z,~,~> be an ETOL system. The language 

of G, denoted as L(G), is defined as L(G) = {x @ E*: ~ ~ x}. 

Definition 5. Let L be a language. L is called an ETOL (determi- 

nistic ETOL, E0L or 8L) language if, and only if, there exists an ETOL 

(deterministic ETOL, E0L or 0L) system G such that L(G) = L. 

Example 1. G 1 = <{a,b,C,D},{a,b},{P1,P2,P3},CD>, where 

P1 = {a ~ a,b ~ b,C ~ aCb,D ~ Da}, P2 = {a ~ a,b ~ b,C ~ Cb,D ~ D} and 

P3 = {a ~ a,b ~ b,C ~ A,D ~ A}, is a deterministic ETOL system such 

that L(G) = {anbman: n ~ 0, m ~ n}. (Following usual notation we write 

x ~ ~ for an element <x,~> of a table.) 

Example 2. G 2 : <{A1,B1,CI~al,bl,el,F,a,b,c},{a,b,c},{P},AIBIC1 >, 

where P = {A 1 ~ Alal,B 1 ~ Blbl,C 1 ~ ClCl,A1 ~ a,B 1 ~ b,C 1 ~ c, 

a I ~ a,b I ~ b,c~ ~ c,a ~ F,b ~ F,c ~ F,F ~ F} is an E0L system such 

that L(G 2) : {a~bnc n : n ~ 1}. 

Example 3. G 3:2~{a},{a},p,a>, where P : {a ~ a 2} is a 0L system 

such that L(G 3) = {a : n ~ 0}. 

3. ETOL LANGUAGES OVER RARE SUBALPHABETS. 

In this section we provide a partial characterization result for 

a subclass of ETOL languages. 

Definition 6. If L is a language over an alphabet ~ and B is a 

nonempty subset of ~, then 

(1) B is called nonfre~uent in L if there exists a constant CB, L such 

that for every x in L,~B(X) < CB,L; otherwise B is called frequent in L. 

(2) B is called rare in L if for every positive integer k there exists 

a nk in N + such that for every n larger than nk, if a word x in L con- 

tains n occurrences of letters from B then each two such occurrences 

are of distance not smaller than k. 
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Example ~. Let L = {(abk)k: k ~ 1} and B = {a}. Then B is frequent 

in L and also B is rare in L. 

Theorem 1. If L is an ETOL language over an alphabet E and B is a 

nonempty subset of E which is rare in L, then B is nonfrequent in L. 

Here are three examples of applications of Theorem 1. 

Corollary 1. Let 9 be a function from positive integers into positive 

integers such that, for every positive integer n, 9(n) ~ n. Then the 

language {(abg(n)) n : n ~ 1} is not an ETOL language. Proof: Directly 

from Theorem 1 and Definition 6. 

It is known (see [89], Theorem 19) that the class of ETOL langua- 

ges is properly included in the class of A-free context-free program- 

med languages (introduced in Rosenkrantz, Programmed grammars and 

classes of formal languages, Journal of the A.C.M., 16, 107-131). 

Using Corollary 1 we can provide numerous constructions of A-free con- 

text-free programmed languages which are not ETOL languages. Thus for 

instanoe we have: 

Corollary 2. The language {(abk) k : k ~ 1} is a A-free context- 

free programmed language, but it is not an ETOL language. 

Proof. It is not difficult to construct a A-free context-free 

programmed grammar generating L = {(abk) k : k ~ 1}. But B = {a} is ob- 

viously rare in L whereas it is also frequent in L. Thus by Theorem 1, 

L is not an ETOL language. 

4. DETERMINISTIC ETOL LANGUAGES. 

In this section we provide a partial characterization for a sub- 

class of deterministic ETOL languages. First we need a definition. 

Definition 7. 

(1) Let ~ be an alphabet and x E ~+. We define ~(x) as the minimal po- 

sitive integer n such that any two non-overlapping subwords of x are 

different. 

(2) Let L be a language. L is called exponential if there exists a po- 

sitive integer C L larger than 1 such that for every Xl, x 2 in L, if 

IXll > Ix21 then IXll ~ CLIX21. 
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Example 5. If ~ = {a,b,c} and x = abcaba then ~(x) = 3. The lan- 

guage {x E {a,b,c}* : Ixl = 2 n for some n ~ 0} is an exponential lan- 

guage. 

Theorem 2. If L is an exponential deterministic ETOL language 

then there exists a ~ositive_! integer constant F L such that, for every 

x in L-{A}, we have ]~I < F 
~x) L" 

As an application of this theorem we can prove now that there 

exists ETOL languages which are not deterministic ETOL languages. 

(This was posed as an open problem in [89]). In fact we have even 

stronger result. 

Corollary 4. There exists a 0L language which cannot be generated 

by an EDTOL system. 

Proof. Let L : {x e {a,b}* : Ixl : 2 n for some n ~ 0} - {b}. The 

reader can easily check that L is generated by the OL system 

<{a~b},{a,b},P,a> where P : {a ~ aa,a ~ ab,a ~ ba,a ~ bb,b ~ aa,b ~ ab, 

b ~ ba,b ~ bb} and so L is a OL language. On the other hand L is expo- 

nential, but it does not satisfy the statement of Theorem 2, and so it 

is not a deterministic ETOL language. 

5. E0L LANGUAGES OVER NUMERICALLY DISPERSED SUBALPHABETS. 

In this section we provide a partial characterization for a sub- 

class of E0L languages. We start with a definition. 

Definition 8. Let L be a language over an alphabet E and let B 

be a nonempty Subset of E. Let IL, B = {n ~ N : there exists a word 

in L such that~(~) = n}. 

(1) B is numerically dispersed in ' L if, and only if~ IL, B is infinite 

and for every positive integer k there exists a positive integer n k 

such that, for every Ul,U 2 in IL,B, if u I ~ u2, u I > n k and u 2 > n k 

then abS(Ul-U 2) > k. 

(2) B is clustered in L if, and only if, IL, B is infinite and there 

exist positive integers kl, k 2 both larger than 1 such that, for every 

word m in L, if~B(~) > kl, then ~ contains at least two occurrences 

of symbols from B which are of distance smaller than k 2. 
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Ex_ ample i- Let L : {x e {a,b}* :~:{a}(X) : 2 n for some n ~ @} and 

let B = {a}. Obviously B is numerically dispersed in L, but B is not 

clustered in L. However, the language {aba} , L is such that B is 

clustered in L. 

Theorem 3. Let L be an E0L language over an alphabet E and let B 

be a nonempty subset of E. If B is numerically dispersed in L, then B 

is clustered in L. 

As an example of the application of Theorem 3 we have the follo- 

wing result. (A language L is called a deterministic T0L languase if 

there exists a deterministic ETOL system G = <V,E, ,~} such that 

L(G) = L and V : Z.) 

Corollary 5. There exist deterministic T0L languages which are 

not E0L languages. 

Proof. Let L {(abm) 2n = : m,n ~ 0} U {c 2n : n ~ 0}. L is a deter- 

ministic T0L language, because it is the language of the system 

<{a,b}~{a,b},{P1,P2,P3),c> where P1 = {a ~ a,b ~ b,c ~ c2}, P2 = 

{a ~ a,b ~ b,c ~ a} and P3 = {a ~ ab,b ~ b,c ~ c}. On the other hand 

{a} is numerically dispersed in L but it is not clustered in L. Con- 

sequently, by Theorem 3, L is not an E0L language. 
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ABSTRACT 

Languages generated by monogenic (i.e. deterministic) context independent Linden- 

mayer systems (DOL systems) are investigated. Necessary and sufficient conditions are 

established under which the language generated by a DOL system is finite. Thus, sharp 

bounds on the cardina&ity of such a language are obtained. A feasible solution for 

the membership problem is given. The problems are solved of what is the minimum sized 

alphabet over which there is a DOL language of cardinality n and, conversely, what is 

the maximum sized finite DOL language over an alphabet of m letters. This in turn pro- 

vides us with some number theoretic functions, interesting in their own right, of 

which several properties, interrelations and asymptotic approximations are derived. 

I. INTRODUCTION 

Lindenmayer systems are a class of parallel rewriting systems introduced by Lin- 

denmayer E59,60] as a model for the developmental growth of filamentous organisms. A 

Lindenmayer system consists of an initial filament, symbolized by a string of letters, 

and the subsequent stages of development are obtained by rewriting all letters in a 

string simultaneously at each time step. It is called deterministic if the system is 

essentially monogenic, i.e. each string has a unique successor. It is called context 

independent if the rewriting of a letter does not depend on its neighbors. 

The study of Linder~nayer systems and the languages they generate has gone a long 

way since its original biological motivation. It has found its own place within the 

~) This paper is registered at the Mathematical Center as IW 18/74. 
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body of formal language theory by the growing interest in parallel processes and the 

different notions, problems and techniques particular to this field, see e.g. Herman 

and Rozenberg [45]. For instance, the notion of generating languages by monogenic re- 

writing systems is altogether foreign to the usual generating grammar approach since 

there such a language would either be empty of contain one element. It is in this di- 

rection that o~: present investigations take place. We shall be concerned with deter- 

ministic context independent Lindenmayer systems and the languages they generate. 

This family of languages has been studied in detail, e.g. with respect to its place 

in the Chomsky hierarchy [91,117], (anti)closure properties [91,102], and the growth 

of word length [111,15,75,98,116]. The membership problem for DOL languages has been 

solved affirmatively in [14] where a gigantic upper bound on the size of such a lan- 

guage is given in case it is finite. 

The present paper consists of two parts. In the first part we establish, by a 

simple combinatorial argument, necessary and sufficient conditions (with respect to 

the production rules) under which the language generated by a deterministic context 

independent Lindenmayer system is finite. These conditions yield sharp bounds on the 

size of such a language depending on the size of the alphabet and She production 

rules. Furthermore, a feasible decision procedure for the membership problem is pro- 

vided and we solve the problems of what is the minimum sized alphabet over which there 

is a deterministic context independent Lindenmayer language of size n and, conversely, 

what is the maximum sized finite deterministic context independent Lindenmayer lan- 

guage over an alphabet of m letters• The solutions to these last two problems provide 

us with some number theoretic functions, interesting in their own right, which form 

the object of study in the second part of our paper. We derive severs/ properties, 

interrelations and asymptotic approximations to these functions. 

2. FINITE DETERMINISTIC CONTEXT INDEPENDENT LINDENMAYER LANGUAGES 

We assume that the standard terminology of formal language theory is familiar. 

We customarily use, with or without indices, i,j,k,n,m,p,q to range over the set of 

natural numbers ~= {0,1,2, .... }; a,b,c,d to range over an alphabet W; v,w to range 

over W*, i.e. the set of all words over W including the empty word h. A deterministic 

context independent Lindenmayer system (DOL system) is a triple G = <W,8,w> where W 

is a finite non-empty alphabet, ~ is a tots/ mapping from W into W* called the set of 

production rules, and w ~ WW* is the axiom. We extend 6 to W* by defining ~(h) = h 

• W*. ~i and 6(ala2...an) = 6(a1)6(a2)..6(an). (I.e. ~ is a homomorphism on ) is the 

composition of i copies of ~ and is inductively defined by 60(v) = v and ~i(v) = 

= ~(~i-1(v)) for i > 0. The DOL lan~F~ge generated by G is L(G) = {~i(w) I i -> 0}. A 

letter a e W is mortal (acM) iff ~i(a) = ~ for some i; vital (a~V) iff a ~ M; recur- 

sire (a£R) iff ~i(a) e W*{a}W* for some i > 0; monorecursive (aeMR) iff 8i(a) E 
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E M*{a}M* for some i > 0. Clearly, if a ~ M,R,MR then there is an i as above such 

that i ~ #M,#R,#MR, respectively, where #Z denotes the eardinality of a set Z. 

Lemma t .  Let G = <W,8,w> be a DOL system. If there is an i and a b ~ R-MR such that 

b is a subword of 8i(w) then L(G) is infinite. 

Proof. If b e R-MR then there is a j ~ #R and a c ~ V such that ~J(b) = VlbV2cV 3 or 

6J(b) = VlCV2bv 3. Hence, if lgv(V) denotes the number of occurrences of vital letters 

in a word v, we have 

(I) • . lgv(6n j lgv(6Z±nJ(w)) a (b)) > n, 

and L(G) is infinite. D 

Lemma 2. Let G = <W,~,w> be a DOL system. If there is an i ~ #(V-R) and a b £ V-R 

such that b is a subword of 8i(a) for some a £ W then there is a ~ < i and a c ~ R-MR 

such that e is a subword of 6J(a). 

Proof. There is a sequence of letters a0,al,...,a i such that a 0 = a, a.z = b and aj+ I 

is a subword of 6(aj) for 0 ~ j < i. If b ~ V-R then a.j e V for 0 ~ j N i. Since 

there are at least #(V-R)+I a.'s there is one which is recursive and therefore there 
J 

is a ~1 < i such that ajl £ R. It is easy to see that for a recursive letter d always 

holds that 6t(d) contains a recursive letter as a suhword for each t. Therefore, 

~l-J1(ajl) = VldV2bv 3 or z J1(ajl ) = VlbVfdv3 where d ~ R and b £ V-R. Hence a.31 ¢ 

c R-~. By taking c equal to a. the lemma is proved. D 

Lemma 3. Let G = <W,6,w> be a D0L system. If 6t(w) ~ (MuMR) w for t = #(V-R) then L(G) 

is finite. 

Proof. Suppose 

(2) J(V-R)(w ) = v]alv2a2...VnanVn+1 , 

where al,a2,...,an c MR and Vl,V2,...,Vn+ I ~ M . Now it is easy to see that for each 

a.z ¢ MR there is a k i (1~ki~#MR) and a sequence aio,ai],...,aik ' such that ai0 = 
1 

= aik i = ai, aij I # a..ij2 for 0 ~ Jl < J2 < ki' and a i j+1 ~ MR is the only vital let- 

ter in ~(aij) , 0 s j < k..1 Also, 

(3) JM(b) = ~ for all b ~ M. 

Hence, for all a. ~ MR and all t,t' 2 #M holds 
1 

(4a) 6t(a i) = 6t'(ai ) for t ~ t' mod k i, 
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(~,b) 6t(a i) # vl~t'(ai]v 2 for t ~ t' mod k i, for all vl,v 2 e W*. 

By (2), (3) and (4) we have that for all t a #(W-H) holds: 

(5) 

where m, .  
mJ i 

an~ (5): 

~ • o.o~ • 

6t(w) ~lj 1 2J 2 nJ n 

Ji 
= 6 (ai) , Ji ~ t mod k i and #M s Ji < #M+ki, I -< i -< n. By (2), (4) 

(6a) ~t(w) # at'(w) 

(6b) at(v) = at'(w) 

for all t,t' such that 

~(W-H) ~ t < t' < #(W-H) + 1.c.m. (kl,k 2 ..... kn); 

for all t,t' such that t,t' z #(W-R) and 

t ~ t' mod (l.c.m. (kl,k2, .... kn)). 

Therefore 

(7) l.c.m. (kl,k 2 ..... k n) ~ #L(G) ¢ l.c.m. (kl,k 2 ..... kn) + #(W-R). 0 

We are now ready to state the main theorem of this section. 

Theorem I. Let G = <W,6~w>bea DOL system. L(G) is finite iff 6t(w) E (MuMR)* for 

t = ~(V~H). 

Proof. "If". By lemma 3. 

"Only if". 

Case I. ~t(w) e W*(R-MR)W*. By lemma I L(G) is infinite. 

Case 2. 6t(w) e W*(V-R)W* for t = #(V-R). By lemma 2 there is a t' < t such that 

6t'(w) e W*(R-MR)W*, and therefore case I holds and L(G) is infinite. 

Hence, if 6t(w) ~ W*(V-MR)W* for t = #(V-R) then L(G) is infinite, i.e. if L(G) 

is finite then 6t(w) ~ (MuMR)* for t = #(V-R). 0 

From the previous lemmas and the theorem we can derive some interesting corol- 

laries. 

Corollary I. L(G) is finite iff ~t(w) c (MuMR)* for all t ~ #(V-R). 

Corollary 2. A DOL language is finite iff all recursive letters which are accessible 

from the axiom (i.e. which occur in words in the language) are monorecursive. 

Since all letters which can be derived from a certain letter (or word) are de- 

rived within #W steps, it is easy to determine whether a letter is mortal, vital, re- 

cursive, monorecursive. The quickest way is to determine subsequently M, V, R and MR. 
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Corollary 3. There is an ~igorithm to determine whether the language generated by a 

DOL system is finite or not. (Hint: determine M,V,R and MR and apply theorem I or 

corollary 2.) 

Next we consider the membership problem: given a DOL system G = <W,6,w> and a 

word v £ W , decide whether or not v is in L(G). (Equivalently, is there an i such 

that ~i(w) = v). Now assume that L(G) is finite and 

J(v-m(w ) = vlaC¢2...h%vn+1, 

M W " where al,a2,...,a n ~ MR and v1,~,...,vn+ 1 ~ Assume further that v = a . a .... 
IJ 1 2J 2 

Ji 
...~ . where ~.. = ~ (a i) for some ji such that #M g J i < #M+ki' I g i g n. By 

nJ n zJ i 

• ~Ji' 
~Ji(a i) .' < #M+k. and all (4b) # v I (ai)v 2 for all ji,Ji' such that #M ~ Ji < Jl l 

W* Vl,V 2 £ , I s i ~ n. Therefore, the parse of v (if it exists) is unique and can be 

executed easily from left to right given 6t(ai ) for all t and i, #M ~ t < #M+ki, 

n. Since by (4a) ~t(ai) = ~t'(ai) for all t,t' ~ #M such that t ~ t' mod k. I g i 
1 

the problem can now be restated as follows: is there a positive integer u such that 

u z (ji-#M) mod ki, I ~ i s n. The solution is well known. 

Lemma 4. (Chinese remainder theorem I). Let kl,k2,...,k n be positive integers and let 

tl,t2,...,t n be any integers. There is exactly one integer u which satisfies the con- 

ditions 

0 ~ u < l.c.m. (kl,k2,...,kn) , 

u ~ t. mod k. (1~i~n) 
1 l 

iff t i~ tj mod (g.c.d. (ki,kj)) (1~i<j~n). 

There is no integer u ~ t i mod ki, (1~i~n), if not t.l z t.j mod (g.c.d. (ki,kj)) , 

( ~i<j~n). 

Therefore, if u exists then v = 6#(W-R)+U(w) and v # 6t(w) for all t ~ #(W-R) 

otherwise. If a parse of v as mentioned is not possible then by (5) v # ~t(w) for all 

t a #(W-R). Hence we have 

Theorem 2. There is aa algorithm which solves the membership problem for D0L lan- 

guages. 

Proof. The proof consists in giving an outline of the algorithm. 

(i) Determine whether L(G) is finite or not (corollary 3). If L(G) is infinite then 

generate successively w,6(w),62(w),.., and compare each 6i(w) with v. Is 

i See e.g. Knuth,D. Seminumerical algor~t~ns. Addison-Wesley, Reading (Mass.)(1969), 
256. 
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(ii) 

~i(w) # v for all i < t O and 6t0(w) contains more occurrences of vital letters 

than does v then v ~ L(G). By (I) t O ~ #V(lgv(V) - Igv(W) + I). 

L(G) is finite. Generate successively w,~(w),...,J(W-R)(w) and compare each 

6i(w) with v. Is 8i(w) ¢ v for all i such that 0 ~ i ~ #(W-R) then try to parse 

v as discussed above. Is the parse successful then apply the Chinese remainder 

theorem. Depending on whether or not sm. integer u, as stated in the theorem, 

exists v does or does not belong to L(G). If the parse is not successful then 

v @ L(G). D 

The decision procedure for the membership problem for DOL languages we gave a- 

bove is unusual under mathematical decision procedures in that it is feasible, i.e. 

gives answers to reasonable questions within a reasonable time 2, as testified by an 

ALGOL 60 implementation, Vit~nyi [114]. Of course, if L(G) is finite we can test for 

membership by generating the whole of L(G). But as will appear from the next corol- 

lary and the asymptotic approximations in section 4, even for a modest alphabet of, 

say, a hundred letters, this may turn out not to be feasible. 

By the inequality (7) we can easily determine the cardinality of a finite DOL 

language. 

Example. Let G = <{a,al,a2,a3,bl,b2,Cl,C2,C3}, {6(a) = ClalblC 3, 6(a I) = cla 2, 

= c c a , ~(bl) = elb2Cl 6(b 2) = C2blC I 6(e I) = ~(c 2) = 6(a2) c2a3' 6(a3) = 3 3 1 ' ' c2c3' 

= c3, ~(c 3) = h}, clac3alb2C2>. 

Then: M = {ci,C2,C3}, 

V = (a,al,a2,a3,bl,b2}, 

R = MR = (al,a2,a3,bl,b2}. 

Since a does not occUr in a value of 6, ~@(V-R)(clac3alb2C 2) ~ (MuMR)*: L(G) is fin- 

ite. The different per~ods kl,k 2 are 2 and 3. Therefore, by (7) 

or 

Z.c.m. (2,3) -< #L(a) ~ l.c.m. (2,3) + 9-5, 

6 ~ #L(G) ~ I0. 

By writing out L(G) we see that #L(G) = 10. 

From the inequality (7) we obtain the following corollary (see also []141) which 

forms the basis of the sequel. 

See e.g. Parikh, R. Ex~Jstence and feasibility in arithmetic, J.SFmb.Logic. 3_44 

(1971), 494 - 508. 
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Corollary 4. (i) Let P: • + • be defined as follows. P(m) is the largest natural 

number n which is the least common multiple of kl,k2,...,kq, for all possible parti- 

tions of m into q = 1,2,...,m positive integral summands, plus the number of snmmands 

equal to I. By (7) P(m) is the maximum eardinality of a finite D0L language over an 

alphabet of m letters. 

(ii) Let S: ~ + ~ be defined as follows. S(n) is the smallest natural number m such 

that there exists a partition of m into positive integral summands kl,k2,...,kq, 

q ~ m, and l.c.m. (kl,k2,...,kq) + #{ilki=1} = n. By (7) S(n) is the minimum cardin- 

ality of an alphabet over which there is a D0L language of cardinality n. 

The remainder of the paper will be concerned with the investigation of the num- 

ber theoretic functions S, P and some variants. Thus we derive lower bounds on the 

size of the alphabet as a function S of the size of a finite D0L language over such 

an alphabet, and upper bounds on the size of a finite DOL language as a function P of 

the size of the alphabet. 

3. FUNCTIONS WHICH RELATE SIZE OF LANGUAGE WITH SIZE OF ALPHABET 

The number theoretic functions S and P of corollary 4 have a much broader set- 

ting than just their connection with DOL systems. Imagine a process which starts by 

counting until some number d and then initializes some number q of periodic counters. 

Then S(n) and P(m) have a natural interpretation as the smallest number of states 

needed to generate a prescribed number n of distinguishable configurations and the 

largest number of distinguishable configurations which can be generated by using a 

prescribed number m different states, respectively. If we have the additional restric- 

tion d = 0 then, in the latter case, we ask in effect for the maximum order of a per- 

mutation of the m-th degree. (The order of a permutation of the m-th degree is the 

exponent of the smallest power of a permutation on m elements which is equal to the 

identity permutation. ) Already Landau 3 investigated the maximum order f(m) of a per- 

mutation of a given degree m. I.e. f: IN + I{ where f(m) is defined as the maximum of 

the least common multiple of k I,k2,.. . ,kq for all possible partitions of m into q = 

= I ,2,... ,m positive integral summands. We shall return to this connection with Lan- 

dau's work in section 4. 

According to corollary 4, 

q 

(8) S(n) = min{ i=1 ~ k.l + d I l.c.m. (kl,k 2 ..... kq) + d = n} 

3 Landau, E. ~er die Maximalordnun¢ der Pernr~tationen gegebenen @ra~e8, Archly der 
Math. und Phys., Dritte Reihe, 5~1903), 92- 103. 
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q 

P(n) = max{l.c.m. (kl,k 2 .... ,kq) + d I [ k. + d = n}. 
i=I l 

For the smallest values of n we find: 

n I 2 3 4 5 6 7 8 9 10 11 12 13 14 

S(n) I 2 3 4 5 5 6 7 8 7 8 7 8 9 

P(n) I 2 3 4 6 7 12 15 20 30 31 60 61 84 

For instance, 

S(14) = 2+7 = 4+3+2 : 9 

P(14) = 2*2*3*7 = 4*3*7 = 84 

since 14 = 2*7 = 4*3 + 2. 

since 14 = 2+2+3+7 = 4+3+7. 

Then 

~i = ki1*ki2' kil > I, ki2 > I. 

ki - (ki1+ki2) = kil*ki2 - (ki1+~i2) = (ki1-1)(ki2-1) - I Z 0. 

Therefore, it suffices to look for kl,k2,...,k ~ which are powers of distinct primes. 

Hence we replace (8) and (9) by 

(I0) S(n) = mn(Ep ~ + d I nP ~ + d = n}, 

(11) P(n) = max{Up s + d I ZP ~ + d = n}, 

where p denotes some prime. To obtain a canonical representation for S(n) and P(n) 

we take the representation with the smallest d for which the extrema are reached. By 

the unique factorization property of the natural numbers this representation will be 

unique. Additionally we define 

(12) S'(n) = + d I nP + d ~ n} 

(13) P'(n) = max{Np ~ + d I ~P~ + d g n}. 

(Then S'(n) is the number of letters in the smallest alphabet over which there is a 

Hence, the corresponding representations of S(n) and P(n) in kl,k2,...,kq,d are not 

"&uique. Clearly, in (8) and (9) the k1~k 2, .... k~ for which the extrema are reached 

for a given n will be relatively prime. Suppose we can factorize a ki' I ~ i ~ q, 

into two relatively prime factors kil and ki2: 
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finite DOL language of at least cardinality n and P'(n) is the cardinality of the 

largest finite DOL language over an alphabet of at most n letters.) It is convenient 

to introduce also 

(14) s(n,d) = Zp~ + d such that Up ~ = n-d, 

since by the unique factorization property s(n,d) is found immediately; and we see 

that 

S(n) = min(s(n,d) I 0 ~ d ~ n}. 

The first 2000 values of S(n) were determined by computer and showed a quite erratic 

behavior. E.g. S(1971) = 61~ 8(1972) = 50, S(1973) = 51 and S(2000) = 39. (~sterby 4 
11 

contains a detailed computer analysis of S(n) for I ~ n ~ 5.10 . Furthermore, S'(n) 

and P(n) are computed for a large number of values. He considers e.g. the question in 

how many different ways S(n) can be obtained from n.) 

Now let us take a closer look at the general behavior and interrelations of our 

functions. It is at once apparent that, since P(n+1) ~ P(n)+1 for all n, P is strict- 

ly increasing and therefore P' = P. S(n+1) ~ S(n)+1 and S(8) = S(I0) = 7 while S(9) = 

= 8. Therefore, S is not monotonic. By its definition S' is monotonic increasing and 

S'(n) ~ S(n) for all n. A crude approximation gives us (for n > I): 

(16a) P(n) < nn; 

(16b) S(n) S(n) > n; 

(16c) S'(n) S'(n) > n. 

From (16b) and (16c) it follows that S(n) + ~ and S'(n) ÷ ~ for n + ~. In section 4 

we shall derive asymptotic approximations for F, S' and inf S; it will appear that 

these functions are intimately related to the distribution of the prime numbers. We 

use the notation f(x) - g(x) for f(x) is asymptotic to g(x) i.e. lim f(x)/g(x) = I 
' X ~  ° 

It is well known 5 that the number of primes ~(x) not exceeding x is asymptotic to 

x/log x: ~(x) ~ x/log x. Furthermore, the i-th prime p. is asymptotic to 
i logP(n) < n log 

i log i: Pi - i log i. It then follows from (16a) that e - e n and there- 

fore log P(n) ~ n log n ~ Pn' Since S'(n) S'(n) ~ n, similarly log n ~ S'(n) log S'(n). 

4 ~sterby, 0. Prime decompositions with minimum sums. Univ. of Aarhus, Comp. Sci. 
Dept. Tech. Rept. DAIMI-PB 19 (1973). 

5 
Hardy, G.H. & Wright, E.M. An introduction to the theory of numbers, Oxford Univer- 
sity Press (1945), 9 - 10. 
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By noting 6 that x/log x is asymptotic to the function inverse of x log x we have that 

S'(n) > g(n) for some function g(n) ~ log n ~ w(log n). Therefore, S(n) > g(n) 
- log log n - 

also. 

Since P is strictly increasing and P(6) = 7, P(7) = 12: P: ~ ÷ ~ is an injec- 

tion but no surjection; since S(n+1) ~ S(n)+1 and S'(n+1) g S'(n)+1 for all n, 

S(n) ÷ ~ and S'(n) ÷ ~ for n + ~, S(5) = S'(5) = S(6) = S'(6) = 5: S,S': ~ ÷ ~ are 

surjections but no injections. From the definitions we would expect S and S' to be 

some kind of an inverse of P. Since P is the maximum size language over an alphabet 

of n letters, and since P is strictly increasing, an alphabet of size n is the mini- 

mum size alphabet over which there is a language of (at least) size P(n). Therefore, 

if we denote the set of values of P by A = {P(i) I i e 0} we obtain S(P(n)) = 

= S'(P(n)) = n for all n E ~. Hence the restrictions of S and S' to A are the in- 

verse of P: 

= =p-1. 
(17) S/A S'/A 

From the definitions we also see that between two consecutive values of P, S' is con- 

stant (S' is monotonic, S'(P(n)) = n for all n, S'(P(n)+I) = n+1 for all n) and 

therefore: 

(18) S'(m) = P-1(n) for all m, P(P-I(n)-I) < m ~ n, 

where n ~ A. Since S'(n) < S(n) for all n we have therefore by (17) 

(19) S(n) : S'(n) -- P-I(n) and S(m) -> P-I(n), 

for all n £ A and all m > P(P-I(n)-I). 

Therefore, S' is a stepfunction where every step of I takes place at a value of 

P. Furthermore, S' is the greatest monotonic increasing function which is a lower 

bound on S. 

In looking at the function S and trying to distinguish its features we readily 

notice that if n is a prime or the power of a prime then S(n) = S(n-1)+1. The way 

S is defined, however, does not give us a general method, to find the value of S for 

a certain argument, better than by trial and error. The following theorem is one of 

the main results of this section and provides an inductive definition of S. 

Theorem 3. In for n = 0,1,2,3,4,5. 

S(n) -- 

min{S(n-1)+1, s(n,0)} for n > 5. 

6 
Hardy & Wright. Op. cit. 9-10. 
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Proof. By induction on n. The theorem holds for n = 0,I,2,3,4,5. Suppose the theorem 

is true for all n g m. Since 

and 

S(m+1) = min{s(m+1,d) ] 0 g d g m+1}, 

s(m'+~,d') = s(m',d'-1)+1 , 

for all m' and all d' such that 0 < d' ~ m'+1, we have 

S(m+1) = min{S(m)+1, s(m+1,0)}. 

The following corollary of theorem 3 is also stated by ~sterby 7 and gives a re- 

cursive definition of S(n). By theorem 3 we have for all n: 

S(n) = min{s(n,O), s(n-1,0)+1 ..... s(1,0)+n-1, n}. 

Since for all k such that n ~ k > S(n) holds S(n) < s(n-k,0)+k, we have: 

Corollary 5. S(n) = min{s(n,O), s(n-1,0)+1 ..... s(n-S(n),0)+S(n)}. 

Hence we only have to compute s(n,d), i.e. the sum of the highest powers of 

primes in the factorization of n-d, ford=0,1,...,k 0 where k 0 is the minimum of the 

previously computed values of s(n,d)+d. 

The analogue of theorem 3 for P is 

P(n) = I n for n = 0,1,2,3,4 

L max{P(n-1)+1, max{m I s(m,0) = n}} for n > 4. 

This does not help us very much, essentially because although the factorization of a 

natural number is unique, a partition is not. If we assume that the following conjec- 

ture by Landau 8 is true, viz. P(E~=iPi) = ~i=]p i for all k, then since P is strictly 

increasing we can slightly limit the number of m's which have to be investigated: 

P(n) = { 
n for n = 0,],2,3,4 

k k+1 
max~(n-1)+l,max{m I s(m,0) = n and H p. < m ~ U p.}} 

i=I i i=I i 

7 
~sterby, Op. cir. 

8 
Landau, Op. Oit. 

k k+ I 
for _ ~ Pi < n -< Pi' 

i=I i=I 
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where we denote by Pi the i-th prime and Pl = 2. 

4. ASYMPTOTIC APPROXIMATIONS 

In this section we investigate the asymptotic behavior of our functions. Landa~ 

proves that for f(n) = max{Up s I EP ~ ~ n}: 

(20) log f(n) ~ ~n log n . 

Theorem 4. log P(n) ~ Vn log n . 

Proof. By (20) log f(n) ~ Vn log n , i.e. 

lim log f(n) = I 

n+~ ~n log n 

Also, 

lim log (f(n)+n) = I + lim lo~ (1+n/f(n) = I. 

n+~ Vn log n n÷~ Vn log n 

Since by (11) and the definition of f(n) we have: 

f(n) ~ P(n) < f(n)+n, i.e., log f(n) g log P(n) < log (f(n)+n), 

and we proved above that 

log f(n) ~ log (f(n)+n) ~ Vn log n , 

we have 

log P(n) ~ Vn log n . D 

Corqllary 6. log P(n) ~ PV~n , where Pn 

Theorem 5. S'(n) ~ lo~ 2 n 
log log 2 n 

Proof. If log y = Vx log x , then log 2 

is the n-th prime. 

y = x log x and 

log log 2 y = log x + log log x ~ log x. 

Landau, Op. cit. 
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Since 

X = 
l°g2 Y we have x ~ l°g2 y 
log x log log 2 

By this argument and since log P(m) ~ ~m log m it follows: 

m ~ lo~ 2 P(m) 

log log 2 P(m) 

or 

p - l ( n  ) ~ io~ 2 n {P(i) I i > O} 2 for n • _ . 
log log n 

Denote log 2 n/log log 2 n by h(n). By (18) S'(n) ~ h(n) for n in the range of P. This 

cannot tell us anything about the sup S'(n) since the restriction to special values 

of n can only yield a lower bound but not an upper bound. According to (18), however, 

we have for all pairs of consecutive values of P, say n I ,n2: 

S'(n 1) -< S'(m) -< S'(n 2) = S'(nl)+1 , n I < m -< n 2, 

Since h is strictly increasing, 

lim S'(m)/h(m) 
m+~ 

Analogous we prove that lim S' 

m c ~. Q m+~ 

lim S' (m)/h(n 2) 
m+oo 

-> lim (S'(n2)-1)/h(n 2) 
m+= 

-- lim (S'(n2)/h(n2) - I/h(n2)) 

n2÷~ 
r 

= I - lim I/h(n 2) = I. 
n2-~o 

(m)/h(m) <- I, and therefore S'(m) ~ h(m) for all 

Corollary 7. S'(n) ~ W(log 2 n). 

The greatest monotonic increasing function which is a lower bound on S is 

S'(n) ~ h(n). Therefore: 

C o r o l l a r ~  8 .  inf S(n) ~ 1°~2 ~ . 
log log 2 n 

Because of theorem 3 inf S(n) ~ inf s(n,O) and we have: 
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Corollary 9" The greatest monotonic increasing function which is a lower bound on the 

sum of the greatest powers of primes in the factorization of n, i.e. s(n,0), is asymp- 

totic to h(n). Hence: 

inf s(n,O) ~ lo52 n 
log log 2 n 

As is to be expected, this lower bound is reached for the special sequence of values 

n = ~i Pi' k s ~. 

k lo52 k 
Lemma 5. ~ Pi ~ n , where n = ~ Pi and k E ~. 

i=I log log 2 n i=I 

Proof. The number of factors in a factorization of a natural number n is denoted by 

m(n). According to Hardy & Wright I0 

~(n) ~ lo 5 n 
log log n 

Therefore, Z k ~(~)i i. Bounding this discrete summation on both sides by i=1Pi ~ g = log 

an integral we obtain: 

~(n) ~(n) i~<n)+1 
i log i di ~ ~ i log i ~ i log i di, 

~I i=I ~2 

all['2 ]~(n) ~(n) 2~.2 2 ,]~(n)+1 
~i I log i - i2/2 -< ~ i log i -< l log i - i /212 

i=I 

½(~(n)2( l °g ~(n) -  7) 2 ) -< X 
i=1 

I + )2(log(~(n)+1)-~) 4 log 2 + 2). ± log i ~ ~((~(n) I 

Hence if n+~ through this particular series of values we have 

k 
][ Pi ~ ½ (~(n)2 Log ~(n) - ~(n)2/2) 

i=1 
I 2 

~ ~(n) 10g w(n) 

log2(n) (log log n , log log log n) 

2 (log log n) 2 

lo52 n = lo62 n 

2 log log n log log 2 

10 
Hardy & Wright, 0p. sit., 355. 
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A numerical verification shows: 

(2+3+5)/(iog 2 (2,3-5)/iog log 2 (2*3*5)) ~ 0.47 

(2+3+...+17)/(iog 2 (2,3,...,17)/iog log 2 (2-3,...,17)) ~ 0.58 

(2+3+...+97)/(iog 2 (2"3"...'97)/iog log 2 (2*3*...*97)) ~ 0.75 

(2+3+...+~73)/(iog 2 (2,3-...,173)/iog log 2 (2-3-...'173)) ~ 0.79. 

Resuming the results of this section we have: 

log P(n) ~ @n log n ~ PV~n ; 

S'(n) ~ inf S(n) ~ inf s(n,0) ~ 
io~ 2 n 

loglog 2 
~ ~(log 2 n); 

n 

and, furthermore, 

s(n,O) ~ io~ 2 n , 

log log 2 n 

for n+~ through the particular series of values n -- U k i= I Pi' 

Acknqwled~ement. I thank O. ~sterby and D. Wood for critical comments. 
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INTRODUCTION 

"d t The notion of a "deterministic machine" or a e erministic language" 

(as opposed to their nondeterministic Counterparts) is one of the 

oldest and most investigated in the theory of computation and in formal 

language theory. One can however observe that whereas the notion of a 

deterministic machine is usually the natural one (in every situation 

there is at most one possible "move" the machine can make), the notion 

of a deterministic language is often not natural at all. In fact a 

deterministic language is almost always defined as a language which 

can be recognized by a deterministic machine, although in many cases 

the languages themselves are being defined by grammars rather than by 

machines. The typical situation is of the following kind: first a class 

of languages £ is defined by a class of grammars ~, then one finds an 

"equivalent" class of machines~, and then by considering ~ the deter- 

ministie subelass~ D of the class~one obtains the deterministic sub- 

class £D of the class £. What subclass of ~ generates £D is mostly not 

understood at all, or, in the best case, it is the "translation" of~ D 

into the subclass of~, which could neither be called natural nor give 

any insight into the nature of the deterministic restriction. The basic 

difficulty lies in the fact that the notion of a deterministic language 

is defined via recognizers whereas the languages themselves are often 

defined in terms of generative devices. 

In this paper we want to point out several classes of languages for 

which the notion of "generative determinism" (deterministic restriction 

defined in terms of grammars rather than recognizers) is not only a 

very natural one but it also lends itself to mathamatical treatment. 

The theory of L systems and languages originated with the work of 

1) This paper is based on pamt of this author's Ph.D. thesis. 
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Lindenmayer [59], [60]. Its purpose was to model the growth of 

filamentous organisms. From the formal language theory point of view, 

L systems are string rewriting systems. They have provided us with an 

alternative to the now standard Chomsky framework for defining lang- 

uages. Basically L systems differ from Chomsky grammars in the lack 

of nondeterminals and in the totally parallel manner of rewriting 

(meaning that in a single derivation step one must rewrite all 

occurrences of all the symbols in the string being rewritten). For 

more detailed discussion see, for example, [45] or [66]. In the theory 

of L systems the deterministic restriction arose for a number of 

natural and "practical" reasons. Its investigation has led to novel 

fields like growth functions (see [75] and its references) and to new 

research on rather established topics like the deterministic simulation 

of one kind of system by another (see, for example, [12]). This paper 

continues thestudy of the role determinism plays in various classes 

of L systems. 

A possible division line in the theory of L systems is the 

distinction between systems without interactions and systems with 

interactions. Accordingly the present paper is divided into two parts. 

In the first part we treat systems without interactions, while the 

second part is concerned with systems with interactions. 

PART I 

L systems without interactions 

In an L system without interactions, the rewriting of a letter in 

a string does not depend on the context in which the letter occurs 

(in other words, each occurrence of the same letter may be rewritten 

in the same way). 

1.1 T0L systems and languages. 

T0L systems and languages were divised to model special cases of 

development in which no cell interaction takes place but there is a 

finite number of possible environments. In different environments, 

the behaviour of the same cell may be different. T0L systems were 

introduced in [81]. Their formal definitions and basic properties can 

be found there. (TOL systems, or languages , abbreviates "table L 

systems, or languages, without interactions".) 
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A T0L system has the following components2): 

(i) A finite set of symbols Z, the alphabet. 

(ii) A finite set ~ of tables of productions. Each production in a 

table is usually written in the form a ~ ~, where a E Z and ~ E Z*. 

The meaning of a ~ ~ is that an occurrence of the letter a in a string 

may be replaced by ~ (where each replacement is "context-free"). In 

general, a table may contain several productions for each symbol. In 

every step of a derivation, all symbols in a string must be simul- 

taneously meplaced according to the production rules of one arbi- 

trarily chosen table. 

(iii) A starting string, o, the axiom. 

Thus a T0L system G is usually specified as G = < ~,~,o >. The 

language generated by G, denoted as L(G), consists of ~ and all 

strings which can be derived from q in a finite number of steps. A 

language L is called a T0L lansuase if there exists a T0L system G 

such that L = L(G). 

Example 1o Let G = < {a,b}, {{a ~ a 2 b ~ b 2} {a ~ a 3 b ~ b3}} 

ab >. Then 
2n.m ^n^m 

L(G) = {a" ~ b z s In,m > 0}. 

1.2. Deterministic T0L languages. A limit theorem. 

If we view T0L systems as models of development, then each table 

of the system represents a particular environment. A T0L system is 

called deterministic if in each environment there is only one choice 

for the next developmental step. This means that each next string in 

a derivation starting from the axiom is uniquely determined by the 

previous one and the table applied. 

Formally the deterministic restriction is defined as follows. 

Definition 1. A T0L system G = < Z,~,~ > is called deterministic 

if, for each P in P and each a in Z, there exists exactly one ~ in Z~ 

such that a ~ ~ is in P. A language L is called a deterministie T0L 

language if there exists a deterministic T0L system G such that 

L = L(G). 

It is not difficult to construct examples of languages which can 

2) Throughout this paper we shall use standard formal language 
notation, as for example in (Hopcroft & Ullman, Formal L alnguages 
and their Relation to Automata, Addison-Wesley, 1969). We use Ix l 

. . . . . . . . .  ~ " ' 'A. for the length of a strlng x and A for the cardmnallty of a set 
The empty string is denoted by the symbol A. If we write that L is 
a language over an alphabet ~, or just L C ~, then we also mean 
that each letter of ~ occurs in a word of L. 
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be generated by a nondeterministic T0L system but cannot be generated 

by deterministie T0L systems. One would like however to find a non- 

trivial (and hopefully interesting) property which would be inherent 

to the class of deterministic T0L languages. 

Investigating the set of words generated by a particular grammar 

is one of the most basic activities in formal language theory. It is 

however often interesting and well motivated physically to investigate 

the set of all subwords (subpatterns)generated by a particular gram- 

mar. Quite often one is interested in just the number of different 

subwords of a particular length encountered in a given language. 

It turns out that the ability to generate an arbitrary number of 

subwords of an arbitrary length is a property of a T0L system whieh 

disappears when the deterministic restriction is introduced. More 

precisely, if L is a deterministic T0L language over an alphabet 

containing at least two letters, then the ratio of the number of 

different subwords of a given length k occurring in the words of L to 

the number of all possible words of length k tends to zero as k 

increases. Formally this is stated as follows. 

Theorem 1. Let Z be a finite alphabet such that ~Z = n ~ 2. If L is 

a deterministic T0L language, L C N* then 

~k(L) 
lira -----~ : O, 
k-~ n 

where Zk(L) denotes the number of all subwords of length k occurring 

in the words of L. 

The proof of Theorem 1 appears in [ 171 • 

All other results presented in this paper have not yet been published 

before. 

Note that this result is not true if ~Z = 1 (the language 

2 n 
{a In ~ 1} is a deterministic T0L language). Neither is it true for 

nondeterministic T0L languages (Z~ is a T0L language for every 

alphabet ~). 

We believe that the above results is a fundamental one for charac- 

terizing deterministic T0L languages. It can be used, for example, in 

both intuitive and formal proofs that some languages are not deter- 

ministic T0L languages (an example of such an application is a proof 

that if ~ = {a,b} and F is a finite language over ~, then ~*-F is not 

in the class of deterministic T0L languages). 

One has however to be careful in understanding this result. Note 

for example that if Z = {al,...,an} for some n ~ 2, then the deter- 

ministic T0L system G = < ~,{P1,...,Pn_l},a n >, where 
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Pi = {an ~ anai} U {aj ~ ajll < j ~ n-l} for i < i ~ n-i is such that, 

for each k > 1, ~k(L(G)) > (n-l) k. The ramifications of Theorem 1 will 

be discussed in more detail below. 

1.3. Some subclasses of the class of T0L languages. 

We will explore now further the subword point of view of the deter- 

ministic restriction in TSL systems. In particular we will see that 

this way of viewing deterministic T0L systems and languages possesses 

one very pleasant and desirable feature. It is "very sensitive" to 

various structural changes imposed on the class of TSL systems. In 

fact we will be able to classify a number of subclasses of the class 

of T0L systems according to their subword generating efficiency. 

First we need some definitions. 

Definition 2. A T0L system G = < ~,~,~ > is called: 

1) a 0L system if ~$ = 1, 

2) propagatin$, if for every P in ~, P c ~ × N+, 

3) everywhere Stowing, if for every P in @ and every ~ in ~*, 

whenever a ~ ~ is in P (for arbitrary a in ~), then l~I > 1, 

4) uniform, if there exists an integer t > 1 such that, for every 

P in ~ and every ~ in ~*, if a ~ ~ is in P (for arbitrary a in ~), 

then I~l = to 

Definition 3. A T0L language L is called propagating, everywhere 

growing, uniform or a 0L language if L = L(G) for a propagating T0L 

system, everywhere growing T0L system, uniform TOL system or a OL 

system, respectively. 

We will use the letters P, G and U to denote the propagating , 

everywhere growing , and uniform restrictions respectively. Thus, for 

example, a UTOL system means a uniform T0L system and a deterministic 

G0L system means a deterministic everywhere growing 0L system. It 

should be obvious to the reader that a GTOL system (language) is also 

a PTOL system (language) and that each UTOL system (language) is also 

a GTOL system (language). 

Example 2. 

1) G = < {a},{{a ~ a, a ~ aa}},a > is a P0L system. It is not 

deterministic. Thus {a} + is a P0L language. 

2) The T0L system from Example 1 is a deterministic GTOL system. 

Thus {a2n3mb2n3mln,m ~ 0} is a deterministic GTOL language. 
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We would like to point out that the restrictions which have been 

defined in this section (propagating, 0L, etc.) were not introduced 

for the purpose of this paper; they have already been studied earlier 

in the theory of L systems. 

1.4. Everywhere growing deterministic T0L languages. 

As has been indicated at the end of section 1.1, even deterministic 

PTOL systems can generate "a lot" of subwords (say, for each k ~ 0, 

at least (n-l) k out of the total number n k of possible subwords of 

length k in an alphabet of size n ~ 2). The situation is however quite 

different for deterministic GTOL languages. 

Theorem 2. 

1) If L is a deterministic GTOL language, then there exist positive 

constants ~ and 6, such that, for every k > 0, ~k(L) ~ ~k 6. 

2) For every positive number ~, there exists a deterministic UTOL 

language L such that if ~,8 are positive constants such that, for 

every k > 0, ~k(L) ~ ~k 8 then 8 > Z 

1.5. Deterministic 0L languages. 

The class of deterministic 0L systems is one of the most important 

and most intensively studied classes of L systems (see, e.g., [45], 

[75], [82] and [95]). In this section we shall investigate the "sub- 

word complexity" of deterministic 0L languages as well as how various 

structural restrictions on the class of deterministic 0L systems 

influence the subword complexity of the corresponding classes of 

languages. 

As to the whole class of deterministic 0L languages we have the 

following result. 

Theorem 3. 

1) For every deterministic 0L language L there exists a constant ~L 

such that, for every k > 0, Wk(L) ~ ~L k2- 

2) For every positive number ~ there exists a deterministic P0L 

language L such that Wk(L) ~ Z.k 2 for infinitely many positive 

integers k. 

If we restrict ourselves to languages generated by deterministic 

OL systems in which each letter is rewritten as a word of length at 

least 2, then we get the following subword complexity class. 
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Theorem 4. 

1) For every deterministic G0L language L there exists a positive 

constant ~L such that ~, for every k > 0, ~k(L) < ~L.k.log k. 

2) For every positive number ~ there exists a deterministic G0L 

language L such that ~k(L) ~ ~.k.!og k for infinitely many 

positive integers k. 

Further restriction to deterministic uniform 0L systems yields us 

a class of generative devices with very limited ability of subword 

generation. 

Theorem 5. 

1) For every deterministic U0L language L there exists a positive 

constant ~L such that, for every k > 0, ~k(L) < ~L.k. 

2) For every positive number ~, there exists a deterministic U0L 

language L such that ~k(L) ~ ~.k for infinitely many positive 

integers k. 

PART II 

L systems withl interactions 

In an L system with interaction, the rewriting of a letter in a 

string depends on the context in which the letter occurs (in other 

words, two occurrences of the same letter may have to be rewritten 

in different ways if they are in different contexts). 

This part of the paper will be organized in more or less the same 

way as Part I so that the reader can more easily compare and contrast 

the results for L systems without interactions and those for L systems 

with interactions. 

11.1. TIL systems and languages. 

Whereas T0L systems attempt to model growth in different environ- 

ments but with no cell interactions, TIL systems also allow interac- 

tion among cells to take place in addition to environmental changes. 

They were introduced in (Lee & Rozenberg) 3), where the relevant formal 

definitions and basic properties can be found. (TIL systems, or lang, 

uages, abbreviates "table L systems, or languages, with interactions".) 

A TIL system G has four eomponents, G = < ~,@,o,g >, where 

(i) ~ is the alphabet, 
w 

3) Lee & Rozenberg: TIL systems and languages, submitted for publication. 
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(it) ~ is the axiom , as in the T0L case. 

(iii) The symbol g is a new symbol, called the environment symbol. 

It represents the environment and its usage will be clear from the 

following description of productions in G. 

(iv) ~ is a finite set of tables of productions. Each production is 

of the form < ~,a,~ > ~Y, where a E ~,~ E g*~*,fl C ~*g*,y E ~*. For 

each particular system G, there are numbers k,Z > 0 such that l~I = k ~ 

and lSI = ~ for all productions in G. The meaning of < ~,a,~ > ~ y is 

that an occurrence of the letter a in a word, with the string of 

letters ~ immediately to its left and the string of letters 6 immedi- 

ately to its right, may be replaced by the string y . ~ and 8 are 

thus the left and right contexts for a, respectively. Productions for 

letters at the edges of a string will have an appropriate number of 

environment symbols g in the context. A string x is said to derive a 

string y if the letters of x in gkxgZ can be rewritten in the above way 

to produce the string y, where all productions are from an arbitrarily 

chosen table. 

The language generated by a T!L system G, denoted as L(G), consists 

of 0 and all strings which can be derived from ~ in a finite number 

of steps. A Language L is called a TIL language if there exists a TIL 

system G such that L = L(G). 

Example 3. Let G = < {a},{{ < g,a,A > ~ a 3 ,< a,a,A > ~ a2}, 

{ < g,a,A >~ aS,< a,a,A >~ a3}},aS,g >. Then L(G) = {a2n3m-lln,m>~l}. 

Here the amount of left context is k = 1 and the amount of right 

context is Z = O. 

It should be noted that T0L systems can be identified with those 

TIL systems whose productions are of the form < A,a,A > ~ ~. 

ii.2. Deterministic TIL systems. 

A TIL system is called deterministic if for each particular environ- 

ment, a letter in a given context can be replaced by only one string. 

Formally, the deterministic restriction is defined for TIL systems as 

follows. 

Definition 4. A TIL system G = < ~,~,~,g > is called deterministic 

if the following condition holds: For each P E~, each a E ~, if 

< ~,a,6 > ~ YI and < ~,a,~ > ~ Y2 are productions for a in P in the 

context of e and B, then Y1 = Y2. A language L is called a 
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deterministic TIL language if there exists a deterministic TIL system 

G such that L = L(G). 

In the rest of Part II we shall look at the role determinism plays 

in TIL systems from the subword point of view. 

First we may remark that the analogue of Theorem 1 for deterministic 

TIL languages does not hold. It is an easy exercise to construct, for 

any alphabet ~ (with ~ = n), a deterministic TIL language L such that 

~k(L) -- n k for every k >~ 0; hence for this L, 

~k(L) 
lira -----~ = 1. 
k-~ n 

II.3. Some subclasses of the class of TIL languages. 

Analogous to the T0L case, we have the following definition. 

DefinitiOn 5. A TIL system G : < ~,P,~,g > is called 

1) an IL system if #~= 1. 

2) propagating if for every P e ~, P C g*~* × ~ × ~*g* × ~+. 

3) everywhere srowin@ if for every P e ~ and every y e ~ , whenever 

< ~,a,6 > ~ y is in P (for some a E ~, ~ E g*~*, B E ~'6"), then 
> 

4) uniform if there exists an integer t ~ 1 sueh that for every 

P E~ and y E N*, if < ~,a,6 > ~ y is in P (for some a E ~, ~ e g'E*, 

B e ~*~*) then IYI : t. 

Definition 6. A TIL language L is called propagating, everywhere 

growing, uniform or an IL llanguage if L = L(G) for a propagating TIL 

system, everywhere growing TIL system, uniform TIL system or an IL 

system G, respectively. 

We shall also use the letters P, G, and U to denote the propagating, 

everywhere growing and uniform restrictions respectively, as explained 

for the T0L case. 

Example 4. 

1) The TIL system G from Example 3 is a deterministic GTIL system. 

{a2n3ml 
Thus the language In,m ~ 1} is a deterministic GTIL language. 

2) Let G = < {a},{{ < A,a,g > ~ a 2 , < A,a,a > ~ a}},a,g >. Then G 

is a deterministic PIL system and so {a} + is a deterministic PIL 

language. 
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II.4. Everywhere growing deterministic TIL languages. 

At the end of section II.2, we have remarked that given any alpha- 

bet ~ a deterministic TIL system can be found generating all possible 

subwords over Z. The addition of the everywhere growing restriction 

reduces this subword generating ability as in the case of L systems 

without interactions. In fact the analogue of Theorem 2 (concerning 

deterministic GTOL languages) for deterministic GTIL languages holds. 

Theorem 6. 

I) If L is a deterministic GTIL language , then there exist positive 

constants ~ and 8, such that, for every k > 0, Zk(L) < ~k 8, 

2) For every positive number Z, there exists a deterministic UTIL 

language L such that if ~,~ and positive constants such that, for 

every k > 0, ~k(L) < ek E , then ~ > Z. 

II.5. Deterministic IL languages. 

Theorem 3 states that for a deterministic 0L language L, the number 

of subwords of length k is proportional to k 2 . Thus the subword 

generating ability of a 0L system is reduced from n k (where n is the 

cardinality of the alphabet) to k2by the addition of the deterministic 

restriction. The situation is different concerning iL languages. 

Vitanyi (personal communication) has a construction which, for any 

alphabet Z, produces a DIL system G with alphabet ~ U {a,b} (where a,b 

are new symbols) which generates all possible subwords over Z. Thus the 

foilowing theorem is true. 

Theorem 7. Given any integer n > 2, there exists a DIL language L 
k 

such that, for any k > 0, ~k(L) > (n-2) 

The above theorem says that the addition of determinism to IL systems 

(in general) reduces only slightly their subword generating ability. 

Despite this, we find that deterministic GIL and deterministic G0L 

systems, as well as deterministic UIL and deterministie U0L systems, 

have the same subword generating power. This can be seen from the 

following two theorems and Theorems 4 and 5. 

Theorem 8. 

1) For every deterministic GIL language L there exists a positive 

constant e L such that, for every k > 0, ~k(L) ~ ~L.k.10g k. 

2) For every positive number ~ there exists a deterministic GIL 

language such that ~k(L) ~ ~.k.10g k for infinitely many positive 

integers k. 
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Theorem 9. 

1) For every deterministic UIL language L there exists a positive 

constant ~L such that, for every k > 0, ~k(L) < ~L.k. 

2) For every positive number £, there exists a deterministic U!L 

language L such that ~k(L) > £.k for infinitely many positive 

integers k. 



I GROWTH FUNCTIONS I 

GROWTH OF STRINGS IN CONTEXT DEPENDENT LINDENMAYER SYSTEMS *) 

PAUL M.B. VITANYI 

Mathematisch Centrum, Amsterdam, The Netherlands 

ABSTRACT 

Growth functions of context dependent Lindenmayer systems are investigated. 

Bounds on the fastest and slowest growth in such systems are derived, and a method 

to obtain (P)DIL growth functions from (P)D2L growth functions is given. Closure of 

context dependent growth functions under several operations is studied with special 

emphasis on an application of the firing squad synchronization problem. It is shown 

that, although all growth functions of DILs using a one letter alphabet are DOL growth 

functions, there are growth functions of PDILs using a two letter alphabet which are 

not. Several open problems concerning the decidability of growth equivalence, growth 

type classification etc. of context dependent growth are shown to be undecidable. As 

a byproduct we obtain that the language equivalence of PDILs is undecidable and that 

a problem proposed by Varshavsky has a negative solution. 

I. INTRODUCTION 

Lindenmayer systems, L systems for short, are a class of parallel rewriting sys- 

tems. They were introduced by Lindenmayer [59,60] as a model for the developmental 

growth in filamentous organisms. These systems have been extensively studied, see 

e.g. Herman & Rozenberg [453, and, from the formal language point of view, form an 

alternative to the usual generative grammar approach. A particularly interesting top- 

ic in this field, both from the viewpoint of the biological origins and in its own 

right, is the study of the growth of the length of a filament as a function of time. 

An L system consists of an initial string of letters, symbolizing an initial one di- 

*) This paper is registered at the Mathematical Center as IW 19/74. 
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mensional array of cells (a filament), and the subsequent strings (stages of develop- 

ment) are obtained by rewriting all letters of a string simultaneously at each time 

step. When the rewriting of a letter may depend on the m letters to its left and the 

n letters to its right we talk about an (m,n)L system. When each letter can be rewrit- 

ten in exactly one way in each context of m letters to its left and n letters to its 

right we talk about a deterministic (mjn)L system. All L systems considered in this 

paper are deterministic (i.e. essentially monogenic rewriting systems) since this al- 

lows a cleaner theory of growth to be developed. However, most of the results concern- 

ing growth types and decidability we shall derive hold under appropriate interpreta- 

tion also for nondeterministic L systems. 

The general family of deterministic L systems is called the family of determin- 

istic context dependent L systems or DIL systems. The best investigated subfamily is 

that of the D(0,0)L (i.e. DOL) or deterministic context independent L systems. Growth 

of the length of strings in this latter class has been extensively studied, cf. sec- 

tion 2, and almost all questions posed have been proved to he decidable by algebraic 

means [111,75,983 and some by combinatorial arguments [116]. The study of the growth 

of length of strings in the general case of context dependent L systems has been more 

or less restricted to the observation that the corresponding problems here are still 

open, cf. [45, chapter 153, [753 and [1023. We shall investigate the gro%~h of length 

of strings in context dependent L systems and we shall solve some of the open prob- 

lems by quite elementary means. By a reduction to the printing problem for Turing 

machines we are able to show that e.g. the growth type of a context dependent L sys- 

tem is undecidable, even if no production is allowed to derive the empty word; that 

the growth equivalence problem for these systems is unsolvable; and that the corres- 

ponding questions for the growth ranges have similar answers. (As a byproduct we ob- 

tain the results that the language equivalence for PDILs is undecidable and that a 

problem proposed by Varshavsky has a negative solution. ) 

Furthermore, we derive bounds on the fastest and slowest growth in such systems; 

we give a method for obtaining growth functions of systems with a smaller context 

from systems with a larger context; it is shown that all bounded growth functions of 

context dependent L systems are within the realm of the context independent growth 

functions whereas for each type of unbounded context dependen t growth functions there 

are growth functions which are not; similarly, all growth functions of context depen- 

dent L systems using a one letter alphabet are growth functions of context indepen- 

dent L systems whereas this is not the case for growth functions of the simplest con- 

text dependent L systems using a two letter alphabet; we give sm. application of the 

firing squad synchronization problem, etc. 

The paper is divided in three parts. In section 2 we prepare the ground by giv- 

ing a cursory review of some results on growth functions of context independent L 

systems. In sections 3.1-3.3 we develop outlines for a theory of context dependent 

growth functions and give some theorems and illuminating examples. In section 3.4 
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we prove the undecidability of several open problems in this area. 

2. GROWTH FUNCTIONS OF CONTEXT INDEPENDENT L SYSTEMS 

We assume that the usual terminology of formal language theory is familiar. Ex- 

cept where defined otherwise we shall customarily use, with or without indices, i,j, 

k,m,n,p,r,t to range over the set of natural numbers IN = {0,1,2,...}; a,b,c,d,e to 

W* range over an alphabet W; v,w,z to range over i.e. the set of all words over W 

including the empty word k. #Z denotes the c~dinality of a set Z; lg(z) the length 

of a word z and ig(k) = O. 

An L system is called deterministic context independent (DOL system) if the re- 

writing rules are deterministic and the rewriting of a letter is independent of the 

context in which it occurs. With each DOL system G we can associate a growth function 

' fGi(t ) fG %~here is the length of the generated string at time t. Growth functions of 

DOL systems were studied first by Szilard [111], later by Doucet [15], Paz & Salomaa 

[75], Salomaa [98] and Vitgauyi [116,115]. 

A se~ DOL system (semi DOL) is an ordered pair S = <W,6> where W is a finite 

nonempty alphabet and 6 is a total mapping from W into W* called the set of produc- 

tion rules. A pair (a,~(a)) is also written as a ÷ 6(a). We extend 6 to a homomor- 

W* )of S(as)~(a2)...S(an) , n > O. S i is phism on by defining ~(h = k and ~(ala2...an) = 

the composition of i copies ~ and is inductively defined by ~O(v) -- v and 6i(v) -- 

-- 6(~i-1(v)) for i > 0. A DOL system (DOL) is a triple G : <W,6,w> where W and ~ are 

WW* as above and w c is the ~om. The DOL language generated by G is L(G) = 

= {6i(w) I i -> 0}. The growth function of G is defined by fro(t) = ig(~t(w)). Clearly, 

for each DOL O = <W,6,w>, if m = max{Ig(6(a)) I a E W} then fG(t) -< lg(w) m t. Hence 

the fastest growth possible is exponentially hounded. We classify the growth of DOLs 

as follows [116]: 

A growth function fG is exponential (type 3) if lira fG(t)/xt -> I for some X > I; 
t~ 

fG is polynomial (type 2) if lim fG(t)/p(t) > I and lim fG(t)/q(t) < I for some un- 
t+~ t+~ 

• I 
bounded polynomlals p and q; fG is limited (type 7) if 0 < fG(t) -< m for some con- 

stant m and all t; fG is terminating (type 0) if fG(t) = 0 hut for a finite number 

of initial arguments. 

By an application of the theory of homogeneous linear difference equations with 

constant coefficients, Salomaa [983 gave an algorithm to derive an explicit formula 

of the following form for the growth function of an arbitrary DOL G: 

n 
t 

(I) fG(t) : ~ pi(t)c±, 
i--I 

A function f(t) is said to be unbounded if for each n o 
f(t) > n o for all t > t o . 

there is a t O such that 
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where Pi is an r.-th degree polynomial with complex algebraic coefficients and c. a 
1 l 

n 
complex algebraic constant, ] ~ i ~ n, Zi=1(ri+]) = #W. From this it follows that the 

above classification is exhaustive in the DOL case; that the growth type of a D0L can 

be determined and that the growth equivalence for two DOLs is decidable (two DOLs G, 

G' are said to be growth equivalent iff fG(t) = fG,(t) for all t). 

The approach of [98] becomes too complicated for large alphabets and does not 

tell us anything about the 8truct~e of growth, viz. the local properties of produc- 

tion rules which are responsible for types of growth [1163. By considering DOLs with 

one letter axioms we car. talk about growth types of letters, and clearly the growth 

type of a DOL is the highest numbered growth type of the letters in its axiom. Given 

a semi DOL, different types of growth may result from different choices of the axioms; 

therefore the growth type of a semi D0L is a combination of the growth types possible 

for different choices of the axiom. (Written from left to right according to decreas- 

ing digits, e.g. 3210, 321, 21.) 

Example !" 

2 
O = <{a},{a+a },a> 

G = <{a,b},{a÷b,b+ab),a> 

G = <{a,b},{a+ab,b+b),a> 

2 
S = <(a,b,c,d},{a÷a b,b÷bc,c-*cd,d+l}> 

: growth type 3. 

fG(t) = -~-- + 2V~ -- : growth type 3. 

(fG(t) is the t-th term of the Fibonacci sequence) 

fG(t) = t+1 : growth type 2. 

: growth type32]O. 

The following theorem, [1163, tells us which combinations may occur in the D0L 

case. 

Theorem 1. Type 2 never occurs without type I. All other combinations are possible. 

(l.e. there are no semi DOLs of growth type 320, 32, 20 or 2). 

It is, however, easy to show that growth type 2 may occur without growth type I 

for the simplest context dependent L systems, i.e. the one letter alphabet PDILs. 

(cf. example 2, section 3). 

Furthermore, in the D0L case, necessary and sufficient conditions for the growth 

type of a letter a ~ W under a set of production rules are obtained from the empty- 

ness of the intersection of the set of letters, derivable from a, with three disjoint 

classes of recursive letters, where a letter b ~ W is recursive if 6i(b) = VlbV 2 for 

some i > 0 and some Vl,V 2 ¢ W*, [116]. 
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3. GROWTH FUNCTIONS OF CONTEXT DEPENDENT L SYSTEMS 

The general form of a context dependent L system was introduced by Rozenberg 

[86]. We define a deterministic (m,n)L system (D(m,n)L) as a triple G = <W,~,w>, where 

W is a finite nonempty alphabet, the set of production rules ~ is a total mapping from 

m n W* WW* W i × W x ~W j into and w e is the axiom. ~ induces a total mapping ~ from 
i=o j=0 

W* into W* as follows: ~(I) = k and ~(ala2...a k) = ~1~2...ak if for each i such that 

I ~ i ~ k we have 

6(a. a. +. ..a. ,a.,a. a. .. ei' l-m l-m ~" I-1 ! i+11+2 "ai+n) = 

where we take a. = I for j < I and j > k. The composition of i copies of ~ is induc- 
J ~i ~i-1(v 

tively defined by ~O(v) = v and (v) = ~( )), i > O. When no confusion can re- 

suit we shall write ~ for ~. The D(m,n)L l~guage generated by G is L(G) = 

= {6i(w) I i -> 0}, and the growth function of G is fG(t) = Ig(~t(w)). 

A semi D(m,n)L is a D(m,n)L without the axiom. A propagating D(m,n)L (PD(m,n)L) 

WW* is a D(m,n)L G = <W,~,w> such that ~(v) # h for all v ¢ . In the literature a 

D(O,O)L is usually called a DOL, a D(I,0)L or D(0,1)L is usually called a DIL, a 

D(I, I)L is usually called a D2L and a D(m,n)L (m,n->0) a DIL. The corresponding semi 

L systems are named accordingly. 

Example 2. S = <W,6> is a semi PD(0,1)L where W = {a} and ~(h,a,h) -- a 2 6(l,a,a) -- a. 
k 

It is easily verified that for every axiom a , k > 0, S yields the growth function 

f(t) = k+t. (At each time step the letter on the right end of the string generates aa 

while the remaining letters generate a. ) Therefore, even for PDILs using a one letter 

alphabet growth type 2 can occur without growth type I and all combinations of growth 

types 0,1,2,3 are possible. (Contrast this with the situation for DOLs in theorem I.) 

In section 2 we defined growth types 3,2,1,0 which were exhaustive for the DOL 

case. However, as will appear in the sequel, this is not so for DILs. Therefore we 

define two additional growth types to fill the gaps between types I and 2, and types 

2 and 3. We call the growth in a DIL G s~emponential (type 2@) iff the growth is not 

exponential and there is no unbounded polynomial p such that fG(t) g p(t) for all t; 

subpolynomial (type I@) iff fG is unbounded and for each unbounded polynomial p holds 

that lim fG(t)/p(t) = O. 
t~ 
For DOLs the following types of problems have been considered and solved effec- 

tively (cf. section 2 and the references contained therein). 

(i) Analysis problem. Given a DIL, describe its growth function in some fixed pre- 

determined formalism. 
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(ii) 

(iii) 

(iv) 

(v) 

S_znthesis problem. Given a function f in some fixed predetermined formalism and 

some restriction x on the family of DILs. Find a DIL which satisfies x and whose 

growth ftmction is f. Related to this is the problem of which growth functions 

can be growth functions of DILs satisfying restriction x. 

Growth equivalence proble m. Given two DILs, decide whether or not they have the 

same growth function. 

Classification problems. Given a DIL or a semi DIL, decide what is its growth 

type. 

Structural problems. What properties of production rules induce what types of 

growth? 

Furthermore we have the hierarchy problem. Is the set of DOL growth functions a 

proper subset of the DIL growth functions ~ud similar problems? 

In section 3.4 we shall show that even for PDILs the problems (i)-(v) are re- 

cursively unsolvable. 

3. I. Bounds on unbounded 6rowth 

Since it is difficult to derive explicit formulas for growth functions of the 

more involved examples of DiLs, and according to section 3.4 impossible in general, 

we avail ourselves of the following notational devices. 

[f(t)J is the lo~eP entier of f(t), i.e. for each t,[f(t)J is the largest integer not 

greater than f(t). 

f(t) ~ g(t): f(t) is ~y~tot~c to g(t), i.e. lim f(t)/g(t) = I. 

f(t) ~ g(t): f(t) sZ~des onto g(t) (terminology provided by G. Rozenberg) iff for 

each maximum argument interval [t' ,t"] on which g(t) has a constant value holds that 

f(t) = g(t) for all t and some t"' such that t' -< t"' -< t -< t". 

As in the D0L case, for each DIL G = <W,8,w> holds that fG(t) -< ig(w) m t where 

m = max{Ig(6(vl,a,v2)) I Vl,V 2 e W* and a e W}. Hence the fastest growth is exponen- 

tial, and for each DIL there is a DOL which grows faster. We shall now investigate 

what is the slowest unbounded growth which can occur. Remember that a function f is 

unbounded if for each n O there is a t O such that f(t) > n O for t > t O . 

Theorem 2. 

(i) For any PDIL G = <W,6,w> such that fG is unbounded holds: 

lim fG(t)/lOgr t ~ I 
t-~o 

where r = #W > ]. 

(ii) For say DIL G = <W,6,w> such that fG is unbounded holds: 

t t 
lim ~ f ( t ) /  X 
t÷~ i=O i=O 

[lOgr(<r-1)i+r)] ~ I where r = #W > I. 
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Proof. 

(i) Order all strings in W-W* according to increasing length. The number of strings 
k 

zk-1 i r -r 
of length less than k is given by t = i=I r , i = #W. Hence t = ~ and there- 

fore k = logr((r-1)t+r). If we define f(t) as the length of the t-th string in 

WW* then, clearly, f(t) = [logr((r-1)t+r) ] and lim f(t)/logrt = I. The most any 
t+~ 

PDIL system with an unbounded growth function can do is to generate all strings 

of WW ~ in order of increasing length and without repetitions. Therefore 

lim fG(t)/logrt > I. 
t-~ 

(ii) The most any DIL with an unbounded growth function can do is to generate all 

strings of WW * in some order and without repetitions. Therefore, 

lim Z t fG(t)l~t f(i) > I D 
i=O --0 - ' 

t-~ 

In the sequel of this section we shall show that theorem 2 is optimal. 

Example 3. Let G I = <W,6,w> be a PD(0,1)L such that W = {0,1,2,...,r-1,4,s} (r>1); 

~(~,¢,i) = 4 for 0 -< i -< r-l, ~(k,4,s) = 40, 6(~,i,k) = 6(k,i,s) = i+I for 

0 -< i < r-l, 8(k,s,k) -- I, 6(~,s,0) = 6(k,s,1) = O, 6(k,r-l,k) = 6(X,r-l,s) = s, 

8(k,i,j) = i for 0 -< i,j -< r-l; w = ~0. 

The starting sequence is: 40, 41, ...,4r-I, 4s, 401, ...,40r-I, 40s, 411, 

..., ~r-1...r-1, 4r-1...r-1 s, ~r-1...r-1 sl, ..., ~s00 .... 40000..., ... 

k k-1 x k-2 x 

Observe that G counts all strings over an alphabet of r letters. When an incre- 

ment of the length k is due on the left side it needs k extra steps. Furthermore, 

there is an additional letter ~ on the left. Therefore, 

fG1(t ) = klOgr((r-1)t+r - [lOgr((r-1)t/r+1)J) ] + I 

~[lOgr((r-1)t+r) j + I. 

Hence fG1(t) ~ logrt. Hence, with a PDII using r+2 letters we can reach the slowest 

unbounded growth of a PDIL using r letters. 

Some variations of Example 3 are the following: 

Example 4. Let G 2 be a PD(O,I)L defined as G I but with 6(k,@,s) = @I. Then, essen- 

tially, G 2 counts on a number base r and 

fG2(t) = 2, 0 -< t < r 

fG2(t ) = klogr(t-Llog r t/r])] + 2 

~>[log r tJ + 2, t -> r. 
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Example >. Let G 3 = <{0,I,2,...,r-I} × {0,@,s}, 63, (0,¢)> be such that the action 

is as in G I but with @ and s coded in the appropriate letters. Then, 

fG3(t) = [lOgr((r-1)t+r - [lOgr((r-1)t/r+1)J)j 

~>[logr((r-1)t+r) ] 

Example 6. Let G 4 be as G 2 with the modifications of G 3. Then 

fG4(t) = I, 0 ~ t < r 

fGh(t) = [logr(t-[log r t/r])J + I 

~>[log r tJ + I, t ~ r. 

Examples 3-6 all corroborate the fact that for any PDIL with an unbounded growth 

function there is a PDIL with an unbounded growth function which grows slower, al- 

though not slower than logarithmic. That theorem 2 (ii) cannot be improved upon fol- 

lows from the following lemma, implicit in van Dalen [12] and Herman [33]. 

2 
Lemma I. For a suitable standard formulation of Turing machines , e.g. the quintuple 

version, holds that for any deterministic Turing machine T with symbol set S and 

state set Q we can effectively construct a D2L G 5 = <W5,~5,w5 > which simulates it in 
t 

real time. I.e. the t-th instantaneous description of T is equal to 65(w5). There is 

a required G 5 with W 5 = S u Q and a required propagating G 5 with W 5 = Q u (S × Q). 

Since T can expand its tape with at most one tape square per move we see that 

fG5(t+1) g fG5(t)+1. 

It is well known that a Turing machine can compute every recursively enumerable 

set A = {I f(t) I f(t) is a 1:1 total recursive function}. We can do this in~ such a 

way that for each t when f(t) has been computed the Turing machine erases everything 

else on its tape. Subsequently, it recovers t from f(t) by f-1 adds I and computes 

f(t+]). In particular, the simulating D2L G 5 can, instead of replacing all symbols 

except the representation of f(t) by blank symbols, replace all the superfluous blank 

letters by the empty word ~. Suppose that A is nonrec~rsive. Then, clearly, it is not 

the case that for each n O we can find a t O such that fG5(t) > n O for t > to, although 

such a t O exists for each n O . Hence theorem 2 (ii) is optimal for D2Ls, and as will 

appear from the next lemma also for DILs. 

For results and terminology concerning these devices see e.g.M. Minsky, Computa- 
tion: finite and infinite machines. Prentice-Hall, London (1967). 
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Lemma 2. 

(i) Let G = <W,~,w> be any D2L. We can effectively find a DIL G' = <W',6',w'> such 

that for all t holds: 6'2t(w ') = @6t(w) for some @ ~ W. 

(ii) Let G = <W,6,w> be any PD2L. We can effectively find a PDIL G" = <W",~",w"> 

such that for all t holds: ~"2t(w") = @6t(w)$ t for some @,~ ~ W. 

Proof. 

(i) Let G = <W,~,~ be any D2L. Define a D(0,1)L G' = <W',6',w'> as follows: 

w' = w u (w × ( w u ( x } ) )  u { ~ } ,  

6 ' ( ~ , a , c )  = ( a , c ) ,  

6 ' ( ~ , ¢ , c )  = ~,  

6 ' ( ~ , ( a , b ) , ( h , c ) )  = 6 ( a , b , c ) ,  

@ @ W; w' = @w; 

6 ' ( ~ , ¢ , ( a , c ) )  = @ ~ ( ~ , a , c ) ,  

6 ' ( ~ , ( a , ~ ) , ~ )  = ~,  

for all a,b ~ W and all c E Wu(~}. (The arguments for which 6' is not defined, 

shall not occur in our operation of G'.) 

For all words v E WW*, v = ala2...ak, holds: 

~'2(¢%a2...%) = 6'(¢(a1,%)(a2,a3)...(%,~)) = 

= ~ 6 ( A , a l , a 2 ) 6 ( a l , a 2 , a 3 ) . . . ~ ( a k _ l , a k , ~  ) = 

= ~ 6 ( a l a 2 . . . % ) .  

Since, furthermore, 6'2(~) = ~ we have therefore 6'2t(w') = ~6t(w) for all t. 

(ii) Let G = <W,6,w> be any PD2L. Define a PDIL G" = <W",~",w"> as follows: 

w"= w u (w × (Wu{~})) u {@,~}, 

6"(~,a,e) = (a,c), 

6"(~,a,~) = (a,~), 

6"(~,¢,d) = ¢, 

¢,$ @ W; w" = @w; 

6"(~,(a,b),(h,c)) = 6(a,b,c), 

6"(~,¢,(a,c)) = ¢6(~,a,c), 

6"(x,(a,x),~) = 6"(~,(a,~),~ = ~, 

~"(~,~,~) = ~, 

for all a,b, E W, all c ~ Wu{l} and all d ~ Wu{l,$}. Analogous with the above 

we prove that if 6t(w) # ~ for all t then 6"2t(w '') = @6t(w)$ t. D 

Theorem 3. 

(i) If f(t) is a D2L growth function then g(t) = f([t/2J)+1 is a DIL growth func- 

tion. 

(ii) If f(t) is a PD2L growth function then g(t) = f([t/2J)+[t/2J+1 is a PDIL growth 

function. 

(iii) If f(t) is a PD2L growth function then g(t) = f([t/2J) is a DIL growth function. 

(iv) If f(t) is a PD2L growth function then g(t) = f([t/2J)+[t/2J is a PDIL growth 

function. 
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Proof. (i) and (ii) follow from lemma 2 and its proof. (iii) and (iv) follow from 

lemma 2 and its proof by the observation that we can encode the left end marker @ in 

the leftmost letter of a string and keep it there in the propagating case. D 

Note that by lemma 2 the transition in theorem 3 is effective, i.e. given a D2L 

G, of which f is the growth function, we can construct a required DIL G' such that 

fG' = g" 

3.2. Synthesis of ~rowth functions 

In the last section we saw that if f(t) is the growth function of a D2L G then 

g(t) = f([t/2J)+] is the growth function of a DIL G' and there is a uniform method 

to construct G' given G. In this sense we shall treat some methods for obtaining 

growth functions. We consider operations under which families of growth functions are 

closed. An important tool here is an application of the Firing Squad Synchronization 

Problem 3. Stated in the terminology of L systems it is the following. Let S = <Ws,~s> 

be a semi PD2L such that ig(~s(a,h,c)) = ] for all b e W s and all a,c ~ WSu{~} , and 

there is a letter m in W S such that 6s(m,m,h) = 6s(m,m,m ) = m. The problem is to de- 

sign an S satisfying the restrictions above such that 6k(n)(m n) = fn f e W8 ' for all 

natural numbers n and a minimal function k of n, while ~t(mn) e (Ws-{f}) n for all t~ 

0 ~ t < k(n). Balzer 4 proved that there is a minimal time solution k(n) = 2 n-2. In 

the PD2L case we can achieve a solution in e.g. k(n) = n-] by dropping the restric- 

tion 8s(m,m,~) = m and having both letters m on the ends of an initial string act 

like "soldiers receiving the firing command from a general" in the firing squad ter- 

minology. Assume that S = <Ws,6s > is such a semi PD2L simulating a firing squad with 

k(n) = n-1. Let G = <W,6,w> be any (P)D2L. We define the (P)D2L G' = <W',~',w'> as 

follows: 

W' = W × W S; 

w' = (al,m)(a2,m)...(ak,m) 
6'((a,a'),(b,b'),(c,c')) = (b,b") 

6'((a,f),(b,f),(c,f)) 

for w = ala2...ak, 
for 6s(a',b',c') = b" and 

a'b'c ~ ~ fff, 

= I (b1'm)(b2'm)'''(bh'm) for ~(a,b,c) = b]b2...bh, 

L h for 8(a,b,c) = h. 

W* We easily see that if 6(v) = v' for v,v' ~ then 

3 
See e.g. Minsky, Op. cir., 28-29. 

4 
Balzer, R., An 8 state minimal solution to the firing squad synchronization prob- 
lem, Inf. Contr. ]0 (]967), 22-42. 
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8,1g(v)((al ,m)(a2,m).. . (~,m)) = (bl,m)(h2,m)...(bh,m) 

where v = ala2...a k and v' = blb2...bh; and 6'ig(v)((al,m)(a2,m)...(ak,m)) = h for 

v' = ~. Therefore we have: 

Lemma 3. Let G be any (P)D2L. We can effectively find a (P)D2L G' such that 

(2) 

/ 
fG '(t) = ~ fG(0) for all t such that 0 S t < fG(0), 

L 
T ~+I 

fG(~+1) for all t such that [ fG(i) ~ t < ~ fG(i). 
i=O i=O 

Since we can simulate an arbitrary (but fixed) number of r firing squads in sequence 

plus a number j of production steps of G' for each production step of G, we can ef- 

fectively find a (P)D2L G' for each (P)D2L G such that: 

fG' ( t )  = i fG(O) 

fG(~+1) 

for all t such that 0 N t < r fG(O) + j 

for all t such that 
T 

r [ fG(i)+(T+1)j ~ t < 
i=O 
T+1 

r [ fG(i)+(T+2)j. 
i=O 

Let us call the operation to obtain a growth function fG' from fG as defined in (2) 

FSS. Then fG' = FSS(fG)" 

A cascade of r firing squads working inside each other, such that one production 

step of a (P)D2L G is simulated if the outermost squad fires, gives us a (P)D2L G' 

such that fG' = Fssr(fG)' i.e. 

(3) 
fG'(t) = I fG(0) for all t such that 0 g t < fG(0) r 

T+I 
fG(T+I) for all t such that ~ fG(i) r g t < ~ fG(i) r. 

i=O i=O 

Example 7, Suppose that fG is exponential, say fG(t) = 2 t. Then FSS(f G) = f where 

f(t) = S +I for ~T 2i zT+I 2i ' S+ I [Zog 2 t] i=0 ~ t < i= 0 Hence f(2T+1-1) = and f(t) = 2 , 

i.e. f(t) ~ t. 5 We can obtain analogous results for arbitrary exponential functions. 

f ~ g asserts that f is of the same order of magnitude as g, i.e. clg(t) < f(t) < 
< c2g(t) for all t and some constants c1,e 2. 
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Example 8. Suppose that fG is polynomial, e.g. fG(t) = p(t) where p(t) is a polyno- 
t + t 

mia! of degree r. Then FSS(f G) = f where f(Zi=0 p(i)) -- p(t I). Since Zi= 0 p(i) =q(t) 

where q(t) is a polynomial of degree r+1 we have f(t) ~ t r/r+1. By (3) we see that 

FSSJ(f G) = f where f(t) tr/(r+j) 

Hence we have: 

Theorem 4. For each rational number r, 0 < r <- I, we can effectively find a PD2L G 

such that fG(t) ~ t r. 

Proof. Since r -- r'/r" such that r",r' are natural numbers and r" >- r', and according 

to Szilard []11] we can, for every monotonic ultimately polynomial function g, find a 

PDOL G' such that fG' = g; by example 8 we can find a PD2L G such that fG(t)~ tr'/r'i 

Example 9. Let fG(t) = [log 2 tj. Then FSS(fG) = f, where f((t-1)2t+1+4) = t+], i.e. 

f(t) ~ log t. 

Hence we see that the relative slowing down gets less when the growth function 

is slower. 

By theorem 3 everything we have obtained for D2Ls holds for DILs if we substi- 

tute [t/2J for t in the expression for the growth function and add I. However, even 

for DILs we can achieve a greater slowing down. Let G be some D2L. We can construct 

a D]L G' which simulates G such that for each production step of G, G' does the fol- 

lowing. 

(a) G' counts all strings of length fG(t) over an r letter alphabet by the method of 

example 3. When an increase of length is due on e.g. the left side, 

(b) G' initializes a firing squad, making use of the simulation technique of lemma 2. 

When the firing squad fires, G' simulates one production step of G and subsequent- 

ly starts again at (a). 

Hence, if h(t) -< fG(t) -< g(t) for a D2L G and monotonic increasing functions h and 

zt r h(i)) < g(t+1) For in- g then we can effectively find a DIL G' such that fG'( i=0 

stance, if fG(t) = t then fG,(t) < log r t, t > I. 

We can combine processes like the above to obtain stranger and stranger, slower 

and slower growth functions. Similar to the above application of the Firing Squad 

Synchronization Problem we could apply the French FZag ProbZem (see e.g. [37]). 

The next theorem tells us under what operations the family of growth functions 

is closed. In particular, the subfamilies of (P)D2L, (P)DIL and (P)DOL growth func- 

tions are closed under (i)-(iii). 

Theorem 5. Growth functions are closed under (i) addition, (ii) multiplication with 

a natural number r > 0, (iii) entier division of the argument by a natural number 

r > 0, (iv) FSS. Growth functions are not closed under (v) subtraction, (vi) divi- 

sion, (vii) composition. 
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Proof. 

(i) Let G I = <Wi,61,w1> and G 2 = <W2,62,w2> be two DILs with disjoint alphabets. 

Define G 3 = <WiuW2,~3,WlW2>. Then it is easy to construct 63, given 61 and 82, 

such that fG3 = fG1 + fG2. 

(ii) Follows from (i). 

(iii) Let G S = <WI,61,w ~ be a DIL. Define G 2 = <W2,62,w2> such that fG2(t) = 

= fG1([t/r]). This is easily achieved by introducing a cycle of length r for 

each direct production of G I. 

(iv) By lemma 3. 

(v)-(vi) Trivial. 

(vii) 2 t is a growth function while 2 (2t) is not. D 

We conclude this section with some conjectures. The evidence in favor of in par- 

ticul~r conjecture I is overwhelming, but we have not been able to derive a formal 

proof. 

t+Llog 2 tJ 
Conjecture I. Growth functions are not closed under multiplication. (E.g. 2 

can hardly be a gro~h function.) 

Conjecture 2. Unbounded growth functions are closed under function inverse. (E.g. 

f(t) = r t is a growth function for r is a constant, g(t) ~ f-1(t) = log r t is a 

growth function too.) 

Conjecture 3. There are no PDIL growth functions f(t) ~ t r where r is not a natural 

number. (It is hard to see how a string can determine its length in the PDIL case.) 

3.3. Hierarchy 

The first PDIL growth function of growth type I~ was "Gabor's sloth" in [75, 

p.338]. Examples 3-6 and section 3.2. provide us with an ample supply of this growth 

type. A more difficult problem is to construct a DIL of growth type 2~. The first 

(and until now only) DIL of growth type 2~ is the PD2L of Karhum~ki [50] with growth 

function f where 2 V~ ~ f(t) ~ (2V~) V~. ~y lemma 2 we can construct a PDIL G such that 

2 ~[~/~ + [t/2] % fG(t) ~ (2V~) V~7~ + It/2]. From these results and theorem 5 (i) 

follows: 

Theorem 6. There are PDIL growth functions of growth types I~,2,2~,3 which are not 

DOL growth functions. 

Hence the family of (P)DOL growth functions is properly contained in the family 

of (P)DIL growth functions. However, if we restrict ourselves to the bounded growth 

functions the situation is different. 
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Theorem 7. Let G be any DIL such that fG is of (i) gro~h type O, or, (ii) growth 

type I. Then we can construct a DOL G' such that fG' = fG" 

Proof. 

(i) Let fG(t) > 0 for all t ~ t O for some t O and fG(t) = 0 otherwise. Then fG' = fG 

where G' = <W',G',w'> is a D0L constructed as follows: 

a0bfO (0)-] 
W' = {ao,a],...,at0,b}; w' = 

fo(i+1)-1 
~'(a i) = ai+1 b for all i, 0 ~ i < to, 

8 
~'(b) = 6'(ato) = k. 

(ii) If fG is of growth type I for some DIL G then fG is ultimately periodic, i.e. 

fG(t) = fG(t-u) for all t > t0+u for some t O and u. The construction of the ap- 

propriate D0L G' is similar to the construction in (i). 

Corollary 1. The family of bounded (P)DIL growth functions coincides with the family 

of bounded (P)DOL growth functions. 

Theorem 8. Let G = <W,6,w> be a un~j (i.e. #W = 1) DIL. Then there is a DOL G' such 

that fG' = fG" 

Proof. Suppose fG is bounded. By theorem 7 the theorem holds. Suppose fG is un- 

bounded, and let G he a D(m,n)L. Furthermore, let p = ig(6(am,a,an)), 

Z n-1 Ig(6(am,a,aJ)). Since fG is unbounded there is a t O = Em-1 ig(6(ai'a'an)) + j=0 
x i=0 

such that fG(t0) ~ 2(m+n)+x+]. For all t ~ t o the following equation holds: 

(4) fG(t+1) = p(fG(t)-m-n) + x. 

Case I. p = O. Then fG(t) ~ (m+n)y where y = max{!g(~(vl,a,v2)) I Vl,V 2 c W*}. 

Therefore fG is bounded: contradiction. 

Case 2. p = I. Then x-m-n > 0 since fG is bounded otherwise. It is easy to construct 

a DOL G' such that fG' = fG in this case. 

Case 3. p > I. Construct a DOL G" = <W",6",w"> as follows: 

W" = {a0,al,a2,a3} ; 6"(ao)=k, 6"(a I) = aoala3P-2 ~"(a2) = a2a3X+p-1 5 5 

fG(tO)-2 (m+n)- I 6 
P; w" )m+n 

~"(a3) = a 3 = (aoa I a2a 3 

It is easy to prove by induction on t that fG,,(t) = fG(t+to) for all t. By using 

8 
We define 8 for DOLs as in section 2. 
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theorem 7 we construct a DOL G' = <W',8',w'> such that W" c W' ~" c 6' 

t o 
~' (w') = w" and fG,(t) = fG(t) for 0 ~ t < t O . Then fG' = fG" 

It may be worthwhile to note that the solution to the difference equation (4) 

is given by: 

IfG(t0) + (x-m-n)(t't 0) for p = I, 

fG(t) 
t-t 0 

Ip t-tO !TP for p > I 
fG(tO) + (x-p(m+n)) 1-p 

for all t > t O . 

Therefore, the growth function of a unary DIL is either linear or purely ex- 

ponential, which by equation (I) gives us 

Corollary 2. The family of growth functions of unary DILs is properly contained in 

the family of growth functions of DOLs. 

Theorem 9" There is a b~n~ PDIL G = <W,~,w>, (i.e. #W = 2), with a one letter axiom 

such that there is no DOL G' such that fG' = fG" 

Proof. Let G = <W,~,w> be a PD(I,0)L where 

w = (a,h); w = a; ~(~,a,~) = h, ~(~,b,~) = aa, ~(a,a,~) = a, 

~(t,a,~) = b, ~(t,b,~) = t, ~(a,t,~) = aa. 

The initial sequence of produced strings is: 

a, b, aa, ha, aab, baaa, ~baa, ba3ba, a2ba4b, ba3ba 5, ~ba4ba ~, ha3baSba 3, 

a2ba~ha6ba 2, ha~aSha~ha, a2ha~ha6taSb, ha3baShaTba9 " ..... 

Every second time step one b is introduced on the left and starts moving along the 

string to the right. Every time step b moves one place to the right and leaves a 
2 

string a on the place it formerly occupied. When a letter b reaches the right end 

of the string it disappears in the next step leaving aa. Therefore, on the one hand, 

every second production step there enters a length increasing element in the string; 

on the other hand, with exponentially increasing time intervals one of these elements 

disappears. The strings where a b has just disappeared in the above sequence are: 

65(a) = taaa, ~9(a) = ha3ta 5, ~15(a) = ba3ba5ba?ha 9. 

Now introduce the notational convenience U x v(i) where v(i) is a function 
i=I 

from ~ into W*. E.g. if v(i) = aib 2i then U 3 v(i) = ab2a2b4a3b6. 
i=1 
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2x ba2i+l 2x+I 
Claim. ~t(x) a ~I ~ = H where t(x) = + 2x + 3. 

i=I 

Proof of claim. By induction on x. 

x = 0. ~5(a) = ba 3 . 

x > 0. Suppose the claim is true for all x ~ n. Then 

2 n 
~t(n)(a ) = ~ ba 2i+I = ...ba 2"2n+I. 

i=I 

This last occurence of b will just have disappeared at time t' = t(n) + 2.2 n + 2 = 

= t(n+1). The distance with the preceding occurence of b was 2.2n-I and therefore 

(5) 
6t(n+1)(a ) = ...ba 2"2n-I + 2(2.2n+2) _ 2(2n+I) = ...ba 2.2n+I+]. 

At time t(n) the total number of occurences of b in the string was 2n; at time t(n+S) 

this is 2n+2n+s-1 = 2 n+] and 

(6) ~t(n+1)(a) = ba3b .... 

ilbai2bv2 Since it is easy to see that for all t ~ 0 holds if ~t,a,( ~ = Vlba for some 

on+1 ^ 
Vl,V 2 then i 2 = ii+2 it fellows from (5) and (6) that 8t(n+1)(a) = U ~ b ~i+I 

' i=I a , 
which proves the claim. 

Hence, 

fG(t(x)) = 

2 x 

i=I 
2(i+I) = 2x(2x+3) = I/4(t(x)-2x-3)(t(x)-2x+3) 

= I/4 t(x)2-x t(x)+x 2 - 9/4. 

x+1+ 
Since t(x) = 2 2x+3 we have x~> [log 2 t(x)/2] and therefore: 

(7) fG(t(x))~>I/4 t(x) 2 - [log 2 t(x)/2Jt(x) + [log 2 t(x)/2J 2 - 9/4. 

From (7) and the general formula for a DOL growth ftuuction (I) it follows that fG 

cannot be a DOL growth function since 

fG(t) -I/4 t 2 ~ t log t. E] 

That context dependent L systems using a two letter alphabet cannot yield all 

DOL growth functions is ascertained by the couuterexample f(0) = f(1) = f(2) = I and 
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f(t) = t for t > 2, which is surely a (P)DOL growth function. 

Corollary 3. The family of binary (P)DIL growth functions has nonempty intersections 

with the family of (P)DOL growth functions and neither contains the other. 

An open problem in this area is: does the family of (P)DIL growth functions co- 

incide with the family of (P)D2L growth functions. A proof of conjecture 3 would 

show that the family of PDIL growth functions is properly contained in the family of 

PD2L growth functions. 

Using a similar technique as in lemma 2 we can, however, say the following. 

Theorem 10. 

(i) If f(t) is a PD2L growth function then f(t) is a D(2,0)L growth function. 

(ii) If f(t) is a D2L growth function then f(t)+1 is a D(2,0)L growth function. 

Proof. 

(i) Let G = <W,6,w> be a PD2L. Define a D(2,0)L G' = <W',6',w'> as follows. 

W' = W u W x {@} where @ ~ W; w' = ala2...an_1(an,@) for w = ala2...an; 

6'(ab,c,k) = 6(a,b,c), 6'(X,c,k) = k, 

6'(ab~,(c,@), ~) = 6(a,b,C)ala2.. .am_1(am,#) i f  ~ (h ,o , l )  = a la2. . .am, 

~ ' (~ , (c ,~ ) ,~ )  = a l a 2 . . . % _ 1 ( % , ~ )  i f  a(~,c,~) = %a2 . . .  ~ ,  

for all b,c ~ W and all a ~ Wu{l}. 

Then 6't(w ') = blb2...bm_1(bm,@) if 6t(w) = blb2...bm, and therefore fG' = fG" 

(ii) Let G = <W,8,w> be a D2L. Define a D(2,0)L G' = <W',6',w'> as follows. 

W' = WU{@} where @ ~ W; w' = w@; 

6'(ah,c,~) = 6(a,b,c), ~'(~,c,~) = ~, 

for all b,c c W and all a E WU{X}. 

Then 6't(w ') = 6t(w)@ and therefore fG,(t) = fG(t)+1. 

Rozenberg [86] proved that a D(m,n)L can be simulated in real time by a D(k,~) 

if k+£ = m+n and k,£,m,n > 0. Therefore, by using the same trick as above we have 

the following: 

Corollar 2 4. 

(i) If f(t) is a PD(m,n)L growth function then f(t) is a D(k,~) growth function 

where k+£ = m+n. 
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(ii) If f is a D(m,n)L growth function then f(t)+1 is a D(k,~) growth function where 

k+~ = m+n. 

In particular, (i) and (ii) hold for k = m+n and ~ = 0 and vice versa. 

3.4. De__cision prob!ems ' 

According to section 2 and the beginning of section 3 (and the references con- 

tained therein) the analysis, synthesis, growth equivalence, classification and 

structural problems all have a positive solution for context independent growth, i.e. 

there is an algorithm which gives the required answer or decides the issue. (This is 

not completely true for the synthesis problem, see theorem 33 in Paz & Sa!omaa [75].) 

The corresponding problems for the general case of DIL systems have been open. It 

will be shown here that for DiLs these problems all have a negative solution essen- 

tially because already PDILs can simulate any effective process. (Note that by theo- 

rems 8 and 9 the above problems have a positive solution if we restrict ourselves to 

unary DILs or to DILs with a bounded growth function.) Furthermore, we shall show 

that similar questions cohcerning growth ranges of DILs have similar answers. First 

we need the notion of a Tag system 7 . A Tag system is a 4 tuple T = <W,6,w,6> where W 

is a finite nonempty alph~]~et, 6 is a total mapping from W into W*, w c WW* is the 

initial string, and B is a positive integer called the deletion n~er. The operation 

of a Tag system is inductively defined as follows: the initial string w is generated 

by T in 0 steps. If w t = ala2...a n is the t-th string generated by T then wt+ I = 

= a a .an6(a I) is the (t+1)-th string generated by T. ~+1 6+2"" 

Lemma 4 (Minsky~). It is undecidable for an arbitrary Tag system T with S = 2 and a 

given positive integer k whether T derives a string of length less than or equal to 

k. In particular it is undecidable whether T derives the empty word. 

We shall now show that if it is decidable whether or not an arbitrary PDIL has 

a growth function of growth type I then it is decidable whether or not an arbitrary 

Tag system with deletion number 2 derives the empty word k. Therefore, by lemma 4 it 

is undecidable whether a PDIL has a growth function of type I. 

Let T = <WT,~T,WT,2> be any Tag system with deletion number 2. Define a PD(I,0)L 

G = <W,~,w> as follows: 8 

w = w T WT×W 

where W~ = {a I a e WT}, W~ n W T = ¢ and ¢,$ @ WTUWT, 

7 
Minsky, Op. cit. 

8 
The idea of simulating Tag systems with ILs occurs already in the first papers on 
L systems i.e. [333 and [123. 
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w = Wm¢~ 

~ ( ~ , a , ~ )  = ~ ( ~ , a , ~ )  = ~ ( ~ , ( a , b ) , ~ )  = ~ ,  

~(~,~,~) = a ( $ , ~ , ~ )  = ~ ( ~ , $ , ~ )  = a ( ~ , ~ , ~ )  = a ( $ , ~ , ~ )  = a ( ~ , ~ , ~ )  = ~, 

6(a,b,k)  = ~ (# , (b , c ) , k )  = ~ (a , (b , c ) , k )  = b,  

~ ( a , ~ , ~ )  = ¢, 

~(# ,e ,~ )  = ~ ( ( a , b ) , o , ~ )  = ( c , h ) ,  

~(~,¢,~) = ~((a,b),~,X) = ~T(b)¢, 

for all a,b,c E W T and all ~,~, c W~. 

A sample derivation is: 

T 

ala2a3a4a 5 

a3a4a56T(a I ) 

a58T(a1)6T(a3), etc. 

G 

ala2a3a4a5@ 

~1a2a3a4a5@ 

~(a2,al)a3a4a5@ 
~,~2(a3,al)a4a5~ 
~$a3(%,al)a5~ 
~3a4(a5,al)~ 

$$~(a4,a3)a58T(al)~ 

~$$a4(a5,a3)~T(al)@, etc. 

In the simulating PDIL G signals depart from the left, with distances of one 

letter in between, and travel to the right at an equal speed of one letter per time 

step. Therefore, the signals cannot clutter up. It is clear that if the Tag system T 

derives the empty word, then there is a time t O such that 6t0(w) = sk@ and ~t(w) = 

= $k+I for some k and for all t > t O . Conversely, the only way for G to be of growth 

type I is to generate a string of the form sk@. (If the string always contains letters 

other than ~ and @ then at each second production step there appears a new occurrence 

of $ and the string grows indefinitely long. ) Therefore, T derives the empty word iff 

G is of growth type I. Since it is undecidable whether or not an arbitrary Tag sys- 

tem with deletion number 2 derives the empty word it is undecidable whether or not a 

PDIL is of growth type I. 

Theorem 1 1. 

(i) It is undecidable whether or not an arbitrary PDIL is of growth type i, 

i ~ < I , 1 ~ , 2 , 2 ~ , 3 } .  

(ii) It is undecidable whether or not an arbitrary DIL is of growth t ype  i, 

i ~ {o,I,1-~,2,2~,3}. 
(iii) It is undecidable whether an arbitrary PDIL has an unbounded growth function. 
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Proof. 

(i) Let G I = <W1,61,w1 > be a PD(I,0)L simulating a Tag system T as discussed above. 

= I 2 21 ~ Let G 2 <~2,~2,w2 > be a PD(1,0)L of growth type i, i £ {1,15, , ~,jj such that 

W2oW I = @. Define G 3 = <W3,83,w3 > as follows: 

w 3 = W2u{$} ; w 3 = w2; 

= 62 u (~3($,$,~)=63(~,$,~)=$} u {63($,a,~)=62(~,a,~) f a 63 W2}. 

Clearly, fG3 = fG2. Now construct a PD(I,0)L G 4 = <W4,64,w4 > as follows: 

W 4 : W3uWI; w 4 = Wl; 

= 63 u (61-{~i(~,¢,~)=$}) u {64(~,¢,~) = 64 w3}. 

t O t O 
If there is a time t o such that 81 (w I) = @k¢ for some k then 64 (w4) = sk@ 

t+t0+1 ~ fG4(t+t0+l fG2 and ~4 (w4) = sk~ (w3) for all t, i.e. ) = (t)+k. If there is 

no such time t O then fG4(t) = fG1(t) for all t. In this latter case it is easy 

to see that fG1(t) ~ t, i.e. G 4 is of growth type 2. By the previous discussion 

it is ~ndecidahle whether such a time t O exists and therefore whether fG4 is of 

growth type i or 2. 

(ii) Follows by a similar argument if we talk about D(I,0)Ls instead of PD(I,0)Ls, 

change everywhere 6. (~,$,h) = $ into ~.(k,$,h) = k, and let i range over 
I 1 

{0,I ,I~ ,2,2~ ,3}. 

(iii) Follows from (i). 

Corollary 5. There is no algorithm which, for an arbitrary PDIL G, gives an explicit 

expression for fG in a formalism we can use. 

The undeeidability of whether a (P)DIL is of a certain growth type holds (be- 

cause of the proof method) also for future refinements of the classification. We could 

have proved theorem 11 by simulating Turing machines with PDILs (cf. lemmas I and 2) 

and reducing everything to the printing problem for Turing machines. This, however, 

would have caused some difficulties with the slow growth types. 

Theorem 11 has some interesting corollaries. Two DIL systems GI,G 2 are said to 

be Icrn~uage equivalent if L(G I ) = L(G2). Now it is known that the language equiva- 

lence for e.g. OL languages is undecidable. The status of the language equivalence 

problem for DOL languages is unknown as yet. (Cf. [5,99,84]. ) By the special tract- 

able nature of PDIL systems it might well be that the language equivalence problem 

is decidable in this case. However, in the proof of theorem 11 (i) it is clearly 
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undeeidable whether L(G 4) = L(G]). Therefore we have: 

Corollary 6. The language equivalence of PDIL languages is undecidable. (According 

to theorem 12 this is even the case if we are informed in advance that both PD]Ls 

2 ~ concerned are of the same growth type i, i ~ {2, ~,3}.) 

V.I. Varshavsky proposed the following problem: "Consider the class of D2L gram- 

mars producing strings which stabilize at a certain length. Make some reasonable as- 

sumptions about the maximal production length (e.g. 2) and axiom length (e.g. I) and 

find the maximal stable string length as a function of the number of letters in the 

alphabet. ''9 The restrictions as stated in the above problem are no restrictions on 

the generating power of any usual subfamily of DILs since it is clear that by enlarg- 

ing the alphabet we can simulate any DIL G I by a DIL G 2 where G 2 takes k I production 

steps to generate the axiom of G I and takes a constant number k 2 of productions steps 

k I +k2t 
of G 2 to simulate one production step of GI, i.e. 6 2 (w2) = 6 t i(wi) for all t. 

(This is similar to deriving e.g. the Chomsky Normal Form for context free grammars. ) 

Suppose we restrict ourselves to the family of PDILs and there is a function as pro- 

posed by Varshavsky where, moreover, this function is computable. Then it would also 

be decidable whether or not a PDIL G simulating a Tag system T ever generates a 

string of the form $k¢ for some k: contradicting lemma 4. Therefore, we have 

Corollary 7. Let V. be the family of PDILs G = <W,~,w> such that #W = i, w ~ W, 
1 

ig(6(a,b,k)) -< 2 for all b ~ W and a ~ Wu{k}, and Ig(~t0+t(w)) = Ig(~tO(w)) for some 

t O and all t. Let v(i) = max{ig(v)IvEL(G) and GEV.}.I There is no computable function 

f such that v(i) -< f(i) for all i, i.e. v increases faster than any computable function 

and hence Varshavsky's problem has a negative solution. 

Theorem 12. 

(i) It is undecidable whether or not two PDILs are growth equivalent even if we 

have the advance information that they are of the same grow~th type i, 

i c {2,2~,3}. 

(ii) It is undecidable whether or not two DILs are growth equivalent even if we 

have the advance information that they are of the same growth type i, 

i ~ {I I 1,3} ~,2,2~ . 

(iii) The growth equivalence of two DiLs is decidable if we have the advance infor- 

mation that they both have bounded growth functions. 

Proof. Take an arbitrary Tag system T and simulate it with a PDIL G I as in the proof 

of theorem 11. 

(i) Now construct two variants of GI, called G 2 and G3, which act like G I until ~¢ 

occurs in a string. Then G 2 and G 3 start different growths albeit of the same 

9 
In: Unusual automata theory. Univ. of Aarhus, Comp. Sci. Dept. Tech. Rept. 
DAIMI PB-15 (1973), 20. 
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growth type i, i c (2,2½,3)° Now let f be another growth function of type i. 

Since PDIL growth functions are closed under addition (theorem 5) both g = 

= fG2+f and h = fG3+f are PDIL growth functions of type i, say of G 4 and G 5. 

If $¢ never occurs in a string then fG4 = fG5 = fG1+f and fG1(t) ~t. If $¢ 

occurs in a string then fG4 # fG5. Since it is undecidable whether $@ occurs 

in a string it is undecidable whether or not fG4 = fG5 , where it is known that 

b~th fG4 and fG5 are of growth type i, i ~ {2,2½,3}. 

(ii) Similar to (i). Since we talk here about DILs we can slow the growth function 

fG1 down to fG~ where fG' I < l°gr t, r > I, (cf. discussion after example 9). 

(iii) Trivial. 0 

Note that the theorem above leaves open the decidability of the question of two 

PDILs being growth equivalent if we are informed in advance that they are both of 

growth type I~ This is because in our simulation method of Tag systems all simulat- 

ing PDILs are either of growth type I or growth type 2. 

Theorem 13. It is undecidable whether two PD2Ls are growth equivalent even if we are 

informed in advance that they are both of growth type 1½. 

Proof. Take a PD2L O I simulating a Tag system T. Construct a PD2L O 2 which simulates 

G I such that fG2(t) < log r fG1(t) (cf. discussion after example 9). Since fG1(t) ~ t 

or fG1(t) < m for some constant m, fG2 is of growth type 11 or I. Then use the method 

of proof of theorem 12 (i). 0 

Theorems 11-13 have analogues for the growth ranges of DIL systems. The grow$h 

range of a DIL G is defined by R(G) = {ig(v) I v c L(G)). Although the results on 

growth ranges are not corollaries of theorems 11-13 they follow by the same proof 

method. Two DILs G I and G 2 are said to be growth rc~ge equivalent iff R(G I) = R(G2). 

Theorem 14. The growth range equivalence is undecidable for two PDILs G I and G 2 even 

if we have advance information that they both are of growth type i, i c {2,2½,3). 

Proof. The proof of theorem 12 (i) will do since we can choose fG1 and fGo__ such 

that they are strictly increasing at different rates iff a substring $@ occurs. 0 

Under appropriate interpretation we can prove the undeeidability of growth r~uge 

type classification etc. analogous to theorem 11-13. Note, however, that the growth 

range type can be different from the growth function type of a DIL. E.g. fG(t) = 

2[iog2 t] 
= is of growth type I whereas R(G) = {2 i I i -> 0) and therefore is expon- 

ential. 
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Afortiori all undecidability results above hold under appropriate interpreta- 

tion also for nondeterministic context dependent L systems. 



SOME GROWTH FUNCTIONS OF CONTEXT-DEPENDENT L-SYSTEMS 

Department of Mathematics, University of Turku, Finland 

I. Introduction 

Lin~enmayer systems or shortly L-systems were introduced by Linden- 

mayer, [59] and [60], for describing the development of filamentous or- 

ganisms. Because of this biological origin one interesting aspect in 

the study of deterministic L-systems is the theory of growth functions. 

It is known, [75] and [104], that if a DOL-system grows faster than any 

polynomial it grows exponentially. In [50] there is an example which 

shows that the same does not hold for D2L-systems. Here we deal with 

this example shortly. 

Functions f(n)=k n and g(n)=n k, where k is a natural number, are 

DOL growth functions. The inverse functions of these, i.e., logarithm 

functions and fractional powers, are D2L growth functions, cf. [104], 

but they are not DOL growth functions. So after we have established the 

existence of a D2L-system with the growth type 2~, a natural question 

arises: is there any context-dependent DL-system such that its growth 

function lies between logarithm functions and fractional powers? In Sec- 

tion 4 of this paper we shall give a positive answer to this question. 

For more backround material concerning growth functions the reader 

is referred to [75], [104] and [116]. 
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2. Preliminaries 

We use standard formal language notations, cf. EI02]. Hare we de- 

fine only growth types of deterministic L-systems. We say that the 

growth in a DL-system with the growth function f(n) is exponential or 

type 3 iff there exist n o and a constant t > 1 such that 

f(n) ~ t n for n>_n o . 

Iff there are polynomials P1(n) and P2(n) (with positive rational 

coefficients) such that f(n) satisfies the condition 

Pl(n) ~ f(n) ~ P2(n) 

we say that the growth is polynomial or t vpe 2. In the case, where the 

empty word does not belong to the sequence and the growth function is 

bounded by a constant, we say that the growth is of type I. Iff the 

growth function becomes ultimately 0 we say that the growth is of 

type 0. 

This classification is exhaustive for DOL-systems, cf. [I04]. The 

same does not hold for context-dependent DL-systems. As we mentioned, 

logarithm functions and fractional powers, which lie between growth 

types I and 2, are D2L growth functions. We say that this kind of 

growth is of type 1½. Furthermore we say that the growth is of t~pe 2½ 

iff the growth function is neither bounded by a polynomial nor of 

type 3. 

3. Growth type 2~ 

In this section we give an example of a PD2L-system with the 

growth type 2½. First we informally describe the development of our or- 

ganism. 

At certain intervals our organism is of the form (gak)mg. Thus, 

consider the word gakg. The letter g is called a node. These nodes al- 

ways send messengers b and $ to the right and to the left, respectively. 
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At the same time g changes to an inactive form g (which does not send 

any messengers). While moving on, messengers b and 5 duplicate every 

letter. ~en b and ~ meet, they create a new node which is in the in- 

active form. Furthermore, b and $ disappear and new messengers f and r 

are born. They travel to the right and to the left, respectively. 

At the beginning, g sends to the right also another messenger 

(letters c and d). This messenger travels at the rate which is only 

half of the rates of the other messengers. ~÷Pnen this messenger and 

meet, this slow messenger changes to the messenger f. Now we have three 

messengers travelling on. Moreover, these are synchronized in the sense 

that they reach each an inactive node simultaneously. ~fnen this hap- 

pens, they disappear and transform the nodes to the active form g. 

During this process, we increase the number of a's between letters 

g by one. So the word gakg has changed to the form gak+Igak+Ig , i.e., 

it has essentially duplicated. Note that the time in which the organism 

duplicates its length increases linearly. 

The development, described above, can be obtained as follows. Con- 

sider a PD2L-system with the following productions: 

aag * ~a , 

ga a * ab , 

baa * ab , 

aa5 * 5a , 

b5 
a *~f, 

dx 
a -~ o 

fa x _~ f 

x~ a -~ 

aae _, ~ , 

eaa ~ f , 

~ba . d , 

aba-* a , 

if x=a or x=b, 

for all x, 

for all x, 
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a ~  a , 

a~a ~ a , 

bBa. f , 

a o ~  ~ e , 

XoY ~ d if x4a or y~, 

a~ ~ , 

xdY~ a if x~a or y~, 

XeY ~ a for all x and y, 

xfy . a for all x and y, 

d~a . f , 

x~y. a if x~d or y~a, 

~ga ~ gd , 

ag~ . ag , 

aga ~ agd , 

x~ ~ h for all x, 

f~x . h for all x, 

aha * ~b , 

aha e 5~b , 

X~ ~ g for all x, 

fHx. g for all x, 

Yx z * x otherwise. 

Above ~ is the input from the environment. To simplify the growth 

function we use two kinds of nodes, g and h. The details of the fol- 

lowing are in [50]. If we take ga4g to the 19th word of our system, 

then after 3n 2 steps, where n_>3, the organism is of the form 

(ha2n-1)2 4n-3 h . 

So the growth function f(n) satisfies the condition 

f(3n 2) = 2n 22n-5+ I , n A 3 • 

From this we obtain easily, because our system is k-free, the result 
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that there exists n o such that 

~_ f(n) ~_ (S) J~- , n _~ n o . 

2~. So our system is indeed of the growth type i 

4. Growth between logarithm functions and fractional powers 

In this section we show, how we can obtain PDIL growth functions 

which lie between logarithm functions and fractional powers. Particu- 

larly, we show that there is a PDIL-system such that its growth func- 

tion is asymptotically equal to the function (2log n )2. The develop- 

ment of our organism can be described as follows. 

The organism consists of two parts. The left one is called the 

growing part and the right one is called the control part. The growing 

part is a DL-system, and it determines essentially the length of the 

organism. The purpose of the control part is to tell to the growing 

part when it has to take one step. This can be accomplished by means 

of a messenger which is sent at certain intervals by the control part 

and which travels through the growing part. 

In the next example the control part will be a PDIL-system with 

the growth function asymptotically equal to the function 21og n . Fur- 

thermore, the growing part will be a PDOL-system which grows asympto- 

tically like the function n 2. So it is needed 2 n steps to change the 

length of the organism from ~2 to (n+1) 2. 

Now we go to the formal example. Let H be the following PDOL- 

system 

H = ([a,b,c], v I = cc, [a ~ a, b ~ ba, c * cba]). 

(Note that we have not specified the axiom Vo). Using the methods of 

[98], one can easily see that the growth function g(n) of this system 

satisfies the equation 

g(n) = (n+1) 2 - (n+1) , n A I 

This will be the growing part of our system. 
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Now we define the whole system G. The alphabet V is 

V = [e,O,l,S] U V 1 U 71 ' 

where V I = [a,b,c] and VI = [a'b'~'~]" The input from the environ- 

ment is g. The axiom is not specified, but w 3 is the word cce0. The 

productions are as follows: 

-X 
a ~ a for all xEV, 

~x ~ ba for all xEV, 

~x ~ cba for all x£V, 

~x , e for all xEV, 

e S ~ ~O , 

x ~ * ~ for all x6V I and 9EV 1, 

0 g* I 

0S-~1 

Ig~S , 

IS'~s , 

S g'~ 1 9 

sO~o, 

$1-~0 , 

x y ~ x otherwise. 

Assertion 1. Let P be an arbitrary word over V. Then for all 

i _> I , the following two conditions hold 

(i) P01 i =21 P'I i+I and 

(ii) if P01 i ~k P'XQ , where k < 2 i, X6V and Ig(O) = i , then 

X differs from the letter S. 

Proof. Because the productions for the letters S, 0 and I are 

length preserving, the word P above derives exactly the word P" in 

both cases. Moreover, the rewriting of our system depends only on the 

right neighbour of a letter. Thus, we may assume that P and P" are 

empty words. 

Consider the derivations 
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01 = 0S = 11 , 

011 = 01S = 0SI = I0S = 111 and 

0111 = 011S = 01SI = OSOS = 1011 = I01S = IOS1 = 110S = 1111 . 

So the Assertion is true if i ~ 3 • 

Assume now that the Assertion is true for every k ! i-I , where 

i > 5 • Consider now the derivation starting from the word 011 . Let j 

be the least natural number such that i+I ! 2 j. Then clearly 

3 ! j ! i-I. After i+I steps the word 01 i has changed to the form 10R. 

hypothesis, the considered derivation begins as So by the induction 

follows: 

01i-41111 

01i-4111S 

01i-411SI 

01i-41SOS 

01i-4s011 

10i-Jl j 

22 + ... + 2 j-1 steps 

2 j + ... + 2 i-2 steps 

101 i-I 

Note that during this part of the derivation the leftmost symbol dif- 

fers from S. During the next 2 i-I steps the second letter from the left 

differs from $ by induction hypothesis. So the leftmost symbol differs 

from I. Furthermore, the word 01 i-I changes to the word I i. 

Thus, the word 01 i has changed in 

I + I + 2 + ... + 2 i'I = 2 i 

steps to the word I i+I, and in every stage the leftmost symbol differs 

from S. So we have proved Assertion I. 

Assertion 2. For all i > 1 , the following is true 

• =2i+I Ii+I 
(i) el I e and 

(ii) if el i =k EQ , where k < 2 i+I and E£[e,~], then 
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if and only if k = i + I . 

Proof. One can easily see that the Assertion is true if i ~ 3 • 

If i > 3 , the derivation starting from the word el i begins as fol- 

lows. 

eli-41111 = eii-4111S ~ eli-411SI = eli-41SOS ~ eli-4s011 . 

Now S is travelling on to the left. At each step it changes to 0 and 

the next 1 changes to S. ~'~hen S meets e, it disappears and e changes 

to the word ~0. At the next step this bar disappears. 

By Assertion I, the (i+1)st letter from the right differs from S 

during the first 

I + I + 2 + .... + 2 i = 2 i+1 

steps. Thus, by Assertion 1, the word el i changes in 2 i+I steps to the 

word el i+I. Clearly, the claim (ii) is also true. 

Let E(H) and E(G) be the sequences generated by H and G, respec- 

tively. Denote 

E(H) = Vo, v I = cc, v2,... 

E(G) = Wo, Wl, w2, w 3 = cceO, w4, .... 

The whole derivation according to G is as follows: 

w3= 

w 4 = 

w 8 = 

cceO 

ccel  

cceS 

cc~01 

c~eOS 

~cbae11 

cbacbaelS 

cbacbaeS1 

cbacba~OOS 

cbacbae011 

cbacSae01S 

cba~baaeOS1 
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cbacbabaaelOS 

c$acbabaae111 

~baacbabaae11S 

v3elS1 

w32 = ... e1111 

v4e111S 

w64 = v5e11111 

w2i+1 = vie11 

The word vi_lel i-I changes in (i+1) + Ig(vi_1) steps to the word 

viEP , where EE{e,~]. Thus, it follows from the fact 

2i A (i+I) + (i2-i) , i A 5 

that the general formula for w2i+1 is indeed as above. 

If f(n) is the growth function of our system, then 

f(2 i+I) = (i+I) 2 , il5 

Assume nE[2i+1,2i+2]. Then, because our system is X-free, the following 

approximations are true for n ~ 32 

f(n) ! f(2i+2) = (i+2) 2 ! (21°g(n) + I) 2 and 

f(n) Z f(2i+1) = (i+I) 2 ~ (21°g(n) - I) 2 • 

Thus, the function f(n) is asymptotically equal to the function 

(2log n )2. 

We can generalize the above example as follows. Let p and r be 

natural numbers. The function (n+1)r-(n+l) is a PDOL growth function, 

cf. [111]. Moreover, there exists a PDIL-system with the growth func- 

tion asymptotically equal to the function Plog n (P. Vitgnyi, personal 

communication). So the above construction gives us a PDIL-system with 

the growth function asymptotically equal to the function (Plog n )r. 
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INTRODUCTION 

L systems (also called Lindenmayer systems or developmental 

systems) have recently gained considerable attention in both formal 

language theory and theoretical biology (see, e.g., [45], [60], [66] 

and their references). Among the developmental systems which are under 

active investigation now are the so called D0L systems (see, e.g., 

[14] , [45] , [75] , [82] , [83] and [95] ). One of the most interesting 

and physically best motivated topics in the theory of L systems is 

that of "local versus global properties". It is concerned with explai~ 

ing on the local level (sets of productions) global properties (i.e., 

those properties of the language or of the sequence generated by an L 

system whose formulation is independent on the L system itself). 

Examples of papers in this direction are [95] and [116]. 

This paper is concerned with the topic of "local versus global 

properties r' in the case of D0L systems. It provides structural charac- 

terization of those D0L systems whose growth functions (see, e.g., 

[98] and [111]) are polynomially bounded. 
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We use standard formal-language thenretical terminology and 

notation. (Perhaps the only unusual notation is " ~(x) ~' meaning "the a 

number of occurrences of the letter a in the word x".) 

1. D0L SYSTEMS, SEQUENCES AND LANGUAGES 

In this section we introduce basic definitions and terminolo- 

gy concerning D0L systems. 

Definition 1. A deterministic L system without interactions, 

abbreviated D0 L system, is a triple G = (E,~,~) where E is a finite 

nonempty set (the alphabet of G), m is a nonempty word over ~ (the 

axiom of G) and ~ (the transition function of G) is a homomorphism 

from E into E*. G is called a propagating D0L system, abbreviated 

PDOL system, if ~ is a homomorphism from E into E+. 

Definition 2. Let G = (E,@,~) be a D0L system and let, for 

i ~ 0, ~i denote the i-folded composition of 6(with 6 o being the 

identity function on E*). The sequence of G, denoted 6(G), is the 

. Z~ sequence ~0,~I,.. of words over sueh that ~0 = ~ and ~i : ~l(~) 

for every i ~ 0. The language of G, denoted £(G), is defined by £(G) = 

{x s : 61(~) : x for some i ~ 0} A letter a from Z is called use- 

ful (in G) if a occurs in 61(~) for some i ~ 0. 

Definition 3. Let K be a language (a sequence of words). K is 

called a D0L or a PDOL lan~ua@e (sequence) if for some D0L system G or 

for some PDOL system G respectively £(G) = K (&(G) : K). 

Definition 4. Let G : (Z,6,m) be a D0L system and a be in 

E. We say that a is limited (in G) if there exists a constant C such 

that, for every i >I 0, L~m(a)l < C. 
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Definition 5. Let G = (Z,6,~) be a D0L system. We say that G 

is polynomially bounded if there exists a polynomial p such that, for 

all i ~ 0, J61(~)l < p(i). 

Example i. Let G = (Z,6,m) where Z = {a}, m = a and 6 is such 

that 6(a) = a 2. Then G is a PDOL system, &(G) = a,a2,a4,... 
i 

{a 2 : i ~ 0} and G is not a polynomially bounded system. 

, g(G) = 

Example 2. Let G = (Z,~,~) where Z = {a,b,c,~, ~ = cab and 6 

is such that 6(a) = cab, 6(b) = b, 6(c) = A and 6(d) = d. Then G is a 

D0L ~ystem (but it is not a PDOL system), &(G) = cab, cab2,cab3,... , 

£(G) = {cabn: n ~ 1} and G is polynomially bounded. The lettersb and 

c are limited but the letter a is not limited. The letter d is not 

useful. 

2. D0L SYSTEMS WITH RANK 

In this section basic notions concerning D0L systems with 

rank (the subject of investigation of this paper) are introduced. 

Definition 6. Let G = (Z,~,~) be a D0L system. The rank of a 

letter a in G, denoted PG(a), is defined inductively as follows: 

(i) If a is limited in G, then PG(a) = 1. 

(ii) Let ~0 = Z and ~0 = 6. Let, for j ~ 1, 6. denote the restriction 
] 

of 6 to Zj = Z-{a: OG(a) ~ j}. For j ~ 1, if a is limited in 

(Z,6j,a) then PG(a) = jel. 

Definition 7. Let G be a D0L system. We say that G is a D0L 

system with rank if every letter which is useful in G has a rank. If 

G is a D0L system with rank then the rank of G is defined as the 

largest of the ranks of letters useful in G. 
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Example 3. Let G be the D0L system from Example 1. Then the 

letter a has no rank and consequently G is not a D0L system with 

rank. 

Example 4. Let G be the D0L system from Example 2. Then 

PG(b) = PG(e) = PG(d) = 1 and PG(a) = 2. Consequently G is a D0L 

system with rank and the rank of G equals 2. 

3. RESULTS 

In this section main results concerning D0L systems with 

rank are stated. 

First of all it turns out that the notion of a D0L system 

with rank is an effective one in the following sense. 

Theorem 1. It is decidable whether an arbitrary D0L system is 

a D0L system with rank. 

The language (or sequence) equivalence problem for D0L systems 

(i.e., whether two arbitrary D0L systems produce the same language or 

sequence) is one of the most intriguing and the longest open problems 

in the theory of L systems. At the time of writing of this paper we 

were not able to settle ~his question for arbitrary D0L systems with 

rank. However for propagating D0L systems with rank we have the follow- 

ing result. 

Theorem 2. There exists an algorithm which given two arbitrary 

PDOL systems with rank G I and G 2 will decide whether or not £(GI) = 

£(G2) (~(GI) : ~(G2)). 

Thus PDOL systems with rank constitute at the present time 

the largest nontrivial subclass of the class of D0L systems for which 

the language (and sequence) equivalence problem is decidable. 
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One of the interesting features of D0L systems with rank is 

that the sequence of Parikh vectors corresponding to a D0L system with 

rank always has an ultimately periodic polynomial description in the 

following sense. 

Theorem 3. Let G = <Z,~,~) be a D0L system with rank. For 

every letter a which is useful in G there exist integers s,r and a 

sequence p0,pl,...,pr_ 1 of polynomials (with rational coefficients 

and with positive leading coefficients) such that, for every j > s, 

a ~(~(ir+t)(~)) = Pt(i), where j : ir+t and 0 ~ t < r. 

The notion of a D0L system with rank is an important one as 

it provides the structural characterization of polynomially bounded 

D0L systems. 

Theorem 4. A D0L system is polynomially bounded if and only 

if it is a D0L system with rank. 

In fact the rank of a D0L system characterizes quite precise- 

ly the growth of a polynomially bounded D0L system, as is shown by 

the following result. 

Theorem 5. If G = (Z,6,~> is a D0L system, a is in Z and n 

is a nonnegative integer, then PG(a) = n+l if and only if there exist 

polynomials Pa(i), qa(i) of degree n, such that, for all i ~ 0, 

Pa(i) ~ 16i(a)i ~ qa(i). Moreover one can, by exploiting the structur- 

al properties of G, effectively construct polynomials Pa(i) and qa(i) 

with this property. 

As corollaries of Theorem 4 we get a number of results con- 

cerning polynomially bounded D0L systems. For example~ we have the 

following. 

Corollary 1. There exists an algorithm which given two arbi- 

trary polynomially bounded PDOL systems G I and G 2 will decide whether 
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or not £(G I) : £(G2) (6(Gl) = 6(G2)). 

Corollary 2. If G : (Z,~,~) is a polynomially bounded DOL 

system, then there exist integers s,r and a sequence p0,pl,...,Pr_l of 

polynomials (with rational coefficients and with positive leading co- 

efficient) such that, for every j > s, t~(ir+t)(~)I = Pt(i), where 

j = ir+t and 0 ~ t < r. 



NEW ATTACKS ON D0L EQUIVALENCE 

PROBLEM 

E Q U I V A L E N C E  O F  L - S Y S T E M S  

Mogens N i e l s e n  

D e p a r t m e n t  of  C o m p u t e r  S c i e n c e  

U n i v e r s i t y  of  A a r h u s  

A a r h u s ,  Denmark  

T h i s  pape r  s u m m a r i z e s  some r e s u l t s  concerning d e c i d a b i l i t y  of v a r i o u s  k inds  

of equ i va lence  p r o b l e m s  fo r  c l a s s e s  of E - s y s t e m s  - p r i m a r i l y  D O E - s y s t e m s .  The 

r e a d e r  is assumed to be f a m i l i a r  w i th  some s tanda rd  d e f i n i t i o n s  and no ta t i ons  f r o m  

the t heo ry  of L - s y s t e m s .  

F o r  any f i n i t e  a lphabe t ,  ~ = {0" !~ 0 " 2 , - . . ,  0"~} , le t  ft~ denote  the mapping 

that assoc ia tes  w i th  each w o r d  f r om ~ *  i ts  c o r r e s p o n d i n g  P a r i k h - v e c t o r ,  i . e . ,  f o r  

e v e r y  w o r d  × E T:* ,  f t , ( x )  is the v e c t o r ,  in wh ich  the i l th  component  is the number  

of o c c u r r e n c e s  of 0"~ in x. 

F o r  any c l a s s  of d e t e r m i n i s t i c  L - s y s t e m s ,  you may c o n s i d e r  equ i va lence  w i th  

r e s p e c t  to 

WL(WS) 
P L  (PS)  

: the set  (sequence)  of w o r d s  gene ra ted  

: the set  (sequence)  of P a r i k h - v e c t o r s  assoc ia ted  w i th  the 

w o r d s  gene ra ted  

N L ( N S )  : the set  (sequence)  of lengths of the w o r d s  genera ted  

Note  that W E - ,  P L - ~  and N L - e q u i v a l e n c e  a r e  a lso  w e l l - d e f i n e d  f o r  n o n d e t e r m i n i s t i c  

L - s y s t e m s .  
The d e c i d a b i l i t y  of the c o r r e s p o n d i n g  s i x  equ i va lence  p r o b l e m s  fo r  D O E - s y s -  

tems is c o n s i d e r e d  in [ 7 0 ] .  The f o l l o w i n g  r e s u l t  is p roved  ( l ~ l  denotes the c a r d i n a l -  

i ty  of •):" 

T h e o r e m  I 

F o r  any two D O L - s y s t e m s  o v e r  some a lphabe t  ~,  gene ra t i ng  sequences of 

w o r d s  {w~.} and {v~.} r e s p e c t i v e l y :  

1 ) V  i,  0 - < i :  

i f f  

Z) V i ,  0<_ i -  < I)31: ~z;(w~ ) ~rz;(vi ) 

A d i r e c t  consequence of T h e o r e m  1 is 

T h e o r e m  2 

P S - e q u i v a l e n c e  is dec i dab le  f o r  D O E - s y s t e m s .  

F u r t h e r m o r e ,  the f o l l o w i n g  two theo rems  a r e  p roved  in [ '70] :  
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T h e o r e m  3 

P L - e q u i v a l e n c e  is d e c i d a b l e  f o r  D O L - s y s t e m s ,  

T h e o r e m  4 

W L - e q u i v a l e n c e  is d e c i d a b l e  f o r  D O L - s y s t e m s  

c i d a b l e  f o r  DOI._-systems.  

[ f f  W S - e q u i v a l e n c e  is d e -  

These  theorems leave open one of the main open ques t ions  in the t heo ry  of  L - sys tems~  

namely  the d e c i d a b i l i t y  of W L -  and W S - e q u i v a l e n c e  f o r  D O L - s y s t e m s o  I t  is known 

that these equ i va lence  p r o b l e m s  a r e  d e c i d a b l e  f o r  some subc lasses  of D O L ,  e. g, 

([41 ] ) :  

T h e o r e m  5 

W L - e q u i v a l e n c e  is d e c i d a b l e  f o r  any c lass  of  una ry  L - s y s t e m s  (sys tems o v e r  

a o n e - l e t t e r  a lphabe t ) .  

The  f o l l o w i n g  r e s u l t  is f a i r l y  easy to p r o v e  (a s t r o n g e r  v e r s i o n  of the theorem has 

been p r o v e d  by P.  Johansen) :  

T h e o r e m  6 

W S - e q u i v a l e n c e  is dec i dab le  f o r  l o c a l l y  ca tena t i ve  ( [95~)  D O L - s y s t e m s .  

F u r t h e r m o r e :  G. R o z e n b e r 9  has p roved :  

T h e o r e m  ',7 

W S - e q u i v a l e n c e  is dec i dab le  f o r  D O L - s y s t e m s  w i th  po l ynomia l  g r o w t h  ( [ ' 75 ] ) .  

On the o t h e r  hand~ W L -  and W S - e q u i v a l e n c e  a r e  a l so  known to be undec idab le  f o r  

some c l asses  of systems~ that inc lude  O O L .  The  f o l l o w i n g  two theo rems  a r e  p roved  

in [ 8 0 ] ,  [ 8 4 ] ,  and [ 9 9 ] :  

T h e o r e m  8 

W L - e q u i v a l e n c e  is undec idab le  f o r  P O L - s y s t e m s ,  

T h e o r e m  9 

W L - e q u i v a t e n c e  is undec idab le  f o r  P D T O L - s y s t e m s .  

F u r t h e r m o r e ,  us ing an idea suggested by P.  V i t a n y i  ( o r i g i n a l l y  to p r o v e  undec ida -  

b i l i t y  of N S - e q u i v a l e n c e )  you can p rove :  
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T h e o r e m  ! 0 

A l l  s i x  e q u i v a l e n c e  p r o b l e m s  c o n s i d e r e d  in th is  p a p e r  a r e  u n d e c i d a b l e  f o r  

Dt L - s y s t e m s .  

I t  seems l i k e l y ,  howeve r~  that  W S -  and t h e r e b y  W E - e q u i v a l e n c e  is d e c i d a b l e  f o r  

D O E - s y s t e m s .  T h e  f o l l o w i n g  two r e s u l t s  wh ich  a r e  somewha t  r e l a t e d  to the p r o b l e m s  

are proved in [70]: 

T h e o r e m  11 

T h e r e  e x i s t s  an a l g o r i t h m  that  w i l l  p r o d u c e  f o r  any r e d u c e d  ( [ 7 0 ] )  D O E -  

sys tem o v e r  a n a l p h a b e t  ~,  a l l  ( f i n i t e l y  many)  sys tems  o v e r  ~ w h i c h  a r e  P L -  

( P S - )  e q u i v a l e n t  to the g i v e n  sys tem.  

T h e o r e m  1 2 

L e t  S 1 and S 2 be two  W S - e q u i v a l e n t  D O E - s y s t e m s  o v e r  an a l phabe t  ~ 

f o r  wh ich  the f i r s t  I]C] g e n e r a t e d  P a r [ k h - v e c t o r s  a r e  l i n e a r l y  i ndependen t ,  then 

~_ -- s ~ .  
(No te  that  the p r o p e r t y  " r e d u c e d  u is d e c i d a b l e  f o r  O L - s y s t e m s ,  but  not  f o r  l L - s y s -  

terns ([33])). 

The  f o l l o w i n g  c o n j e c t u r e  is sugges ted :  

Con  i e c t u r e  

T h e r e  e x i s t s  a c o m p u t a b l e  f u n c t i o n  f,  mapp ing  i n t e g e r s  to i n t e g e r s ,  such 

that  f o r  any  two  D O L - s y s t e m s  o v e r  some a l p h a b e t  ]~, g e n e r a t i n g  sequences  of w o r d s  

lw~}  and { v i } :  

1 ) ~  z i, 0 - -  < i: w i = v i 

i f f  

2) v i, 0 - -  i -< f( lz; I ): wi = v~ 

T h i s  c o n j e c t u r e  i m p l i e s ,  of c o u r s e ,  the d e c i d a b i l i t y  of  W S - e q u i v a l e n c e  f o r  D O L -  

sys tems .  No te  the s i m i l a r i t y  b e t w e e n  the c o n j e c t u r e  and T h e o r e m  1 ~ wh i ch  s t a t es  

that  f o r  sequences  of P a r i k h - v e c t o r s  g e n e r a t e d ,  the c o n j e c t u r e  is t r u e  w i t h  f as 

the i d e n t i t y - f u n c t i o n .  T h a t  th i s  is  no t  the case  f o r  sequences  of  WOrdS genera ted~  

is seen f r o m  the f o l l o w i n g  examp le .  

Examp I e 

C o n s i d e r  the two D O L - s y s t e m s ~  S 1 and Ss ,  o v e r  the a l p h a b e t  

: s=  { a i , b ~  I l ~ i < - n t .  
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sl -% 

az bz a I bz 

a I -~ a2 a I -~ a 2 

b I --~ b~ b 1 e b a 

an-i -~ an an -I ~ an 

bn -1 "~ bn bn -I -~ b~. 

a~ 4 a z b 1 b 1 a n 4 a~ b 1 b 1 a z a z b 1 b z 

b~ 4 a z a I b I b I a I b n 4 a I 

I t  is  e a s y  to v e r i f y  t ha t  the s e q u e n c e s  o f  w o r d s  g e n e r a t e d  by  t h e s e  two  s y s t e m s  c o i n -  

c i d e  u n t i l  the 3 n l t h  g e n e r a t e d  w o r d  and  no l o n g e r .  T h i s  i m p l i e s  tha t  i f  the a b o v e  

c o n j e c t u r e  is  t r u e ,  t h e n  f ( i ) >  ] 1 . i f o r  e v e r y  in teger "  i .  

F i n a l l y ,  c o n c e r n i n g  l e n g t h - e q u i v a l e n c e  o f  D O L - s y s t e m s  [ 7 5 ] :  

T h e o r e m  1 3 

N S - e q u i v a l e n c e  is  d e c i d a b l e  f o r  D O L - s y s t e m s .  

D e c i d a b i l i t y  o f  N L - e q u i v a l e n c e  is  s t i l l  an  o p e n  q u e s t i o n  f o r  D O L - s y s t e m s .  In [70] 
the f o l l o w i n g  t h e o r e m  w a s  p r o v e d .  

T h e o r e m  1 4 

N L - e q u i v a l e n c e  is  d e c i d a b l e  f op  P D O L - s y s t e m s .  

B u t  the p r o o f  o f  T h e o r e m  1 4 b u i l d s  e s s e n t i a l l y  on the p r o p a g a t i n g  p r o p e r t y  o f  t he  

s y s t e m s ,  and f u r t h e r m o r e ,  J. K a r h u m a k i  h a s  s h o w n  tha t  t h e r e  e x i s t s  a D O L - s y s t e m  

f o r  w h i c h  the  r a n g e  o f  i t s  g r o w t h - f u n c t i o n  is  no t  the  r a n g e  o f  the g r o w t h - f u n c t i o n  o f  

a n y  P D O L - s y s  tern. 



THE SYNTACTIC INFERENCE PROBLEM FOR DOL-SEQUENCES 
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SUMMARY 

The syntactic inference problem consists of deciding, for a given 

set of words~ whether there exists a grammar such that its language 

includes these given words; and also of actually finding any such 

grammars. In this paper, the problem is considered for DOL-systems. 

The stress is on the second, constructive, part of the problem. 

The initial information may have various forms. Most of the results 

deal with cases in which 

- the words are given as a sequence (i.e.,with their rank order 

numbers), which may be either consecutive or scattered. 

- the size of the alphabet is given. 

From the decidability point of view most of the results are not new. 

The proposed decision method, however, represents a considerable 

speed-up by passing the initial data through a number of algebraic 

"sieves" which turn out to be quite dense. 

The method depends on there being enough information to establish a 

linear dependence relation between the Parikh-veetors of the given 

words. 

Several variants of the problem are discussed. One subcase of a 

hitherto open problem is solved; other problems remain open. 

0. INTRODUCTION 

Suppose a not-too-large set of words, say, S = {ab,aabc,a6bbc} is 

given. One can ask whether there exists a DOL-system G such that 

S ~ L(G). This is perhaps the simplest form of the syntactic in- 
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ference problem. It is one of the 36 such problems for L-systems 

posed by Feliciangeli and Herman [28] , and one of the 8 which are 

still open. There may, however, be some additional information. The 

alphabet may be given, and there may be some information on the 

order of appearance of the words; either general (only the order) or 

specific (the precise rank order numbers). Feliciangeli and Herman 

make a different distinction. They only consider ordered, but not 

precisely numbered, sets; within this domain they distinguish sets 

of consecutive words, sets of scattered, but equally spaced, words 

and unspecified ordered sets of words. 

I shall mainly discuss those eases where the aphabet is given as well 

as the rank order numbers. Actually, the inference problem is known 

to be decidable as soon as the alphabet is given: it is not difficult 

to see that in that case the number of (reduced) DOL-systems is 

finite, and one can simply try them all out. I intend to present an 

algorithm which is able to discard the vast majority of combinations 

at an early stage. It can be roughly described by the following se- 

quence of steps: 

1 take the Parikh-images of the given words 

find a linear dependence relation and its associated polynomial 

~(x) 

find a divisor of ~(x) 

4 find a growth matrix 

5 find a set of production rules. 

Essentially, the method makes use of the number of letters present 

in each given word (as opposed to their order) for as long as possi- 

ble. This allows one to apply algebraic methods to the resulting 

vectors, these being generally more powerful than the combinatorial 

approach. The method works only if sufficient words are given to es- 

tablish a linear dependence relation between their Parikh-vectors. 

Even then, a certain amount of trial-and-error work is necessary. 

1. PRELIMINARIES 

I shall assume the reader to be acquainted with the notion of a D0L - 

system such as outlined by Rozenberg and Doucet [91] or Salomaa [102]. 

I shall denote a DOL-system G by the triple < ~,P,w 0 >, where ~ is 
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the alphabet, P the set of production rules, and w0 the axiom. 

&(G) denotes the infinite sequence of words generated by G, in order 

of appearance. If a sequence of words is equal to &(G) for some DOL- 

system G, it is called a DOL-sequenoe. Any subsequence of a DOL- 

sequence is called a DOL,subsequence. Most DOL-subsequences occurring 

in the sequel will be finite. They may either be consecutive (such 

as w~,ws,w6,w~)or scattered (such as w0,w3,w4,w20). 

Unless specified otherwise, any sequence will be a sequence of num- 

bered words, i.e. a subset of ~×~*; it may be finite or infinite. 

Sequences will be denoted by script letters. 

S denotes the number of elements of a set S. 

lwl denotes the length (= number of letters) of a word w° 

If Z = {ol,...,Ok} , then the Farikh-vector w assigned to a word w is 

defined as a vector in ~k with its i th coordinate equal to the num- 

ber of occurrences of o i in w. Example: if ~ = {a,b,c} and w = cacaa, 

then w = (3,0,2) T. The superscript denotes the transposition operator, 

since vectors will be written as column vectors. All vectors will be 

distinguishable by a bar. 

The length of a vector ~ = (~:,...,~k)T is defined as I~l = ~i" This 

definition is compatible with the earlier definition of word length: 

fwj = 

Without the details of a formal definition it will be clear that in 

a similar way the set P of production rules can be mapped into a k×k 

matrix Ap = ((cij)) , where cij gives the number of occurrences of o i 

in P(oij) ; in other words, the j-th column of Ap equals the Parikh- 

vector of P(oj). Ap is called the sroWth matrix of P or G; it is also 

called the production matrix. If no confusion is likely, Ap is also 

written A. 

If ~ is any sequence of words wil,wi2,... , then its Parikh-image 

denotes the sequence of vectors ~i '~i ' .... Similarly, [(G), the 
• 1 _ 2_ 

Parikh-sequence of G, is defined as w0,wl,wz, .... ~ , ~ , ~, ~ , 

and C denote the sets of natural, integer, rational, real and complex 

numbers , respectively. R[x] denotes the set of all polynomials in x 

with coefficients in the set R. 

2. RECURRENCE RELATIqNS SATISFIED BY PARIKH-SE~UENCES. 

Let G = < ~,P,w0 > be a DOL-system with @~ = k, and let A be G's 

growth matrix. The Parikh-mapping oi ~ (1,0,..., 0)T,...,o k ~ (0,... 

~.,0,i) T maps words over the alphabet ~ into the k-dimensional vector 

space R over the field Q~) The growth matrix A is a linear mapping 
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of R into itself. 

In G's Parikh-sequence ~ = w0,wl,w2,.., some vectors are linearly 

dependent. Let such a dependence be given by a recurrence relation 

like 

W8 + w6 - 3ws + 4Wo = ~.  ( 1 )  

This can also be written as 

(AS+A~-3AS+4I)w0 = 

(I is the k×k identity matrix), or 

w h e r e  ~ ( x )  = x 8 + x 6 - 3 x  s + 4 .  

I shall call ~(x) the associated polynomial of the recurrence rela- 

tion (1), and vice versa. (The customary term "characteristic poly- 

nomial" may lead to confusion). 

This section deals with the question: what recurrence relations ob- 

tain in ~(G) ? Most of the answers come by way of their associated 

polynomials. 

Three polynomials connected with A or G are of special importance. 

First, the characteristic polynomial of A, ~A(X), defined by 

~A(X) = det (xl-A). 

Second, the minimal polynomial of A, mA(x) , defined as the lowest- 
• "3 

degree monlc polynomial in ~[x] for which mA(A) = O (the null ma- 

trix). 

Third, the minimal polynomial of G, PG(X), defined as the lowest- 

degree monio polynomial in Q[x] for which PG(A)~0 = ~. 

Observe that ~A(X) and mA(x) depend on A only; PG(X) depends on both 

A and ~0. 

The following lemmas summarize a few standard facts from matrix 

theory. 

Lemma 2.1 ~A(X), mA(x) and PG(X) are unique. 

Lemma 2.2 mA(x) contains the same linear factors x-X i (X i E ~) as 

~A(X); their multiplicaties may, however, be lower. If 

~A(X) = 0 has no multiple roots in C, then mA(x) = %A(X). 

*) It might be more elegant to construct the more restricted module 
R over the ring ~, but the present approach will do. 

**) i.e., with leading coefficient 1. 
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Lemma 2.3 mA(x) divides every polynomial 9(x) for which 9(A) : O. 

Lemma 2.4 ~@(x) divides every polynomial 9(x) for which ~(A)w0 : O. 

Lemma 2.5 There exist algorithms for finding mA(x) and BG(x). 

For further information, I refer the reader to standard texts like 

Gantmacher, Chs. IV and VII *) . Furthermore, I will need two theorems 

from algebra: 

Lemma 2.6 If factorization in an integral domain R is unique, so is 

factorization in R[x]. 

Lemma 2.7 A polynomial in ~[x] which can be factored in polynomials 

in ~|x] can already be factored in polynomials in Z[x]. 
**) 

Both iemmas can, e.g., be found in Birkhoff and Maclane, Ch. III • 

Since ~A(X) e ~ [x], ~G(X) e ~[x], mA(x) e ~[x], and Z has unique 

factorization, lemmas 2.6 and 2.7 can be applied, giving 

Lemma 2.8 mA(x) and BG(X) have integer coefficients. 

Theorem 2.9 If in a DOL-sequence &(G) some vectors from ~(G) satisfy 

a recurrence relation, then they also satisfy a monie 

recurrence relation with integer coeeficients. 

+ - +~oWo Proof Suppose the recurrence relation w r ~r_lWr_l + .... = 

is given, with all ~. E 9. 
i 

If m is the degree of G's minimal polynomial UG(X), then r < m is 

impossible; for r = m the theorem is trivially true (by lem~a 2.1), 

so r > m remains to be examined. 

All ~. are rational, so one can find a number M such that 
l 

M~ r + Mer_lWr_l+...+M~0~0 : ~ (2) 

has only integer coefficients. Wr can be expressed in ~r_l,...,Wr_m 

by means of the recurrence relation associated with ~G(x), which has 

integer coefficients. By subtracting this relation M-1 times from (2), 

one obtains a relation of the required form. [] 

The subspace of Qk spanned by the vectors w0,w1,~2,.., is of dimension 

m, since, from rank order number m on, each vector linearly depends 

on the previous vectors. Hence 

Theorem 2.10 If BG(X) has degree m, then any set of m vectors from 

~(G) is linearly dependent. 

*) F.R. Gantmacher, The theory of matrices. New York: Chelsea, 1959 
(Translated from the Russian). 

*~) G. Birkhoff and S. Maolane. A survey of modern algebra. 
New York: Mac Millan, 1953. 
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Let G be a DOL-system with minimal polynomial BG(X), of degree m. 

Then $~(G) = w0,w~,w2, .... All Parikh-vectors w from ~(G) can be 
r 

expressed in terms of the first m Parikh-vectors w0,...,Wm_l. In the 

sequel, this initial subsequence will be denoted by ~0. These m vec- 

tors can also be collected in the matrix E0, with k rows and m co- 

lumns. Thus each vector w E ~(G) can be written as 
r 

~r = E°~r' 

where ~r' tlhe coefficient vector of the word w (or the vector w ) is 
.... " ........ r r 

is just another way of representing the recurrence an m-vector. So Cr 

relation by which w r can be expressed in the first m Parikh-vectors. 

Observe that 

(i) For each r, ~r is unique and has integer coefficients. 

(ii) The associated polynomial of c (with obvious definition) 
r 

is equal to xr(mod ~G(X)). 

(iii) If some set of Parikh-vectors satisfies a recurrence rela- 

tion 

+ , = Wr ~r_lWr_l +. .+~0w0 0, 

then, since E0 is non-singular, their coefficient vectors satisfy the 

same relation: 

+ o • -- Er ~r_ler_1+ .+~0E0 ] .  

3. THE BASIC INFERENCE PROBLEM 

The simplest problem is the following. 

Given an alphabet of size k and a sequence ~ = w0,...,Wk, find all 

DOL-systems G for which ~ is the initial subsequence of ~(G). 

To solve the problem, first form the Parikh-images of the words: 

= w0,...,w k. If ~ is to be the initial subsequence of some &(G), 

then the following relation must hold: 

F -I :(T O ..... (3) 

or AS = T 

(A is the growth matrix of G). 

One may now distinguish two cases, depending on S. 

(4) 
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First, if S is non-singular (which, incidentally, means that 

CA(X) = mA(x) = ~G(X)), then A is uniquely determined by 

A : TS -1 

Second~ if rank (S) = k-r with r > 0, then A can be written 

A = A0 + ~IAI+ .... +lqAq, 

where - A 0 is some solution of AS = T 

- AI,...,Aq are mutually independent solutions of AS = O; 

q~k.r. 

- Xl,...,lq are otherwise arbitrary numbers such that A has 

only positive elements. 

The last condition leads to q linear unequalities in 11,...,lq, 

with finitely many solutions (perhaps none). Properly speaking, the 

number of solutions can indeed be infinite, but only if (and as far 

as) letters not occurring in ~ are concerned. The complication is 

completely formal, since such a letter will never appear at all if it 

did not appear in A; it may, if desired, be formally eliminated by 

only admitting reduced G's. 

Once an admissible growth matrix A is found, one returns from Parikh- 

vectors to words. 

Lemma 3.1 The growth matrix and the first ~ Z+I words of a DOL- 

sequence uniquely determine the useful production rules. 

Proof The restriction to useful production rules (i.e. rules which 

are at all applied in ~) should be obvious. 

Let w 0 = °°1 .... o0p" 

One can then parse w I in p subwords, starting from the left-hand side; 

wl : P(~01) ...... P(~0p), 

where the subword lengths IP(o0i) I can be looked up in A, being equal 

to the lengths of the column vectors P(~0i ) of A. 

By this procedure, P(o0i ) is found for all letters in w 0. The proce- 

dure is then continued for the one-step derivations w I ~ w2,...,Wk_ 1 

w k. Any letter which has not appeared by then will not appear at 

all. [] 

Theorem 3.2 For a given kxk matrix A and a word sequence 

= w0,...,w k over a k-letter alphabet there is at most 

one reduced DOL-system G with the properties 

(i) A is the growth matrix of G. 

(ii) ~ is the initial subsequence of &(G). 
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G can be effectively constructed. 

Proof The theorem follows from lemma 3.1 by observing that the con- 

struction of the set of production rules P from A and ~ does 

not depend on the fact that A is a growth matrix or A is a DOL-sub- 

sequence. [] 

During the construction of P several things may happen, in this order: 

1 The total length of P(w.) as found from A is not equal to the 
-- l 

length of the given word w. 
i+1 ' 

After parsing wi+ 1 in lwil subwords the Parikh-vectors of the 

individual subwords are not equal to the appropriate columns of 

A, even though the lengths may match. 

3 For some letter ~, P(a) as found from one instance of ~ some- 

where in the derivation may differ from P(o) as found from some 

other instance of ~ even though both Parikh-vectors are equal 

(and consistent with A). 

In each case, A is rejected as a growth matrix for wQ,...,w k. Whether 

in case ~ w0,...,w k must also be rejected as a DOL-subsequence is not 

yet quite clear to me. 

If the matrix A happens to be non-singular (which is the rule rather 

than the exception), theorem 3,2 has interesting consequences, which can 

be formulated in various ways. Let the order of a recurrence relation 

9(A)w 0 = ~ be defined as the degree of the polynomial 9(x). 

Corollary 3.3 If a DOL-subsequence ~ does not satisfy any recurrence 

relation of order lower than ~ then there is only one 

G with { = ~(G). 

Corollary 3.4 If a sequence ~ of k+l words over a k-letter alphabet 

does not satisfy any recurrence relation of order lower 

than k, then there exists at most one DOL-system G such that ~ is the 

initial subsequence of 6(G). 

Corollary 3.5 Two different (and reduced) DOL-systems G and H can only 

produce the same sequence if 

~G(x) = ~H(X) ~ }G(x) = ~H(X). 



154 

4. Inference from a scattered sequence. 

Like in the previous section, the alphabet Z is regarded as given; 

Z = k. The given sequence of words, however, has the form 

= Wil,Wi2, .... Wip, with i 0 < i I < ... < ip and p arbitrary, instead 

of ~ = w0,wl,...,w k. After a few remarks on notation I shall first 

describe the algorithm which produces all possible G's from 4, then 

go into its justification, and next give two examples. The section is 

concluded by a flow diagram indicating the acceptance/rejection struc- 

ture of the algorithm. 

Three different sequences will appear in the sequel: 

- the given sequence ~ = Wil,Wi2,...,Wip. 

- the initial DOL-subsequence &0 = wQ'wl'''''Wm-l' where m is the de- 

gree of G's minimal polynomial. 

- the next-to-initial DOL-subsequence ~1 = Wl'W2'''''Wm" 

Each of these sequences can be collected in a matrix. They will be 

denoted by S, E 0 and El, respectively; they are elements of ~kxp and 
kxm 

(twice). 

As described at the end of section 2, the elements of ~ can all be 

expressed in the elements of ~, each w. by means of its coefficient 

vector ~.. The coefficient vectors of 13ean again be collected in a 
3 

matrix, C, which is an element of ~ m×p 

The construction procedure now runs as follows: 

1. Find some recurrence relations within ~. Determine the greatest 

common divisor of their associated polynomials, say, ~(x). 

2. Find a monie divisor of ~(x), with integer coefficients and degree 

k. Let X(X), with degree m, be such a divisor. The next steps 

will investigate whether X(X) = PG(X) for some G such that ~ ~ ~(G). 

3. Compute the coefficient matrix C from X(X) and the index set of ~. 

4. Find E 0 6 ~kxm satisfying the matrix equation S = EoC. 

5. Determine ~m from Q0 ..... Wm_ 1 as found in E 0 and from X(X)'S asso- 

ciated recurrence relation. Now one can compose E 1 from E 0 and ~m" 

Next find A C ~kxk satisfying the matrix equation E 1 = A E 0. 

6. Determine all powers of the production rules P needed to produce 

the words of ~ from one another by first computing the appropriate 

powers of A and then using these to parse the words of~(as in the 

basic inference problem from section 3). 

7. By combinatorial means, find the set of production rules P from the 

growth matrix and the various powers of P found in step 6. 

Ad 1. ~ may or may not satisfy a recurrence relation. Of course it 
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always does if ~ contains k+l or more words, but this is not a neces- 

sary condition. If ~ does not satisfy a recurrence relation, the whole 

procedure simply doesn't work. If it does, there may be several, and 

it is helpful (though not necessary) to find them all. If ~ is part of 

a DOL-sequence ~(G), then the associated polynomials of these recur- 

rence relations are all multiples of ZG(X); so is their greatest com- 

mon divisor, ~(x). If the associated polynomial of any of the disco- 

vered recurrence relations does not (in its monic form) have integer 

coefficients, then ~ is no DOL-subsequence (by theorem 2.9). 

Example: If ~ consists of w 2 = acd, w 3 = abba and w 5 = acbbdaa, then 

2~2 + ~3 - 2~5 = [; the associated polynomial (in monic form) is 

5 3 2 
x - ½ x - x , which does not satisfy theorem 2.9. Hence ~ is not a 

DOL-subsequence. 

Ad 2. ~G(X) must have the following properties: 

(i) it divides 9(x) 

(ii) it is monic and has integer coefficients (by lemma 1.8). 

(iii) it has degree k or less. 

Step 2 consists of finding all polynomials X(x) with these properties, 

by trial and error. That this is a finite enterprise is ensured by 

Lemma 4.1. For a given polynomial ~(x) E ~[x] bounds can be found for 

the coefficients of all ~(x)'s divisors of given degree m. 

Proof. By a well-known theorem from algebra, all complex roots yj of 

a polynomial 

9(x) = x n + ~n_l xn-1 + "'" el x + ~0 

are either smaller than 

where 

IBm_ll = lyl+...+yml ~<mM 

IBm_21 : I Z yiYjl ~<m(m-l)M 
i~j 

etc. 

Thus each B i of X(X) can be bounded in terms of m and M. (To be sure, 

the bounds so obtained are often not very practical, and may be con- 

siderably improved by using the fact that B i ~ % ~ for example, B 0 

must, by lemma 2.7, be a factor of ~0 )" 

1 or are bounded by 

IYjl ~ M : n • max {~i}. 
i 

Since in our case l~il ~ 1 for all i, IYjl ~ M holds in all cases. 

Any divisor X(X) of @(x) of degree m can be written as 

)~(x) = (x-Yl)...(x-y m) 
m m-1 

: x + _Bm_iX + ... + _B O, 
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w 

Ad 3. The construction of the various c. was described at the end of 
i 

section 2. 

Ad 4. The matrix C may be singular, so there may be several (though 

only finitely many) E 0 satisfying the equation S = EoC. 

Ad 5. ~ike in the basic inference problem of section 3, several 

(though only finitely many) growth matrices A may be found. 

Ad 6. Knowing A, one can now parse w11. into Iwi0 I subwords,il_i0each of 
length found from the appropriate column vector length of A , and 

il-i 0 
thus infer some rules from P In contrast with the basic problem, 

the absence of a letter in ~ does not mean that it is never used at 

all. It may have been used in the words in between the given words, 

and it may be indispensable. 

Ad 7. The information obtained from step 6 does not always uniquely 

determine P. 

As an example, consider the following problem: 

Find all DOL-systems over the alphabet {a,b,c,d} such ~ that &(G) in- 

eludes w I = d, w 3 = dac, w 5 = acobd, w 9 = cbddacdacaocbd. To solve 

the problem, follow the steps of the procedure: 

1. The sequence ~ consists of ~. (0'0'0'I)T' ~3 = (0'1'1'1)T' 

w5 = ( 1 ' 1 ' 2 ' 1 ) T '  ~9 = (3 ,2 ,5 ,4)~  
The only recurrence relation obtaining in ~ is ~9-3w5+w3-2~1 = ~. Its 

associated polynomial is ~(x) : x9-3x5+x3-2x. 

2. ~(x) = x(x2+2)(x3-x-1) 2. Its set of divisors of degree < 4 (= ~) 

exhausts the possibilities for G's minimal polynomial; it consists of 

x, x2+2, x(x2+2), x3-x-1 and x(x3-x-1) .  
Of these x can be immediately discarded. So can x2+2 (which is asso- 

x(x2+2). elated with the impossible recurrence relation ~2 = -2~0) and 

Two polynomials remain, x3-x-1 and x4-x2-x. 

3. First try X(X) = x3-x-1. X(X) is associated with ~3 = ~1 + w0' and 

iteration produces 

~4 = ~2 + ~1 

~5 = ~3 + ~2 = ~2 + ~1 + ~0 

~9 = 3~2 + 4Q1 + 2~0 

So ~1 = ( 0 ' I ' 0 ) T '  ~3 = (1 ,1 ,0)T,  ~5 = (1 '1 '1 )T  and c 9 = (2 ,4 ,3)T;  

c =  1 1  

4. E 0 must now be solved from S = E0C , or 11 = E 0 11 . 
12 01 
11 



157 

E 0 must also be in I~ 4x3. 

There happens to be precisely one solution : E 0 = 0 
0 
1 

This supplies the three initial vectors of ~(G). 

5. The fourth vector of ~(G) is found from the first three and from G's 

minimal recurrence relation : w 3 = w I + ~0 = (0,1,1,1) T. Now E 1 is 

also known, and the growth matrix A(E IN 4x~) can be solved from 

AE 0 = A1, or A = 0 

There are solutions, A = 00 and A = 0 0 
0 0 0 0 
01 10 

6. First try the first A. The powers of A relevant for 

are A 2(for ~12 ~3 and ~32 ~5 ) and A 4(for w 54~ w9)" 

(i 01 i) and = (! 01 !I A 2 00 A 4 00 
= 01 01 

0 0 0 1 

These induce the following parsing in ~ : 

d 

cr--~ ~ a  c rd a c a c c b d 

The parsing is consistent, both internally and with A, and produces 

the following information : 

p2(d) = cbd ; p4(a) = cbd, p4(c) = dae, p4(d) = accbd. 

7. Combining the data from step 6 with the growth matrix A, one 

obtains one set of production rules : 

{a ~ cb, b -~ ~, c ~ d, d ~ ac} and two possible axioms: w 0 = b c or 

w 0 = cb. 

6,7 Now try the other A left over from step 5. In the same fashion, 

one set of production rules is produced, again with two possib&e 

axioms : 

P = {a ~ cbd, b ~ d, c ~ ~, d ~ ac} ; w 0 = bc or w 0 = cb. 

3,4,5,6,7 One more X(x) was left over from step 3 : X(x) = x 4- x 2-x. 
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0 0 0 0 ~1 0 0 

It first produces C = 0 1 then E 0 e2 0 1 with 
0 1 
10 3 1 0  

the ~. (the axiom's coordinates) arbitrary. 
i 

In ~ step 5, two solutions for A appear, together with further restric- 

tions on the axiom : 

A = 0 00 0 with ~0 = (1,~,0,0) T (A arbitrary) 

0 1 

or 

A = 0 0 with ~0 : (1,0,i 0)T (i arbitrary) 
00 ' " 

10 

In steps 6 and 7 the same two P's as before are produced ; the axioms 

are, however, sligthly different : 

P = {a ~ cb, b ~ i, c ~ d, d ~ ac} with w 0 = bmcb n (m,n arbitrary), 

P = {a ~ cbd, b ~ d, c ~ I, d ~ ac} with w0 = embc n. 

This concludes the example. 

Another example may show the procedure's speed to advantage. 

Let ~ be given, consisting of w I = b, w 4 = acb, w 6 = ddab,wg=~caddab, 

and Wll = aabbccddabcd. ~ = {a,b,c,d}. Is { part of a DOL-sequence ? 

Step 1 : Wl =(0,1~0,0) T, w 4 = (1,1,1,0) T, w 6 = (1,1,0,2) T, w9=(3,2,1,2)% 

Wll = (3,3,3,3) T. 

Now ~11 is of course dependent on the other vectors, but not 

by a monte relation with integer coefficients. 

Hence ~ is (by theorem 2.9) not a part of any DOL-sequence. 

Observe that this remains true if the alphabet is not given. 
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Given : ~ E = k 
O start 

Construction algorithm 

=Wil~Wi 2 .... ,Wip ~ A n Y r ~ f O r  scattered sequences 

~ i n ~ ? ~ /  
Y ~  ""-No ~ -, 

I F i n d  a l l  m o n i c  d i v i s o r s  o f . ~ ( x )  i n  7Z,[x] a n d  w i t h  

d e g r e e  ~ k .  R e s u l t  " { × ( x ) } .  

Pre Not nresent 
(m: = degree (X(x))I v 

Find C from X(x) and ~ • | 
-I 

Solve E 0 E~ kxm from S = EoC. Result : {E 0} l 

Pre Not present 

I Determine ~m from X(x) and E 0. Determine El. ~ 

Solve A ~kxk from A E 0 = E I. Result : {A}i.J 

Prese Not present 

...... i p - i q  
> iq in ~'s index set Determine A for all ip 

' ~ N o t  consistent with 
C o n s i s t ~  

p l / < "  - -  Fails 
Succeeds '~ceeds~ ~ " - 

[a G has been found] 
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5. Further extensions of the inferenee problem. 

The problems discussed in the previous sections had the following 

properties in common : 

(i) the alphabet Z is given. 

(ii) enough words are given to establish a recurrence relation within 

the given sequence. 

(iii) not only a number of words are given, but their rank order 

numbers as well. 

One can examine to what extent the method remains valid for problems 

not possessing these properties. In this section I shall discuss some 

of the seven remaining cases. 

In general, one can say that the method hinges on determining ~G(X) 

from a recurrence relation within ~ . 

In the absence of such a relation (the eases (000),(001),(100),(101); 

in binary code , referring to the three properties) the method simply 

does not work; If #~ Z is given ((100) and (101)) the problem can be 

solved by a laborious but finite exhaustive search. If ## Z is not 

given (subcases (000) and (001)) the problem is not so simple. In fact, 

I do not know whether the decision problem is at all solvable for 

these cases. The same goes for case (010). 

In case (101) (#~ ~ = k and a numbered sequence ~ are given ; but 

satisfies no recurrence relation), two subcases may be distinguished: 

either does or does not certain a word with rank order number larger 

than k. 

If ~ contains at least one word w with p ~ k, then it is not difficult 
P 

to see that any possible growth matrix A = ((aii))~ is bounded by aij < M 

(where M is the maximum number occurring in the vectors of ~ ), except 

for those numbers referring to mortal letters. As a result, the problem 

is bounded for all vital letters and not bounded (in a rather unimport- 

ant way) for mortal ones. 

If no word w with p ~ k is given, no such upper bound for the 
P 

elements of A can be given, and the problem often has infinitely many 

solutions. 

Case (100) would reduce to a finite number of the previous cases (101) 

if from #@ ~ and ~ an upper bound for the rank order numbers could be 

deduced. This bound can indeed be found ; by a size argument if L(G) 

is finite, by a growth argument if L(G) is infinite. 

If L(G) is finite, then a result by P. Vit~nyi [114] states that 

L(G) contains at most k(1 + k n-l) words, where n is the number of 

different monorecursive letters in a certain, specified, word. Since 

obviously n ~ k, #~ (L(G)) ~ k(1 + kk-1). This number gives the 
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required upper bound~ since any higher rank order number refers to a 

duplicate of an earlier word. 

If, on the other hand, L(G) is infinite, then lWn+kl > lWnl + I for 

every n. Consequently, an upper bound for the rank order numbers {i} 

in the given set of words S is given by 

i ~ k-max {lwl : w e S} 

So case (1QD) can be reduced to ease (1D1) ; hence the case is solvable. 

The indicated procedure is of course not nearly a practical method. 

In case (011) a recurrence relation can be found in [ , but ~ may be 

larger than the "observed" ~obs" 

The inference algorithm of section 4 applies during the first steps, 

where no knowledge of ~ is necessary. 

In step 4 problems may arise. First, the degree of BG(X) can never be 

larger then ~ ~. So, if it turns out that deg (BG(X))= m > ~ ~obs' 

must be larger than ~obs" Now simply extend ~obs to ~ in the 

minimal way : namely, such that 

~ ~ = k : max (~ ~obs,m), and then apply 

step 4 : find a matrix E 0 C ~k×m satisfying S = EoC. 

From the pictorial representation 

P 

q 
i 

I 

m 

i i 

i 
, ? 
i 

I a 

P 

it is not difficult to see that increasing ~ ~ beyond k cannot have 

any other effect than adding mortal letters to solutions already 

obtained with ~. In other words : if there are no solutions for E 0 

with this minimal ~, then there are none. 

That ~ can indeed be larger than ~obs can be seen from this very 

simple example : Find a DOL-system such that w0= a, w 4 = aaa. 

~(x) = x 4 - 3, with no other divisors. If ~(x) is to be G's minimal 

polynomial, then ~%L ~ ~ 4. In fact, p = {a ~ b,b ~ c,c ~ d,d ~ aaa} 

provides a solution. 

Case (110) can be regarded as a more favorable subcase of (100), 

involving considerably less guesswork. 

Of the variants discussed, (011) may be the most interesting one, since 

it solves a subcase of the hitherto open problem (Felieiangeli and 

Herman [28]) of finding G from ~ if ~ is not given. 
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Abstract. Locally catenative equations are defined in the free group. 

It is sho~ that if the free group generated by a DOL sequence is fini- 

tely generated then there exists a locally catenative equation in the 

free group which defines the DOL sequence. Am algorithm is given which 

finds the generators of the free group if it is finitely generated. 

A conjecture is stated in terms of the existence of a certain group. The 

conjecture implies the solvability of the DOL equivalence problem. 

I. Introduction. 

Techniques from the theory of free groups are in this paper applied to 

the study of Lindenmayer systems. These techniques have previously been 

used by the authors in the study of regular languages 192 . In the preli- 

minaries follow the basic notation and results in free groups. No pre- 

vious knowledge is assumed. In section 3 we consider locally catenative 

equations in the free group. See Rozenberg and Lindenmayer [95]. We de- 

fine an equivalence group of two DOL systems and show that if there 

exists a finitely generated equivalence group then we can decide if the 

two systems are equivalent. Here we consider the sequence equivalence 

problem. See Nogens Nielsen [70] for a proof that this problem is equi- 

valent to the language equivalence problem. 
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We are not able to prove that a finitely generated equivalence group ex- 

ists in the general case, nor that it can be effectively constructed. In 

special cases, however, it can be found. It is conjectured that it can 

be found in the general case. Section 4 presents an algorithm which 

finds the generators of the group closure of a DOL sequence if it is 

finitely generated. 

We have, unfortunately, at present no way of deciding when ~his occurs. 

The algorithm is being implemented in LISP 1.5 on ~BM/360. 

2. Preliminaries. 

For definitions and basic results in Lindenmayer systems and free groups 

the reader is referred to Herman and Rozenberg [45] and Hall (1952)3. • 

In the following H = <~, h, Wo> and G = <2, g, Wo> will denote DOL 

systems, hi(wo) will be denoted w i when reference to H is implicit. The 

language generated by H is denoted L(H) ={Wo, Wl, ... ,wn, ..~The se- 

quence generated by H is denoted E(H) = Wo, Wl, ... ~wn, ... 

The free group F(2 ) is defined as follows: Let 2 =(a, b, ... , z} . 

Define a shadow alphabet ~ ={a, b, ... ,~ }. Define am equivalence 

relation D on the free semigroup ( ~ U ~)* as the transitive, symmetric, 

and reflexive closure of the adjacency relation A: 

xAy <=>3u, v ~ ( ~ U ~)*, 3 c~ such that 

x = uv and (.y = uc~v or y = u~cv) 

F( 2 ) is the set of equivalence classes of D. Group composition is 

D(x).D(y) = D(xy). The l-element is the class D( X ). The inverse of the 

class D(al, a 2 ... a n ) where ai~ ( 2 U ~) is the class D(~ ... a 2 a1~. 

Here ~i denotes a i. 

3. M.HalI. The Theory of Groups~ The Macmillan Company, New York, 1959. 



164 

It can be shown that each equivalence class contains precisely one word 

which does not contain any adjacent occurrences of a letter and its in- 

verse. This word is called a reduced word. An equivalence class is often 

denoted by its reduced representative. 

Let ScF( ~ ). [S] denotes the smallest subgroup of F( Z ) which contains 

S. S is called a generator set of IS]. IS] is called the group closure of 

S. Let TC F(~ ) be a subgroup. If there exists a finite set S such that 

[S] = T then T is finit~!y generated. Y(Sl, s2, ... ~s n) means an ele- 

ment of ~I' s2' "'" ~Sn]' 

The main result on free groups is the following: 

Let ACF(Z ) be a group. There exists a set of generators al, a2p ... , 

called free generators, such that [al, a2, ...] = A and such that any 

element from A can be written as a unique product of generators and 

their inverses,.Any set with this property has the sazle cardinality, 

called the rank of A. The cardinality of any set of generators is at 

least the rsr~ of A.{ai} can furthermore be chosen such that 

a i = uisi~i, i = 1,2... where no letters from s i or sj are cancelled 

in any products a Z1a ~I s i is called the significant factors of a i- 
1 j " 

Example I : 

FlZ) 

\ 

1 / 
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~xample 2: 

A = [abE, ac] = [abc, ac] =[abcac, ac] 

Significant factors are marked by A" 

Example 3 : 

F(E ) = [ a , b ]  S = [aa ,  aba ,  b] 
A A A A A 

2 n 2 n 
T = [aab, aaaabb, ... ,(aa) b , ... ] 

~c SCF(~- ). 

This example shows that the rank of a subgroup may be greater than the 

rank of the group itself: 

rank (F(E))= 2; rank (S) = 3; rank (T) =00. 

That rank (T) = ~can be seen this way: 

2 n 2 n 
Let s n = (aa) b . T = [So, Sl, ... ] 

Define t n = Sn~n_ I for n = 1,2, ... and t o = s o . 

-I 
This gives t n = (aa)2nb2nb2n (EE) 2n~I 

= (aa) 2nb2n- I (EE) 2n- I 

It is seen that T = [to, tl, ... ] because s n = tntn_itn_ 2 ... t o . 

Also it is seen that the occurrences of b in t n constitute significant 

factors. Hence rank(T) =Co. 

3. Locally catenative equations in the Free Group~ 

First the case is studied where [L(H )] is finitely generated. An equi- 

valence group of two DOL-systems is defined. Theorem 2 shows that if a 

finitely generated equivalence group can be found for two systems, then 

the equivalence problem is solved. Then it is conjectured that a finite- 

ly generated equivalence group always exists, and can effectively be 
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constructed. 

Theorem I: 

EL(H)] is finitely generated 
A 

There exists lak~llocally catenative equation in F([ ): 

w n = eq(Wn_1, ... ,Wn_r) for n~cut 

Proof: 

~: Let [L(H)] = ~I' "'" 'gn]" Each gk' k=1, ... ,n, is a product 

gk(Wo, w19 ... ~qk_j) for some qk" Let r be the maximum of all qk" Then 

EL(H)] = EWo, wj, ... ,Wr_1]. From this it follows that 

Wr~ [Wo, wj, ... ,Wr_j] and w r = eq (Wr_j, ... ,w o) Since h is a 

homomorphism of F([ ) this part follows by induction. 

~: From the recursion equation it follows by induction that [L(H)] is 

generated by {Wo, wl, ... ,Wr_1}. 

At this point a natural question arises: 

If the rank of [L(H)] is r, can we thenehoose the first r elements from 

E(H) as generators? We have been unable to prove this, but believe it to 

be true. 

Small conjecture. 

[L(H)] is finitely generated of rank r 

$ 
[L(H)] is freely generated by (Wo, Wl, ... ,Wr_1} 

This conjecture is mentioned again in section 4 in connection with the 

algorithm to find free generators of L(H). Here we shall point out a 

consequence of this small conjecture, which follows immediately from the 

unique factorization in the free group. 
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Consequence of small conjecture. 

[L(H)] is finitely generated of rank r 

T:~'~ exists a unique locally catenative equation in the free groups of 

minimal cut with cut = r and depth < r. 

Example 4: 

E(H) = ab, abab, ... 

E(H) = [ab ]  o f  rat/k: I 

w I = abab = WoW ° 

recurrence equation 

Exam~ol e 5: 

: < {a,b}, {a~a, b~ab}, b> 

E(H) = b, ab, aab, ... 

G = <~a, b) , {a,a, b~ba) , b> 

E(G) = b, ba, baa, ... 

[ s ( ~ i ) ]  = [ s ( ~ . ) ]  = [ a , b ]  o f  rank 2 

recurrence equation in common: 

w n = Wn. lWn_2Wn_1 ,cut=2 

E(H) defined by w o = b, w I = ab 

E(G) defined by w o = b, w I = ba. 

Example 6: 

G = < {a, b, c}, { a~cba, b~a, c-~cc}, b> 

w = b 
o 

w I = a 

w 2 = cba 

Since a = Wl, b = Wo, and c = W2WlW o we know that [L(H)] ~F(~ ) and 
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therefore EL(H)] = F(Z ). 

w 3 = ccacba 

It then follows that w 3 can be expressed in terms of Wo, Wl, and w 2 by 

substitution: 

w 3 = (w2WIWo)(W2WiW o) w1(w2~lW o) WoW I 

- 2 

= (W2WlW o) WlW 2 

The recurrence equation becomes 

% = (~n_i~_2~_3) 2 Wn_2Wn_1 

Example ~: 

H--<{a,b}, {ataa, b~bb}, aab> 

~(H)] is of infinite rank as shown in example 3. By theorem I it fol- 

lows that there does not exist a locally catenative recurrence equation 

defining E(H).Ex~ple finished. 

We shall in what follows attempt to formulate a generalization of 

theorem I. We have to present it as a conjecture since we are unable to 

prove it. 

Definition: An equivalence group for the two DOL systems H and G is a 

group Q with the properties 

(i) Wo~ Q 

(ii) h(Q)C Q and g(Q)c Q 

(iii) (Vq~Q)[(Vi) hi(w o) = g (Wo) ] =>~Vi) hi(q) : gi(q)] i 

Lemma I: 

For any D0L systems such that 

group. 

[L(H)]: [L(G)], [L(H)] is an equivalence 
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Proof: 

(i) and (ii) are trivially fulfilled. To verify (iii), assume that H and 

G are equivalent. 

Let qe EL(H~. hi(q) = hi(q(w o, h(Wo), ..- ,hJ(wo), ...)) 

= q(hi(wo) , hi+l(wo) , ...) 

Since hJ(w e) = gJ(w o) for all j, we get 

= q(gi(Wo) , gi+l(wo) , ...) 

= gi(q(Wo, g(Wo), ...)) 

= gi(q(Wo, h(Wo), ...)) = gi(q) 

L emma 2 : 

There exists only one DOL-system H which generates E(H). 

F( [ ) is an equivalence group for all DOL systems G. 

Proof: 

~: Obvious because (iii) is vacuously fulfilled. 

~: Obvious because (iii) implies that g and h are identical on the 

generators of F([). 

Example 8 : 

The DOL-system from example 7 is uniquely determined by E(H). Hence 

[a,b] is an equivalence group for all DOL-systems G. 

The sigu~ificance of equivalence groups is due to the next theorem. 

Theorem 2 : 

If there exists a finitely generated equivalence group Q = [q1' "'"qn ] 

for two DOL-systems G and H then G and H are equivalent if and only if 

( * )  h ( q i ) ~ =  g ( q i  ) for i = t , 2 ,  . . . ,  n 

Proof: 

Assume G and H equivalent; then (iii) implies the theorem. 

• i w Assume (*). We are going to prove Vi_>o Eh1(Wo ) = g ( o)] . (*) implies, 

thatVqe Q ~n(q) = g(q)~ 

Since Q is closed under the homomorphisms G and H we conclude that 
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viZo v qs Q [hi(q) = gi(q)] 

The result follows now from the fact that Woe Q. 

Corollary I : 

I f  [L(H)] = [L(G)] = [Wo, h(Wo) , . . .  , h r - l ( W o )  ] 

then G and H are equivalent if and only if 

hi(Wo ) = gi(w o) i = o, I, ... ,r 

Proof: 

Follows from lemma I and theorem 2. 

Example 9: 

Using corollary I we can, with reference to example 6, deduce that two 

DOL-sequenees which have the common initial terms 

w =b 
o 

wl=a 

w 2 = cba 

w 3 = ccacba 

must be identical. 

Example 10: 

H = < {a, b~ c~ d} , {a-~aa, b~o, c-~c, d->bd}, acd> 

: < {a, b, c, d~, {a~aa, b->b, c~cb, d~d}, acd> 

E(G) = E(H) = acd, aacbd, aaaacbbd, o.. , (aa)2ncbnd, ... 

We notice that the occurrences of c constitute significant factors. 

Hence the rank of [L(H)] is infinite and the equivalence group [L(H)J 

is infinitely generated, Lemma 2 tells us that La, b, c, d] is not an 

equivalence group. 

All powers of h and g coincide on a and on b, and 

hi(cd) = gi(cd) = cbid for i = o, I, ... 

From this follows that T = ~a, b, cd, cbd, cbid, ...~ is an equivalence 
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group.. 

T = [a, b, cd, cb~] since cbld = 
A A A A 

cb~)Icd 

We have found a finitely generated equivalence group for G and H even 

i f  [L(G)] = [L(H)] i s  i n f i n i t e l y  g e n e r a t e d .  

We proceed to formulate a conjecture. 

Main conjecture: 

For any two DOL-systems H and G a finitely generated equivalence group 

can be effectively constructed. 

Because of theorem 2, a proof of this conjecture will solve the equiva- 

lence problem for IX)L-systems. 

A consequence of the conjecture is that for any D0L sequence H the set 

of all free group elements x, with the property that if G is equivalent 

with H then < ~ , h,x> is equivalent with <~ ,g,x,>~is a finitely gene- 

rated group. This follows because the intersection of two finitely ge- 

nerated subgroups of F(~ ) is finitely generated, and because there 

exists only a finite number of DOL systems equivalent to H. (N. Nielsen 

[7o] ) 

4. An algorithm to find [L(H)]. 

This section presents an algorithm which finds a set of generators for 

[L(H)] if this group is finitely generated. If this is not so, the al- 

gorithm yields a still larger subset of an infinite set of free genera- 

tors with significant factors. We have at present no available test to 

decide between the two possibilities. It is no surprise that this algo- 

rithm exists~ Nielsen's algorithm is known from free group theory. It 

finds a set of free generators with significant factors from a finite 

set of generators. 

Let Nielsen (W) be a procedure which has a finite set W as argument 

and which as result delivers a set of free generators with significant 

factors of [W]. 
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Our algorithm is then as follows: 

b e~in 

Yo := {We] ; 

n :: I; 

while 

begin Yn := Nielsen (Yn-IU {Wn~) ; 

n :: n+1 

end 

end 

At exit from the algorithm, WnE[Yn_1].It follows that [L(H)] : pfn_1]. 

It is believed, and stated as the small conjecture in section 3, that 

the rank of EL(H)] equals n at exit from the algorithm. The sore point 

is of course that if [L(H)] has infinite rank then the algorithm never 

exits In this case EL(H)] : ~ [Yi] An adaptation of the aigorit~= 
• i=o " ' 

which takes into account that the sequence is generated by a homomor- 

phism is being implemented in LISP 1.5 on IBM/360. In the next examples, 

Z n denotes [Yn]. 

Example 11: 

This example shows the successive values of Z n for the following DOL- 

system 

H : ,{a->ab,b->ca, o->ac } ,ac> 

The first elements of the sequence are 

ae 

abac 

abcaabac 

abcaacababcaabac 
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Zo = [~] 
Z 1 = D ' c '  a b a c i  = JaR, a~]  

z 2 = E a c , a b , a b e a a b a @  = E a £ , a ~ , £ ~  

Z 3 = [ a c , a b , c a ,  a b c a a c a b a b c a a b a o ]  = [a£,a~,R~,k ] = Z 2 

Now t h e  c h a i n  ZoC Z 1 c  Z 2 . . .  w i l l  s t a y  c o n s t a n t  f o r e v e r  and  [L(H)]  = Z 2. 

From t h e o r e m  I we know t h a t  t h e  s e q u e n c e  i s  l o c a l l y  c a t e n a t i v e .  From 

lemma 1 we know t h a t  [L(H)]  i s  an e q u i v a l e n c e  g r o u p  f o r  any  o t h e r  DOL- 

system that generates the same sequence. 

From an algor~hmic point of view it would be convenient to find genera- 

tors for Z n as an extension of the generators found for Zn_I, and this 

is always possible since Z n is an extension of Zn_ I. In this example 

it is even possible to obtain significant factors in the extended set 

of generators. This is not always possible as will be shown in example 

12. 

We know that the IX)L-system H is locally catenative but we have not 

found a locally catenative formula. Such a formula can be found by keep- 

ing track of the relation between the generators of Z n (in the follo- 

wing denoted w' w' I ) and the elements of the sequence 
0 ~ ' ' '  ~ n-- 

(We, ... ,wm, ..). We will also use the fact that 

: w' h(wn_~)]  Z n 0 0 ~ . . .  W n_1 ~ 

Using this method we get 

step 0 

W = ac 
o 

z o =  Ewg] = [~] 
step, t 

h(wg)  = abac 

w~ = h(w~)w[~ v = ab 

= Fw' w'1 Z I b O' 1J = [aR'a~] 

W t = W 
0 0 

w~ = wt~  ° 
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step 2 

h ( w ~ )  : a b c a  

w,, = ~ h ( w ~ )  : c a  

z 2 = [Wo,W~,W ~1 = F a ~ , a , ~ , ~ ]  

step 3 

h(w~) : acab 

From the calculations in step 3 we get 

},, = WoWIT~'oW17,'2wS," 2 <=> 

w3= w2"Z'lWoW 1WoW 2 

Hence the locally catenative formula 

w =w w w w w w cut=3 n n-1 n-2 n-3 n-2 n-3 n-1 

Notice that the example agrees with the small conjecture. 

w~ = WoWl.W2~ 1 

w~ = Wo~1.~o.W1~2w3~ 2 

Example 12: 

This example shows the methods used in example 11 on the DOL-system 

H : < { a , b , c ] , { a - > a b c , b - > a , c - > c } , a b >  

step 0 

W'o = a b  W'o = Wo 

Z 0 = ~]~]  

step 1 

w~ = ca w~ : WoW1 

z I = [ ~ , ~  

step 2 

h(w~) : cabc 

w~ = b c  w~ = ~lWo~lW2 
z 2 : [~,~,~] 
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step 3 

h(w ) = ac 

w~ = ac w' ~=w2wlw2w~ 
3 3 

Z 3 = Fa~,~,~c,ac] 

At this point w~ has no significant factors, and we have to change some 

of the previously found generators to obtain significant factors. 

This situation occurs exactly in the case where the new generator is a 

catenation of an initial subword and a final subword of the generators 

previously found. We mention, without stating the proof, that [L(H)] 

in this case is finitely generated. According to the algorithm we now 

should change the generators to obtain significant factors. But since 

we know that the group is finitely generated we might as well carry on 

until we get the locally catenative formula. Notice that although the 

generators found do not contain significant factors they are still free 

generators of the group in agreement with the small conjecture. 

step 4 

h(w ) = abet 

w' = co w' =~o ~ w2~ w. 4 4 3 34 

z 4 = Ea ,c , e,ac,ec] 

step 5 

h(w' 4) = cc 

w' = k  
5 

w~=~.w~w~w • 
P 4j~3o 

WlW4W3W4W5 

From this we get 

4 3 4 7 0 3 ~ 3 4  

And the locally catenative fo~ula 

~=w W w w ~ W w ~ w 
n-1 n-2 n-1 n-4 n-5 n-2 n-3 n-2 n-1 

Notice, that althou~ w4 i s  o f  l e n g t h  24 we o ~ y  h a v e  t o  o p e r a t e  on a 

word w~ of length 2. ~e c~ say that we for each word have extracted 
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the new information, and the methods used in these examples reduce the 

hard work involved dealing with fast growing systems. 
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ABSTRACT. Motivated by practical implementation-methods for 

recursive program-schemata we will define and study presetting tech- 

niques for push-down automata. The main results will characterize 

the languages of preset pda's in terms of types of iterated substi- 

tution languages. In particular when conditions of "locally 

finiteness" and of "finite returning" are imposed we get a feasible 

machine-model for a class of developmental languages. The accepted 

family extends to the smallest AFL enclosing it when we drop the 

condition of locally finiteness. At the same time this family will 

be the smallest such full AFL. If all conditions are removed, preset 

pdaJs exactly represent the family of iterated regular substitution 

languages, a sub-family of the indexed languages. Deterministic 

preset pda's are also studied, and the language-family they define 

is shown to be closed under complementation, generalizing a classical 

result. 

"Any theory ... formulates an ideal average 

which abolishes all exceptions at either end 

of the scale and replaces them by an abstract 

me an." 

in C. G. Jung: The Undiscovered Self. 
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I. INTRODUCTION 

Eventually we like to introduce what might be called: 

"developmental systems - a programmer's point of view", but we will 

not immediately emphasize it here. We rather follow the original 

approach which led to such implications and start with analyzing some 

automaton-theoretic concepts. 

Push-down automata represent the execution-mechanism of parame- 

ter-less recursion. They were successfully used in context-free 

language theory, occasionally in the theory of (monadic) program- 

schemata, and the deterministic version has been extensively analyzed 

in parsing. 

There has been a twofold motivation for presetting the amount of 

storage in machine-models with a stack-like external memory. First 

of all in most implementations there is a definite series of locations 

allocated as a push-down register, whenever it is required. Secondly 

familiar types of (single variable) recursion can most efficiently be 

simulated when the stack is implicitly used as a counter at the same 

time. In the latter type of application the machine will basicly 

recognize/execute instruction-sequences which appear on the input-tape, 

a not very common but certainly useful interpretation of input. 

By presetting a push-down automaton we mean that at the very 

beginning of a computation a certain stack-square is allocated as the 

maximum location (or "highest" point) to which the stack may grow 

during that computation. 

We wish to remark that if this were all, the accepted languages 

would still be context-free, but not all computations would terminate 

because the allocated space might be insufficient. The new feature 

is to let an overflow-indicator (or "interrupt") actively influence 

the computation. 

Therefore the machine-model will have two transition-functions: 

(to be used whenever the stack is not maximal) and ~ (to be 
top 
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used when the stack reached its preset maximum), both having well- 

known formats. 

There is one more practical concept never mentioned for ordinary 

pda's but relevant when the stack is going to be used as implicit 

parameter-value. It is the concept of an "empty" location, but this 

can only be argumented with more information about how we look at 

what can occupy locations. In the "squares" on the stack are pieces 

of program (or rather, pointers to subroutines). 

) al; a 2 

> * * * 

s 2 

When Cl is a recursive call, it will be removed from the 

current (top-most) location and the procedure-body called for will 

be pushed in the next one. When we return and find that a 2 is a 

recursive call as well, an "empty" location is created and no garbage- 

collectioning should happen as it would improperly destroy the 

counting. Empty locations in the body of the stack are filled with ~. 

2. PRESET PUSHDOWN AUTOMATA 

We give a formal description of the general model. 

Definition. A preset pda is an 8-tuple 

~= <Q, Z, F, 6, 6to p, q0' Z0' F> with Q (states), 7. (inputs), 

F (stack-symbols) , q0 (initial state) , Z 0 (initial stack-contents), 

F (final states) as usual, and for all p e Q, a E 7 u {i}, Y e F 

6 (p, a, Y) a finite set of instructions of the form (q, #), (q, A), 

(q, ~A), (qr AB) (A, B e F) and, similarly, 6top( p, a, Y) a 

finite set of instructions of the form (q, #), (q, A). 
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There can be more general definitions that allow for writing 

longer words per move, but it can be shown (see [55]) that there is 

no gain in power. Observe that this version is close to the program- 

cruncher we motivated it with, and 6to p for instance never writes 

beyond the permissible limit. The given version is a normal form. 

Here is an example of a preset-pda, with notions of accepta- 

bility defined (as usual) by empty store and final state. 

2 
Example. A preset pda for L = {a n I n ~ I} would operate as 

follows. Say the stack is preset at k, with Z 0 as bottom- 

marker, with instructions 6(state, a, Z0) = {(state, Z0Z)}, 

6(state, a, Z) = {(state, ~Z)} it will make k-i moves on input a 

and push a Z to the top. It reverses with 6top(State, a, Z) = 

{(state, ~)} and returns to the (first) Z 0 it finds downwards on 

l-input.- Then it lifts Z 0 two locations higher (on l-input) and 

repeats the same cycle as before over and over again. When, lifting 

Z 0 , it would have passed the preset limit it stops in a non-accepting 

state, otherwise it goes on until at last Z 0 is lifted into the 

maximal location and sweeps down on 6top(State, a, Z 0) = 

{(final state, #) }. 

.k+l.2 
At a successful termination k + (k - 2) + ... + 1 = ~-~--) 

(an integer) moves on input a were made, and the machine will 

accept all and exactly all the squares. 

Instantaneous descriptions of a preset pda are of the form 

(state, remaining input, push-down contents, n), where n is the 

presetting relevant and constant for the particular computation. 

Definition. A language L is called a preset pda-language if and 

only if a preset pda ~ as above exists such that 
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L= {xE ~ 

n > i}. 

I 3qeF(q0, x, Z0, n)~- (q, i, ~, n) for at least one 

In the definition it is emphasized that more than one presetting 

might actually be appropriate for acceptance. 

As usual for non-deterministic machines there may be both 

accepting and rejecting computations for an input-string, but it 

will still be counted in the language. 

3. THE LANGUAGES OF PRESET PDA'S 

Here we will develop a generative (as opposed to analytic) 

description of preset pda's in terms of their languages. The 

general theory rightaway leads into the algebraic F-iteration 

grammars developed in [57] and made more explicit in [103]. Most 

general results proved for various parallel rewriting systems follow 

from a few Iuheorems in this area ([57]). Here we only give a few 

of the abstract concepts that were developed and found useful. 

A family of languages will be defined as usual, but in addition 

we always assume closure under isomorphism. 

Definition. Let 

extension of F 

~J T k * 
k>0 ($) n ~ , 

alphabet. *) 

F be a family of languages. The hyper-algebraic 

consists of all languages of the form 

where T is an F-substitution and Z an 

When F is a quasoid (i.e. containing C and closed under 

R and finite substitution), the hyper-algebraic extension becomes 

an AFL closed under iterated F-substitution. Several algebraic 

*) Footnote. In later generalizations hyper-algebraic extensions 
were defined differently and more widely! 
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results were obtained. 

The characterization theorem we will prove for preset pda 

languages is an interesting analogue of a classically known theorem 

for context-free languages (which can be described as the algebraic 

extension of the family of regular languages~)). 

THEOREM. The family of preset pda languages is the hyper-algebraic 

extension of the regular languages. 

Proof. 

Let T be a regular substitution, ~a = <Qa' E, ~a' qa' Fa> 

a finite automaton for T(a). ~a may have A-transitions, and 

we will in fact for simplicity assume that always qa ~ Fa" Non- 

empty stack-locations will have a contents as shown below. 

q; a I 
P 

where q E Qa' representing that in generating a member of T(a) 

we got as far as q in the finite automaton for it. 

The idea is not to generate the word from T(a) immediately as 

a whole, but symbol by symbol and each time a next symbol is gener- 

ated to use it to expand its T-image to the preset top first before 

proceeding with the next symbols. Thus we generate T(S) in 

strictly leftmost manner and use the finite automata as a finite code 

for the (possibly) arbitrarily long strings we can rewrite individual 

symbols with. .a 
s 

/" ,q in ~a 

J ...... ~ b[ 

// % 

*) Footnote. See van Leeuwen, J., "A generalization of Parikh's 
theorem in formal language theory", Tech. Rep. 71, Dept. of Comp. 
Sciences, SUNY, Buffalo, 1974. 
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Here is how the instructions look like. We only give their 

basic schemes. First realize that expansion to the present top is 

entirely on A-input, only 6to p checks input. Therefore 

6(state, A, [q; ~a ]) = {(state, [r; ~a]) I r ~ 6a(q, A)} t2 

{(state, ~) I ~rCFa r c 6a( q, A)} 

{(state, [r; OZa] [qb; %]) I b e Z and r c 6a( q, b)} 

{(state, ~[qb;~b]) I b e 7 and ~rCFa r E 6a(q,b)}. 

Note that we may or may not stop in a final state when generating a 

word of T (a). When the preset maximum (which actually stands for 

how far we iterate) is reached, then ~top(State, b, [q; %]) = 

{(state, [r; 6~a]) I r c ~a(q, b)} 

{(state, #) I 3re F r ~ 6a( q, b)} 
a 

and the obvious rules on A-input for traversing possible 

A-transitions. Successful termination now is actually on empty 

store but as standard we may non-deterministically send the machine 

in a final state at the same time. 

The formal proof of the reverse is tedious but follows the 

same lines as the restricted case worked out in detail in [55]. Here 

we give the basic type of constructs. 

Let ~q = <Q, Z, F, ~, ~top' q0' Z0, F> be a preset pda 

recognizing L. The iterated (regular) substitution T for L 

will have basic symbols of the form 

[~, A, B, q] (p, q e Q, A e F, B e F u {~}) 

with the following semantics. 

[p, A, B, q] (B £ F): when in state p with A under the 

pointer, (after a local move) it will write B and move 

upwards, later returning in state q (which will then 

continue on the B) 

(p, A, ~, q] : similarly, but (after a local move) 

it will empty the location and move upwards, later 



184 

sweeping down in state q. 

Thus "variables" will represent recursions. The "terminal" 

symbols will actually be coded as a, and later finish with the 

well-known cycle a ÷ a + ~ (where ~ ÷ ~ and ~ outside the 

terminal range) to enforce synchronous termination. There is a 

problem there when subsequent expansions and 6top-instructions are 

on A-input, which in the iteration would be an untimely termination 

of that branch. However, the hyper-algebraic extension of regular 

languages is closed under arbitrary homomorphisms (from a more 

general result in [57]), and we may as well let the machine read $ 

instead of l all the time and erase it later from the language. 

Replacement rules become 

[p, A, B, q] ÷ {wq[Pl, A I, B I, ql]w2 ... wk[Pk , A k, 4, q]} I 

starting in state p with A on the stack ~ will do 

a (local) computation on Wl input and recur in state 

Pl writing BA 1 on the stack, then all possible strings 

w i for local computation from qi-i on Bi_ 1 leading 

to Pi with A i on the stack (note the final return 

state)} u 

{wI[Pl , A I, B 1, ql]w2 ..- wk[Pk , A k, B k, qk]W--k+l I 

similarly, but now Wk+ 1 also inducing a local compu- 

tation from qk on B k emptying the location and 

returning in state q} v 

{wl[Pl , A I, q] I w I inducing a local computation from p 

on A eventually leading to state Pl and stacking BAI}° 

It is straightforward that the (possibly infinite) set of 

strings by which [p, A, B, q] may be rewritten is a regular 

language. The construction goes through for B = ~ as well. Note 

that by previous assumption now all wi's are ~ X. 

The symbols [p, A, q] represent when ~top has to be used. 
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The rules are 

[p, A, q] ÷ {w I (unbarred this time) w induces a local 

computation with 6top from p and A finally emptying 

the location and returning in state q (w is M ~ by 

assumption)} 

With appropriate start rules (a presetting 1 is to be treated 

separately, but there is closure under union) the generated iteration- 

language is exactly L. 

It follows that preset pda languages form an AFL (even a full 

AFL). Later we will see when or when not you get an AFL with the 

restricted preset pda-models. 

COROLLARY. Preset pda languages are indexed, and (hence) strictly 

included in the context-sensitive languages. (see [56]) 

4. DETERMINISTIC PRESET PDA'S 

As opposed to classical machine-models this time it is not 

immediately clear when a preset pda should be called deterministic. 

Obviously 6 and 6to p have to yield applicable instructions 

unambiguously and should be chosen as for deterministic pda's, i.e., 

with regards to the present modifications. But what about presetting? 

It can be shown that as far as computational power is concerned, the 

stack in preset pda's need never grow more than linear in the length 

of input strings and that would reasonably limit choices when we 

were to preset the stack functionally in the input (in global theory 

it may be different). We will argue that another form of 

"determinism" is more useful here, but illustrate it with an example 

first. 

Example. A preset pda for L = {ww R I w e Z } would operate 
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as follows. It copies input in the stack until the presetting is 

reached, then with 6top it changes mode and removes symbols from 

the stack while checking against input. 

It is important to observe that for any word ww R c L there 

can be only one presetting of the given machine which would lead to 
2 

acceptance. In fact, the machine for {a n I n > i} designed before 

had the same feature and was structurallystrong enough to "enforce" 

the appropriate presetting of the stack. 

Definition. L is called a weakly deterministic preset pda language 

if there is a preset pda ~ with deterministic 6 and 6to P 
* 

accepting L such that ~weL ~ ! n (q0' w' Z0' n) ~-- (q, l, 7, n) 

for some q E F, with the preset maximum location reached at least 

once. 

All deterministic context-free languages are weakly deter- 

ministic preset pda, but we get many more. 

The next result is a generalization of a classical theorem on 

deterministic pda's. 

THEOREM. The family of weakly deterministic preset pda languages 

is closed under complementation. 

The main step in the proof is to eliminate non-terminating 

computations on l-input at r~un-time (there can be no pre-calculation 

as is the classical proof for ordinary deterministic pda's). Tables 

stored in all locations to record past symbol-state configurations at 

that location are used to check for periodicities. 
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5. LOCALLY FINITENESS AND FINITE RETURNING 

Returning to the original motivation, preset pda's as formalized 

so far may not yet be what computer scientists would call "practical". 

Further restrictions that are necessary were extensively discussed 

in [55], and basically relate to the original idea that in the stack- 

locations procedure-bodies would be stored. Implementation leads to 

bounds on size and, in slightly informal terminology, we would like 

preset pda's to have the following properties: 

locall~ finiteness - a fixed bound on the length of local 

computations, i.e., with non-moving pointer. 

finite returnin 9 - a fixed bound on how many recursions there 

can be from a base-location. 

Here is the relation to developmental systems. 

THEOREM. The family of languages defined by locally finite preset 

pda's which have the finite return property coincides with the 

family CROL (or EOL). 

The proof is in [55] but follows the same lines as the general 

result in section 3. 

This representation for CROL-languages is very powerful, and of 

interest also from a schematologist's point of view. 

Finite returning imposed alone would permit machines to do 

arbitrary long calculations on the same location. 

THEOREM. (Representation theorem) L can be accepted with a preset 

pda that has the finite return property if and only if there is a 

l-free regular substitution T and a language L' e CROL such that 

L = T(L'). 
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The virtue of this theorem, that it directly uses the machine- 

representation and the previous result, contrasts with more abstract 

approaches. 

In particular, the following results can now be derived very 

easily. They were independently also given in [7] in an entirely 

different approach. 

THEOREM. The least AFL enclosing CROL at the same time is the least 

such full AFL. 

THEOREM. (Representation theorem) L belongs to the least full AFL 

enclosing CROL if and only if L = T(L') for some L' e CROL and 

A-free regular substitution T. 

The results were found through the machine-approach. 
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The purpose of this paper is to demonstrate that recurrence 

systems provide a useful approach to the theory of developmental 

systems and languages. The demonstration is done by providing a sim- 

ple proof of the important theorem of Ehrenfeucht and Rozenberg on the 

equivalence of the family of E0L languages with the family of images 

under coding of 0L languages. 

i. Introduction. 

Recurrence systems have already been introduced elsewhere [42, 

alternatively see 45], and we are not going to repeat the detailed 

biological motivation behind the definition. Our purpose in this 

paper is to demonstrate the usefulness of recurrence systems as a 

tool for simplifying the proofs of mathematical theorems concerning 

developmental languages. By the way of demonstration we shall provide 

an alternative proof of an important theorem of Ehrenfeucht and 

Rozenberg [20]. We begin with a discussion of the Ehrenfeucht and 

Rozenberg theorem and its significance. 

E0L languages were introduced in [35], as those languages which 

are the intersections of 0L languages and 4*, for some alphabet 4. 

This corresponds to introducing the notion of a "terminal alphabet" 

into L system theory. E0L languages were found mathematically 

tractable and interesting and have been discussed in a number of 

other papers. In particular, it was shown in [39] that E0L languages 

are a natural extension of ALGOL-like languages. 
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Although such theorems are interesting from a mathematical 

point of view, their biological significance is not inherent in their 

statements, but are a consequence of the Ehrenfeucht and Rozenberg 

theorem. This is because, even though 0L languages are well moti- 

vated from a biological point of view and the creation of a language 
, 

from another language by intersection with ~ is a standard pro- 

cedure in formal language theory, the intersection of a 0L language 
, 

with ~ does not seem to make any biological sense. After all, why 

should we exclude certain developmental stages from the language of 

an organism just because of the appearance of certain cellular states? 

The answer is provided by the following discussion. 

Clearly, the experimental verification of our developmental 

systems should inlcude, among other features, the identification of 

the individual cellular states (corresponding to the symbols of the 

alphabet) which occur in the model. In some cases, no morphological 

or biochemical distinction can be made among the cells in the course 

of development, and thus only the temporal and spatial distribution 

of the cell divisions can be tested against observations. In other 

cases, there are irreversibly differentiated cells in the organism, 

and the spatio-temporal occurrences of such cells can be ascertained 

and compared with those given by the model. It should be the goal of 

developmental studies that eventually all cellular states, not only 

the irreversibly differentiated ones, postulated by the models should 

also be experimentally distinguishable. The goal is however very far 

from being realized, and in the meantime we must ask the question: 

what class of developmental systems (class of 0L systems, for instance) 

will satisfy a certain observed distribution of cell divisions and of 

differentiated cells? This problem can also be phrased in the follow- 

ing way. Our observations provide us with "images" of the actual 

developmental sequences. We are trying to find the class of develop- 
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mental systems which generates a sequence whose "image" is the 

observed developmental sequence. 

For example, in a description of the development of a compound 

branching pattern in [42] we denoted each cell by c, i.e., we made 

no distinction between cells in different states. Even though it is 

quite possibl~ that experimental observations do not provide us a 

method by which we can distinguish states, it is clearly reasonable 

to postulate the existence of different states when trying to explain 

the development. We have therefore proposed a 0L system with ten 

different possible cell states. This system is sufficient to explain 

the observed development, inasmuch that if we replace each digit in 

the sequence generated by the system by c,then we get exactly the 

observed sequence. We can formalize this as follows. 

Definition. A coding of an alphabet Z into an alphabet A 

is a homomorphism which maps a single letter of Z into a single 

letter of A. 

Our discussion above can now be restated as follows. Due to 

our lack of ability to distinguish always cells in different states, 

when presented with a language L describing an organism as observed, 

we should look not only for systems which generate L, but also for 

systems which generate a language K such that L is the image of K 

under a coding. In particular, the family of all languages which are 

images of 0L languages under coding is in some sense biologically 

more important than the family of 0L languages. 

A major justification for studying E0L languages is provided 

by the following result of Ehrenfeucht and Rozenberg [20]. 

Theorem. A language is an E0L language if, and only if, it is 

the image of a 0L language under some coding. 
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This is the theorem we are going to prove using recurrence 

systems. 

2. Definition of basic recurrence systems. 

For our proof we do not need the full generality of recurrence 

systems. We therefore define a more restricted concept which we call 

a basic recurrence system. 

where 

Definition. A basic recurrence system (BR system) is a 5-tuple 

S = <Z, ~, A, F, ~>, 

(i) Z is a finite non-empty set of symbols (the alphabet), 

(2) ~ is a finite non-empty set (the index set), 

(3) A is a function, associating with each x e ~ a finite 

set A(x) (of axioms) such that A(x) C Z +, 

(4) F is a function, associating with each x c ~ a finite 

non-empty set F(x) (of recurrence formulas) such that F(x)c ~+, 

(5) ~ e ~ (the distinguished index). 

L x,y 

For any 

(S) as follows. 

x e ~ and for any positive integer y, we define 

Lx,I(S) = A(x). 

If y > i, 

L (S) = ~_J 
x,y kl'''k f c F(x) 

Lk l,y-I (S) - - -Lkf,y_l (S). 

Then 

L(S) = 0 L y=l ~,y(S) 

is said to be the language generated by S. A language which is gen- 

erated by a BR system, is said to be a BR language. 
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(In the terminology of [42], a BR system is a A-free depth 1 

recurrence system in which the recurrence formulas do not contain 

constants. ) 

Example. Let S = <{a, b}, {i, 2, 3, 4, 5}, A, F, i>, where 

A(1) = A(2) = A(3) = @, A(4) = {a}, A(5) = {b}, 

F(1) = {35, 45}, 

F(2) = {2}, 

F(3) = {22, 33, 44}, 

F(4) = {2}, 

F(5) = {i}. 

The following are the top four lines of a semi-infinite table 

which gives the values of L (S). 
x,y 

1 2 3 4 5 

1 ~ ~ ~ a b 

2 ab ~ aa ~ 

3 ~ ~ aaaa ~ ab 

4 aaaaab aaaaaaaa 

where 

It is easy to prove by induction that L(S) = {af(n)b I n > i}, 

f(n) = (22n - 1)/3. 

Definition. A BR system S = <Z, ~, A, F, ~> is said to be 

~-free if and only if, for all x e ~, A(x) # ~. In such a case 

L(S) is said to be a ~-free BR language. 

The example given above is not a ~-free BR system. However 

the language can be generated by a ~-free BR system as will be shown 

in the next section. The more complicated BR system S will be used 

below to demonstrate our results. 
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3. Some results on basic recurrence systems. 

Lemma i. If F is a finite set of non-empty strings over an 

alphabet Z0' d is a non negative integer, and, for 1 ~ i ~ d, 

S i = <Zi,d~i , A i, F i, ~i > is a ~-free BR system, such that 

L = F U ~L(Si) ~ @, then L is a ~-free BR language. 
i=l 

Proof. If L is not empty we can assume without loss of 

generality that F is not empty. We may also assume that the ~i's 

are pairwise disjoint, for 1 < i < d. We are now going to construct 

a #-free BR system S = <Z, ~, A, F, w> such that L = L(S). 

~= i~=dOZi . 

¢ 
= ~J a i U {~}, where w ~ a i- 

i=l i=l 

A(~) = F, A(x) = Ai(x) if x e ~i" 

F(~) = {~, e I ..... ~d }, F(x) = Fi(x) if x e ~i" 

It is easy to see that S is a ~-free BR system. 

shown by induction that 

L , I ( S )  = F, 

and, for all y > l, 

Y0 1 d 
L ,y(S) = F Q ~ L (S i) 

z=li=l ~i 'z 

It can be 

Therefore, 

L(S) = y~--l= L ,y 

d 
(S) = F L] ~J L(S i) = L. 

i=l 

Note that the proof of Lemma 1 is constructive. 

Lemma 2. Every BR language is a ~-free BR language. 

Proof. If L is a BR language, then there exists a BR system 

S = <Z, ~, A, F, ~> such that L = L(S). 
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For y > i, we define 

E(y) = {x I LX,y(S) = @}. 

It is easy to see from the definition of L that if 
x,y 

E(y l) = E(y 2), then E(y I + i) = E(y 2 + i). Also, since E(y) C ~, 

there must be a Yl and Y2 such that E(y I) = E(y 2) , and Yl M Y2" 

Let p and q be the smallest positive integers such that 

p < q and E(p) = E(q). Let d = q- p. 
~i d-i 

L(S) = L ,y(S) tJ ~ ( 0 L~,p+i+zd(S))- 
y=1 £=0 z=0 

In view of Lemma i, it is sufficient to show that for 

0 _< i < d - i, L i = t L~,p+i+zd(S) is either @ or is a @-free 
z=0 

BR language. We shall do this by constructing a @-free BR system 

S i such that if L i ~ @, then L i = L(S i)- 

S i = <Z, ~ - E(p + i), Ai, Fi, ~>, where, for x c ~ - E(p + i), 

A i (x) = Lx,p+ i (S) , and F i (x) is defined as follows. 

Since F is a finite substitution of elements of ~ by non- 

empty finite sets of strings over ~, for any positive integer k, 

F k is well defined and is a finite substitution of the same kind. 

Thus, in particular, Fd(x) C ~+ for any x in ~+. We define, 

for 0 < i < d - i, x e ~ - E(p + i), Fi(x) = Fd(x)/3 (~ - E(p + i)) +. 

In order to show that S i is a #-free BR system all we need 

to show is that for all x ~ ~ - E(p + i), A i (x) is not empty and 

F i (x) is not empty. The former is obvious from the definition of 

E(p + i). To see the latter, all we have to show is that for all 

x £ ~ - E(p + i), Fd(x) contains at least one string over 

- E(p + i). But if this was not the case we would have 

Lx,q+i(S) = kl...kf~ F ~  d(x) LkI'P+i(S) "'" Lkf 'p+i(S) = ~' contradic- 

ting the fact that x ~ E(p + i) = E(q + i). 
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EaCh of the S i is therefore a f-free BR system. It is now 

easy to show by induction that for all z > 0 we have that, for all 

x ~ ~ - E(p + i), 

Lx,p+i+zd(S) = Lx,z+I(Si). 

In particular, 

° © 
Li = z--~0= L~'p+i+zd(S) = z=0 Lx'z+I(Si) = L(Si)" 

This completes the proof of our lemma. We note that the proof 

is constructive, given a BR system S, we can effectively produce a 

finite set F, a positive integer d and f-free BR systems 

S~u, ..., Sd_ 1 such that 

U L(S) = F t) L(Si). 
i=0 

From these we can use the construction of Lemma 1 to produce a f-free 

BR system S' such that L(S) = L(S'). 

We demonstrate this on the example of the last section. 

E(1) = {i, 2, 3}, E(2) = (2, 4, 5}, E(3) = {1, 2, 4}, E(4) = {2, 4, ~5}. 

Thus, p = 2, q = 4 and d = 2. F = L ,I(S) = @. 

L 0 = 0 L~,2+zd(S) = L(S 0) , where S O will be defined below. 
z=0 

L 1 = ~ L ,3+zd = @. Hence L(S) = L(S0). where S 0 = <{a, b}, 
z=0 

{i, 3}, A 0, F 0, I>, where A0(1) = {ab}, A0(3) = {aa}, F0(1) = {331} 

and F0(3) = {3333}. The semi-infinite table associated with S O 

begins with 
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1 ab aa 

2 aaaaab aaaaaaaa 

3 a21b a 32 

4 a85b a 128 

In the case of! this example we did not have to make use of the con- 

struction of Lemma i. 

Those familiar with the definition of recurrence systems [42, 

or 45], will appreciate the following consequence of Lemma 2. 

corol!ax ~. Every recurrence language is a ~-free recurrence 

language. 

Lemma 3. Every #-free BR language is the image of a 0L 

language under some coding. 

Proof. If L is a ~-free BR language, then there exists a 

~-free BR system S = <Z, ~, A, F, ~> such that L = L(S). We 

define a 0L system G = <4, P, a> as follows. 

= ~ x Z ~ ~--~ ~{S I, S 2 .... , Sk}, where k is a positive 

integer such that there is a word of L of length k. (By our 

definition of a ~-free BR language, there is at least one such 

integer.) 

= SIS 2 ... S k- 

P consists of the following productions. 

S 1 ÷ <~, al><~, a2> ... <~, at>, for all a I, a 2, ..., a t 

in Z such that ala 2 ... a t e A(~). 
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S i ÷ A, for 2 <_ i _< k. 

<x, a> + y, for all x e ~, a e 7. and y e f(F(x)), 

where f is a finite substitution which associates 

with every z e ~ the set of all strings 

<z, al><Z, a2> ... <z, at>, where al, a2, ..., a t 

are in T and a I a 2 ... a t e A(z). 

<x, a> ÷ A, for all x e ~ and a c 7. 

Let a I a 2 ... a k be a word of length k in L. Let h be 

the coding defined by 

h(S i) = ai, for 1 <_ i <_ k, 

h(<x, a>) = h(<x, a>) = a, for all x E ~ and a e 7.. 

We claim that L(S) = h(L(G)). This claim has a reasonably 

standard inductive proof and is therefore omitted. (See for example 

the proofs of Lemmas 2 and 3 in [39].) Instead, we demonstrate our 

claim on the BR system S O , which is described following Lemma 2. 

In this case A = {<i, a>, <3, a>, <i, b>, <3, b>, <l, a>, 

<3, a>, <-I~, ~, b>, S l, S 2} and a = SIS 2. P has the following 

productions : 

S 1 ÷ <l-T~--_-_-_-_-_-_~g<l, b> 

S2÷ A 

<i, a> + <3, a><3, a><3, a><3, a><l-i~-~<l, b> 

<l, b> ÷ <3, a><3, a><3, a><3, a><l, a><l, b> 

<3, a> ÷ <3, a><3, a><3, a><3, a><3, a><3, a><3, a><3, a> 

÷ ~ < 3 ,  a><3, a><3, a><3, a><3, a><-3, a><3, a> 

<x, u> ÷ A for x ~ {1, 3} and u e {a, b}. 

A derivation in G = <&, P, ~> looks as follows: 

sis 2 

<l, a><l, b> 

<3, a><3, a><3, a><3, a>< ,~<I, b> 

(<3, a><3, a>)4(<3, a><3, a>)4(< ,~<3, a>) 2 <l-~--~<l, b> 



If the coding h 

(h(S I) = a, h(S 2) = b) 
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is now applied to this derivation 

we get the following strings 

ab 

ab 

aaaaab 

a21b 

4. Proof of the Ehrenfeucht-Rozenber~ Theorem. 

It has been proved in [42, Corollary 7], that the image of a 

0L language under any homomorphism (and hence under any coding) is 

an E0L language. We are now going to prove the converse. 

Using the results of [42] (especially Theorem 7 and Corollary 3) 

it is easy to show that for every E0L language L there exists a 

BR system S, such that L(S) = L - {A}. By Lemma 2, L - {A} is 

a ~-free BR language and hence, by Lemma 3, it is the image of a 

0L language under some coding. Hence L, which is either L - {A}, 

or (L - {A}) ~ {A} is also the image of a 0L language under some 

coding. 

This completes the proof of the theorem. We note that it can 

easily be made constructive. 

It should also be pointed out that even though we have shown 

that for every E0L language L there is a 0L system G such that 

L = h(L(G)) for some coding h, the G we have produced during the 

proof (see proof of Lemma 3) is biologically somewhat undesirable. 

It has the property that in every step a cell either dies or divides 

into (usually) many cells, most of which (usually) die in the next 

step. The same criticism applies to the original Ehrenfeucht and 

Rozenberg proof of their theorem (see [20]). It would be interesting 

to see whether or not a similar theorem would still be valid regarding 

a biologically reasonable restriction of 0L systems. 
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5. Conclusion. 

Recurrence systems provide us with a powerful tool for proving 

theorems about developmental systems and languages. 
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Introduction 

The concept of an L system was first introduced by Lindenmayer 

[59, 60] as "a theoretical framework within which intercellular 

relationships can be discussed, computed, and compared". The concept 

has proved to be a fruitful one, and has opened up a new area of 

interdisciplinary research. Much of the work to date on L systems 

is reported in Herman and Rozenberg [45]. The motivation for the 

present paper is the thought that, since L systems are proving so 

useful as a framework for studying biological growth and development, 

perhaps they can also be used to study the ways in which organisms 

achieve and maintain relatively stable adult states. Thus while the 

emphasis in work on L systems to date has been on all the strings 

derivable from an initial string, we shall focus in this paper on 

just ~%ose strings which renew themselves dynamically once they have 

been derived. 

Notation 

We write l for the empty string, lul for the length of a 

string a (e.g. Ill = 0), and #V for the number of elements in a 

set V. If u is a string we write the set of symbols occurring in 

a as sym ~, e.g. sym abbac = {a, b, c}. If L is a set of strings 

we write sym L for ~ sym u. We write the number of occurrences of 

the symbol a in a string ~ as #a(U), e.g. #a(abbac) = 2. 
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We abbreviate context free grammar, context sensitive grammar, 

linear bounded automaton, and Turing machine as CFG, CSG, LBA and TM 

respectively. We require that if e + 6 is a production of a CSG 

then l el <_ 161- We write the classes of context free, context sen- 

sitive languages not containing l, and recursively enumerable lan- 

guages as L(CF), L(CS) and L(RE) respectively. Otherwise we use the 

notation of Hopcroft and Ullman % for phrase structure grammars. 

If 6 is a mapping from a set of strings into a set of sets 

of strings, we say that 60(e) = {~}, and for each i > 0 

6 i+l(~) = 66 i(~). We say that 6"(~) = 0 6 i(~). 
i=0 

Definitions 

A 0L system is a 3-tuple H = <V, 6, S> where V is an alpha- 

bet, S e V and 6 is a mapping from V into the finite subsets of 

V defined as follows. There is a table Q of productions 

Q ~V x V such that for each b e V there is a 6 e V such that 

<b, 6> e Q. 6(I) = {I} and for ~ = al...a n, 6(e) = Q(a I) ...Q(an). 

If for each production <b, 8> e Q 6 ~ i we say that H is a 

propagating 0L system, or P0L system for short. 

A 2L system is a 4-tuple H = <V, 6, g, S> where V and S 

are as in a 0L system, g is a symbol not in V, and 6 is a mapping 

from V into the finite subsets of V defined as follows. There 

VgVVg , = is a table Q of productions Q C x V where Vg V U {g} 

such that for each abc e V VV there is a 6 ~ V such that 
g g 

<abc, 6> e Q. 6(1) = {l}, and for ~ = al...an, 6(~) = Q(a0ala2 ) ... 

Q(a4_la4a4+ l ) J  J J ... Q(an_lanan+ I) where a 0 and an+ 1 stand for g. 

% Hopcroft, J. E., J. D. Ullman, Formal Languages and their 
Relation to Automata, Addison-Wesley, Reading,Mass., 1969. From now 
on we refer to this book simply as H & U. 
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If for each production <abc, 8> e Q 8 @ I we say that H is a 

P2L system. 

If H is an L system with mapping 6 and initial symbol S, 

. 

we define the adu!t language of H as A(H) = {e e 6 (S) 1 6(e) = {e}}. 

Phrase Structure Grammars 

We now summarize some results about phrase structure grammars 

which we shall need later. 

We follow Aho and Ullman + in saying that a CFG 

G = <VN, V T, P, S> is Proper if 

(i) for each A e V N it is not the case that A ~> A, 

(ii) either P has no productions of the form A ~ I, or 

S ÷ i is the only such production and S never appears on the right 

of a production, and 

(iii) for each B e V N there exist ~, 8, 7 £ V T such that 
• , 

S => ~By => e~y. 

The following result is obtainable by algorithms 2.8-2.11 of Aho and 

Ullman % . 

Lemma 1 There exists an algorithm which takes as input any 

CFG G and produces as output a proper CFG G' such that 

L(G) = L(G'). 

Lemma 2 There exists an algorithm which takes as input any 

grammar G and produces as output a grammar G' such that 

(i) if ~'+ B' is a production of G' then I 'I e {i, 2}, 

(ii) if U' + I is a production of G', then Ie'l = i, 

% Aho, A. V., J. D. Ullman, The Theor[ of Parsing, Translating and 
Compilin_gg, volume I, Prentice Hall, Englewood Cliffs, 1972. 
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(iii) if G is a CSG then so is G' and 

(iv) L(G) = L(G'). 

Proof Let G = <VN, V T, P, S> be a grammar. It is easy to 

see that we lose no generality by assuming that if e ~ I then 

I~I = i. Then to construct G' = <V~, VT, Q, S>, place each produc- 

tion in P having a left side of length i or 2 directly in Q. 

For each production AI...A m ~ BI...B n where Ai, Bj e (V N ~ V T) 

and m ~ 3, Q contains AIA 2 ÷ BIC2, Z + I, and in addition 

(i) CiAi+ 1 ÷ BiCi+ 1 (2 ~ i ~ m - 2) and 

Cm_IA m ÷ Bm_l...Bn, if m ~ n; 

(ii) CiAi+ 1 ÷ BiCi+ 1 (2 ~ i ~ n - i) and 

CnA m ÷ BnZ, if m = n + i; 

(iii)CiAi+ 1 + BiCi+ 1 (2 ~ i ! n), 

CiAi+ 1 ÷ ZCi+ 1 (n < i ~ m - 2), and 

Cm_iAm ÷ Z, if m ~ n + 2. 

In this construction the Ci's are new symbols, and if productions 

.'s in PI' P2 e P give rise to subsets QI' Q2 of Q, then the C z 

Q1 and Q2 are distinct. 

It is straightforward to check that our construction has the 

required properties. 

Adult Languages of 0L Systems 

In order to characterize the adult languages of 0L systems, 

we first derive a property of the productions which must hold in 

order for a string to map only into itself. Note that it is not 

necessarily the case that a ~ a for each letter in such a string• 

e.g. if a + ab, b ~ c and c ÷ ~, then ~(abc) = {abc}. (When 

6(~) = {B} we shall write simply 6(~) = B.) 
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Lemma 3 If H = <V, 6, S> is a 0L system, Z = sym A(H), and 

e 
m = #7., then for each a e 7. there is a unique 8 e 7. such that 

6*6m(a)  = g .  

Proof 

i. For each a ~ Z, #6 (a) = 1 and 6 (a) c Z : if a E 

then there exist el' ~2 e Z such that 6(elae 2) = elaa2 = 

6 (~i) 8 (a) 8 (~2) . 

2. If a e Z then #a6(a) e {0, i}: if a ~ Z then there 

exist el' ~2 e Z such that 6(~la~ 2) = ulae2 = 8(~I)8(a)6(~2). 

6i(elae2 ) > k i for each i > 0 Since Hence if #a ~(a) = k then #a - - " 
* 

6 (~lau2) = alau2 and #a(elae2) < lulau21 it is obvious that we 

must have k < i. 

3. If a e Z and #aS(a) = 0 then ~m(a) = l: suppose that 

for all i > 0, 6 i(a) # I. Since a e x we have a ¢ sym T for some 

7 such that 6(y) = Y. Since #a 6 (a) = 0, we can write either 
* 

(i) Y = u6(a) v a w for some u, v, w ¢ Z , or (ii) Y = uavS(a)w 
* 

for some u, v, w £ 7. . Hence,since 6 (Y) = Y we can show that 

16i(T) I >_ 160(a)...6i(a)l for each i >_ 0. But then 161YI (y) I >_ 

160(a) ---61YI (a) l > IYI, a contradiction since 6 IYI (7) = Y. So it 

must be the case that for some i > 0, 8i(a) = ~. From this it is 

easy to show by path length arguments that 6m(a) = ~. 

4. For each a e 7 such that #aS(a) = i, there is a unique 

7.+ 8 e such that 6*6m(a) = ~: since #a6(a) = 1 we can write 

8(a) = ~a~ for some ~, ~ e (~ - {a})* If 6i(a~) ~ ~ for all 

i > 0 then it is easy to see that for any £ there exists a j such 

that 16J(a) I > £, which is impossible since a occurs in a string 

y such that 6(y) = 7. So there is an i such that ~i(u~) = X, 

and hence by 3. we have that ~m(u~) = ~. Let r, s be the greatest 

integers less than or equal m such that ~r(u) ~ ~, 6r+l(~) = ~, 
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6s(~) # A, and 6 s+l(~) = ~. Then it is easy to see that if we write 

8 = 6r(~) ... 60(~)a~0(~) ... 6s(~) then 6*~m(a) = B. The lemma 

now follows from 2, 3, and 4. • 

We shall need to know how to find sym A(H) for any 0L system H. 

Lemma 4 There exists an algorithm which takes as input any 

0L system H and produces as output the set sym A(H). 

Proof Let H = <V, 8, S> be a 0L system, and let 

= sym A(H), m = #Z, and n = #V. Let L = {~ e 6i(s) I i ~ 2n+ m, 

6(~) = ~}. We claim that ~ = sym L. 

Obviously sym L C Z. Suppose b E Z. Then there is an 

£ A(H) such that b e sym u. So e e ~ (S) ~ {u I 6(u) = u}. 

Hence there exists an i > 0 such that u e ~i(s) and u E 6i+m(S). 

But it is easy to check that if ~ ~ ~i(s), there exists an 

~ ~2n(s) such that sym e = sym ~. Hence by Lemma 3 there exists 

an ~ e 6m(~) such that sym ~ = sym u and 6(~) = ~. So ~ e L 

and hence b £ sym L. • 

We can use the last two lemmas to put any 0L system in a form 

in which 6(a) = a for each letter a which occurs in the adult 

language. 

Lemma 5 There exists an algorithm which takes as input any 

0L system G and produces as output a 0L system H such that 

A(G) = A(H) and for each a ~ sym A(H), ~H(a) = a. 

Proof Let G = <V, 6 G, S> be a 0L system. Let 

7 G = sym A(G) , and let m = #ZG" 
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If Z G = @ then we are done, so suppose 7 G # ~. Let 

H = <V, ~H' S> be a 0L system constructed from G as follows. 
* 

Define a mapping 0: V ÷ V by 

[ a, if a e V - Z G 
%(a) [ 

6G(a), if a £ ZG, 

extend 0 to domain V by e(X) = I and 0(as) = 0(a)8(u), and 
* 

further to domain 2 v in the obvious manner. Then define 

6H: V * 2 v by 
t 

186G(a), if a £ V - 7 G 

6H(a) [ a, if a e Z G. 

By lemmas 3 and 4, H is well-defined. We claim that A(G) = A(H). 

i. For every t > 0 and 8 e V , 8 £ ~ (S) iff there 

• t 
exists an a £ V such that u e 6G(S) and 0(a) = 8: this is 

straightforward to prove by induction on t. 

2. A(G) C A(H): Let ~ = a l...a n e A(G). Then aj c Z G. 

Let 6G(a. ) = ~m+l 3 v G (aj) = 8j. Since 6G(~) = e, we have BI...8 n = ~, 
* 

and so 0(~) = 81...8 n = a. Since e e 6G(S) we have from i. that 
• * * 

0(~) e 6H(S). But 0(u) = ~, so u e 6H(S). Also, since ~ ~ 7 G it 

follows from the construction of 6 H that 6H(U) = ~. Hence 

e A(H). 
* 

3. A(H) C A(G): Let 8 e A(H). Then 8 e 6H(S). So it fol- 
* 

lows from I. that there exists an u such that ~ e ~G(S) and 

8(u) = 8. Let a = U0Alel...~n_iAnen, where uj £ ZG' Aj e (V - 7~ G), 

and n >_ 0. Since ~j £ Z G it follows from Lemma 3 that there is a 

• m ~m+l 
8j £ 7 G such that 6G(aj ) = -G (ej) = 8j. It follows from this and 

the ~efinition of 0 that 8(a) = 80AlSl...Sn_iAn8 n. Since 
* 

89 e ZG' we have from the construction of 6H that 6H(8 j) = 8j. 

Since 8 e A(H), we have 6H(8) = 8- Since 6H(8) = 8 and 6H(8 j) = 

89 it is clear that 6H(A j) = Aj. Since Aj ~ ZG' if yj e 6G(A 9) 
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then 8(yj) E 6H(Aj), and so 8(yj) = Aj. But this is only possible 

if yj = Aj. Hence 6G(A j) = Aj. Now since 6G(8 j) = 8j and 

8 = 8(a) = 8oAlSl...Sn_iAn8 n, we have ~G(8) = 8. Moreover, since 

m 
6~(~j) = Sj and 6G(Aj) = Aj, we have 6 (~) = 8. Hence 8 = 6G(8) 

6 (~) c 6G(S), and so 8 e A(G). 

2. and 3. together establish our claim that A(H) = A(G). [] 

we shall use Lemmas 4 and 5 to characterize the class A(0L) of 

adult languages of 0L systems. First we need the following notation. 

If G = <VN, V T, P, S> is a CFG with V N U V T = V we define a 

mapping ~G: V ÷ 2 v by 
t 

I a, if a e V T 

~G (a) [ {8 1 a ~ 8} if a e V N, 

and we extend ~G to domain V by ~G(1) = i and ~G(a~)= 

~G(a)~G(~). It is easy to check that L(G) = ~G(S) ~V T. 

Lemma 6 There exists an algorithm which takes as input any 

0L system H and produces as output a CFG G such that A(H) = L(G). 

Proof Let H = <V, 6H, S> be a 0L system, let Z = sym A(H), 

and assume without loss of generality that S £ V - Z. By Lemma 5 we 

may also assume that for each a e ~, 6H(a) = a. Let G = <V - Z, 7., 

P, S> be a CFG constructed from H, where P = {A + ~ I A e V - Z and 

E 6H(A)}. By Lemma 4 we can compute Z from H, so our construc- 

tion is effective. 

Now it is easy to check from our construction that for each 

i G * * * * i >_ 0, 6H(S) = ~ (S). Hence 6H(S) = ~G(S). So 6H(S) ~ ~ = 

~G(S) /~ 7 . But since 6H(a) = a for each a e Z, it is easy to see 

that A(H) = 6H(S) ~ Z , and it is a property of our notation ~G that 

L(G) = ~G(S) ~ 7 , hence A(H) = L(G). [] 
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We can prove the converse of Lemma 6. 

Lemma 7 There exists an algorithm which takes as input any 

CFG G and produces as output a 0L system H such that L(G) = A(H). 

Proof 

assume that G 

Let G = <VN, VT, P, S> be a CFG. By Lemma 1 we may 

is proper. Let H = <V, 6H; S> be constructed from 

G by V = V N U V T, and 

{ {~ I a ~ ~ }, if a ~ V N 

6H(a) = 
a, if a e V T 

Clearly the construction is effective, and since G 

6: V ~ 2 v is everywhere defined, so H is a 0L system. 

is proper 

It follows from our construction that for each i > 0, 

i * * 
(S) = 6H(S). Hence ~G(S) = 6H(S). Now it follows from the fact 

that G is proper that ~G(~) = e iff ~ e V T. Hence from our 

construction, 6H(~) = ~ iff e e V T. So A(H) = {~ e 6H(S) I 6H(~) = 

~} = 6H(S) ~ V T. Hence from the property L(G) = ~G(S) ~ V T of 

our notation ~G' we have A(H) = L(G). • 

We can now characterize the class A(0L) of adult languages of 

0L systems in terms of the class L(CF) of context free languages. 

Theorem 1 A(0L) = L(CF). 

Proof Immediate from Lemmas 6 and 7. • 

Let us say of two classes Ll and i 2 of languages that 

Ll ~ L2 if {L U {~} I L £ i I} = {L U (%} I L ~ L2}. Then we have 

the following result for propagating 0L systems. 
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Theorem 2 A(POL) ~ L(CF). 

Proof By Lemma 6, we have A(POL) C L(CF). Suppose L C L(CF). 

Then there is a proper CFG such that L = L(G). It follows from 

Lemma 7 and the construction in its proof that we can construct a P0L 

system H such that (L - {~}) = A(H), i.e. such that L = L(G) = 

A(H) U {4}. • 

Thus we have effective constructions which take us from any 0L 

system to a corresponding CFG, and vice versa. We have also shown 

that the propagating restriction makes little difference for adult 

languages of 0L systems, i.e. A(0L) ~ A(POL). We shall see however 

that the propagating restriction is very important in 2L systems. 

Adult Langua@es of 2L Systems 

We now look at adult languages of 2L systems with and without 

the propagating restriction, and their relationship to the phrase 

structure languages of the Chomsky hierarchy. 

Lemma 8 There exists an algorithm which takes as input any 

grammar G and produces as output a 2L system H such that 

L(G) = A(H). Moreover if G is a CSG, then H is a P2L system. 

Proof Let G = <V N, V T, P, S> be a grammar. By Lamina 2 

we may assume without loss of generality that if ~ ~ 8 then 

lel c {i, 2} and that if a ~ i then lel = i. We shall show how 

to construct from G a 2L system H such that A(H) = L(G). The 

idea behind the construction is as follows. 

Our construction will be such that if S ~> y, where 

. ~ is derivable y = CIC 2. .C n and Y ~ L(G), then a string ClC2...C n 
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in H. The ÷ will then move to the right along the string, allowing 

local rewriting according to the productions of P which have a 

single symbol on the left. When ÷ reaches the right end of the 

string, it changes to ÷. The ~ then moves to the left along the 

string, allowing local rewriting according to the productions of P 

which have two symbols on the left. When ÷ reaches the left end of 

the string, it changes to ÷ or to =>. If the change is to ~, then 

the above process is repeated. If the change is to => then two 

+ then => moves all the things can happen. If the string is in VT, 

way to the right and vanishes, yielding a string in A(H). If the 

string contains a symbol from VN, then => moves as far as that 

symbol F then changes to ÷, and rewriting continues as above. 

Formally, our construction of a 2L system H from the 

grammar G = <VN, V T, P, S> is as follows. 

A) V = V N V V T t) {X}, where X is a symbol not in V N t2 V T- 

V = V U {g}, where g is a symbol not in V. g 
^ 

B) ~, ~, ~> and V are mutually disjoint sets, which are 

individually disjoint from V t) {g}, defined by 

-- {I J A ~ v} 

V>= {X>i A ~ v} 
^ 

V = { [C7] I AB ~ C7 where A, B, C e V and 
* 

7~v} 

c) w:vu~u~u~>u$ 

W = W U {g}. g 
* 

D) Q1 = {LAB ÷ 7 A, B C V, L £ Vg, 7 e V , and A ~ 7 } 
* 

Q2 = {LAg + ~y I A, B, C E V, y E V , and A ~ C7} 

Q3 = {LAg + X L e Vg, A e V, A ~ I} 

Q4 = {L~R ÷ I L, R e Vg} 
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Q5 = {LAB + [Cy] I A, B, C E V, L e Vg, y e V and 

AB ~ Cy} 

Q6 = {L[Cy]B ÷ ~ i B, C, e V, L e Vg, and [Cy] e V} 

Q7 = { [Cy]BR ÷ 7 I B, C e V, R e Vg, and [Cy] e V} 

Q8 = {ABR ~ B I A, B e V and R e Vg} 

Q9 = {LAB ÷ A I L E Vg and A, B e V} 

QI0 = {LBg + 

QII = {LAB ~ I 

QI2 = {ABR ~ B 

QI3 = {gIR ~ ~> 

QI4 = {gIR + I 

QI5 = {L~ + A 

016 = {X~R ÷ B> 

QI7 = {X~R + 

QI8 = {LAR ÷ A 

E) Q = 

yeW 
18 

U o k 
k = l  

L £ Vg and B c V N} 

L £ V and A, B e V} g 

A, B ~ V and R e Vg} 

A e V T and R e Vg} 

A e V and R e Vg} 

L, R e V and A E V} g 

A, B e V T and R E Vg} 

A £ V, B e V N and R e Vg} 

L, R e Wg, A £ W, and there is no 
17 

such that (LAR ÷ y) e k~__ I= Qk } 

F) H = <W, 6, g, S>, where 6 is defined by Q. 

H is a 2L system, since our construction is such that for each 

LAR e WgWWg there exists a 7 e W such that LAR ~ Y. 

From the construction it is straightforward to write out a 

detailed proof that L(G) = A(H). (A full proof is given in Walker%). 

It remains to be shown that if G is a CSG then H is propa- 

gating. Suppose G is a CSG. If Q contains a production of the 

form LAR + I, then by inspection this production is in Q1 U Q4 U 

Q~. But then it follows from the construction that there is a 

T Walker, A. D., Formal Grammars and the Stability of Biological 
Organisms, Ph.D. thesis, Department of Computer Science, State Univer- 
sity of New York at Buffalo, 1974. 
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production (* ~ 8 for which lul > 161, a contradiction. • 

In the next lemmas we shall use the following notation. If 

M is an LBA we denote the language accepted by M as L(M), and if 

T is a TM we denote the language accepted by T as L(T). 

Lemma 9 There exists an algorithm which takes as input any 

P2L system H and produces as output an LBA M such that 

A(H) = L(M). 

Proof Let H = <V, 6, g, S> be a P2L system. Let M be 

an LBA constructed from H to operate as follows. 

The tape of M has three tracks. If a string e is placed 

on the top track of the tape, M decides whether or not ~ £ L(M) in 

the following way. 

(i) M tests whether or not 6(~) = e. If so, M does (ii) 

below. If not, M rejects e and halts. 

(ii) M writes S in the middle track and proceeds, nondeter- 

ministically, to see if e E ~ (S), using the lower track as work- 
, 

space. If M discovers that ~ c 6 (S), then M accepts ~ and 

halts. If, in simulating a derivation S = ~0~ el' "''' ek where 

~k e 6k(s) M finds that lekl > I~I, M rejects ~ and halts. 

From the above description it is a straightforward task to 

write down formally an algorithm which constructs M from H, and 

to show that L(M) = A(H). • 

Lemma 10 There exists an algorithm which takes as input any 

2L system H and produces as output a Turing machine T such that 

A(H) = L(T). 
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Proof is similar to that of Lemma 9, except that in step (ii) 

there is no limit on the length of an intermediate string o k. Hence 

not every computation by T terminates. However, because of the 

way in which L(T) is defined for a Turing machine T, it is the 

case that A(H) = L(T). 

We can now characterize the classes A(P2L) of adult languages 

of P2L systems and A(2L) of adult languages of 2L systems in 

terms of the classes L(CS) of context sensitive languages and L(RE) 

of recursively enumerable languages. 

Theorem 3 A(P2L) = L(CS). 

Proof That A(P2L) C L(CS) follows from Lemma 9 and the fact 

that for each LBA M there is a CSG G such that L(M) = L(G); see 

e.g. H & U, Theorem 8.2. It is immediate from Lemma 8 that 

L(CS) C A(P2L). 

Theorem 4 A(2L) = L(RE). 

Proof That A(2L) C L(RE) follows from Lemma i0 and the fact 

that for each TM T there is a grammar G such that L(T) = L(G); 

see e.g. H & U, Theorem 7.4. It is immediate from Lemma 8 that 

L(RE) C A(2L). g 

This completes our characterization of 2L systems. We note 

that while the propagating restriction made little difference for 0L 

systems, in the sense that A(0L) ~ A(POL), it makes a fundamental 

difference for 2L systems, since A(P2L) C A(2L). 
# 
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Conclusions 

Theom~ms 1 - 4 give us a satisfactory analysis of L systems 

from the point of view of the adult languages they generate, for 

they establish direct correspondences with three of the four main 

classes of languages in the Chomsky hierarchy. The remaining class 

is that of the regular languages, and it is an easy exercise to 

restrict the form of the productions of a 0L system to ensure that 

its adult language is regular. In Walker % it is shown that the 

result for 2L systems can be extended to <k, £>L systems (see 

Herman and ~3zenberg [45] for the definition of such systems) with 

k + £ ~ l, and that the result for P2L systems can be extended to 

P<k, £>L systems with k, £ > i. 

From the point of view of formal language theory, we have 

given a new characterization, by totally parallel grammars, of each 

of the classes of languages in the Chomsky hierarchy. From the point 

of view of biological model building, we have gained access to many 

of the established results of formal language theory. 
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ABSTRACT A new type of Lindenmayer systems, called Structured 0L-systems (SOL sys- 

tems)~is studied which gives a formal tool for investigation of structured 

organisms and structurally dependent developments. It is sho~na that a 

restricted version of SOL-systems is equivalent to codings (length-preser- 

ving homomorphisms) of OL-Languages. The properties of unrestricted SOL- 

systems are then studied. It is for example shown that the languages 

generated by them properly include the languages generated by extended table 

OL-Systems. 

I. Introduction. 

Lindenmayer systems have been the object of extensive study during recent years. The 

systems, also called developmental systems, were introduced in connection with a theo- 

ry proposed to model the development of filamentous organisms. The stages of develop- 

ment are represented by strings of symbols correspondings to states of individual 

cells of an organism. The developmental instructions are modelled by grammar-like pro- 

ductions. These productions are applied simultaneously to all symbols to reflect the 

simultanity of the growth in the organism. This parallelism is the main difference 

between Lindenmayer systems and ordinary generative grammars. Another difference is 

that in most of the versions of Linde~nnayer systems only one type of symbols (terminals) 

is considered which means that all the intermediate strings in a derivation are 
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strings in the generated language. The simplest type of Lindenmayer systems are the 

OL-Systems [61] in which every symbols is rewritten independently of its neighbours. 

When we compare 0L-systems and the corresponding class of grammars, context-free 

grammars, we see that OL-systems are missing one important feature of context-free 

grammars, namely they are not structuring the generated strings. A derivation in a 

context-free grammar can be represented as a derivation-tree which describes the 

structure of a string with respect to this derivation. We can consider the analogous 

derivation tree for a derivation in an OL-system but in this case the branching nodes 

are labelled by terminal symbols rather than nonterminals (grammatical categories) and 

the tree does not reflect the possibly ihteresting structure of an organism. 

In this ps@er we introduce Structured OL systems (SOL-systems) which not only 

allow to describe the structure of generated strings but also give a formal tool to 

study the cases when the development is structurally dependent. A simple example is 

the case when all the stages of a developing organism consist of certain fixed number 

of partes and there are different development rules for every part of the organism. 

From a mathematical point of view the SOL-systems give another interesting type of 

context-sensitivity in parallel rewriting (compare with IC01T). A structured organism 

is represented in an SOL-system as a labelled tree. The labels of the leaves of the 

tree represent the individual cells of an organism, the labels of its branching nodes 

represent the structural "units" of the organism. 

An SOL-system is given by a single starting structure and a finite number of 

developmental rules. At every stage of the development the rules are applied simul- 

taneously to all cells and structural units (nonterminals) of an organism. According 

the rules each structural unit can change its state or disappear (but not divide) and 

every cell can be replaced by a substructure, i.e. it can divide into several parts 

each of which can be either a single cell or another structured part. At every step a 

cell can divide only into a limited number of subparts but there is generally no limit 

on the number of subparts of a structural unit which can be created during the 

~ICOI : K. Culik II and J. Opatrn#~ Context in parallel rewriting, in this volume. 
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development, i.e. there is generally no limit on the number of sons of a branching 

node. 

Types of structural units will be represented by labels from an alphabet which 

corresponds to the nonterminals of a context-free grammar. We will define SOL-systems 

in such a way that rewriting of a nonterminal may depend on its father but not on 

its sons in a tree. We consider parallel rewriting~ at every step of a derivation 

all labels in a tree must be simultaneously rewritten. The language generated by an 

SOL-system is the set of 8~1 frontiers of the generated trees. 

We will consider a special subfamily of SOL-systems, called simple SOL-systems, 

in which essentially only labels on leaves (individual cells) are rewritten, i.e. in a 

simple SOL-system it is possible to create new structural units but once a unit is 

created it never changes its state. We will show that the languages generated by simp- 

le SOL-systems are exactly length preserving homomorphisms (coding) of OL-languages 

[10,20]. Then we will investigate the properties of the family generated by unrestric- 

ted SOL-systems (SOL). We will show that SOL is closed under Kleene operation (u,.,~) 

and under e-free homomorphism but not under intersection with a regular set. 

The closure result will help us to establish the relations of SOL to other known 

families of languages. It is easy to show that SOL ~ TOL [81] and then, using the 

closure results, that SOL ~ ETOL [89]. The fact that the later inclusion and therefore, 

of course, also the former is proper follows from the result that SOL is incomparable 

with the family of context-sensitive languages. Actually it will be shown that any 

recursively enumerable set over T with an end marker can be expressed as an inter- 

section of an SOL language over an extended alphabet with the set of all the terminal . 

strings with the endmarker. 
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2. Preliminaries. 

We assume the knowledge of the basic notions and notation of formal language 

theory, see e.g. [HU+,Io2]. We start with a slightly modified, but equivalent, defi- 

nition of extended table OL-systems [89], involving as special cases OL-systems ~I] 

~oL-system~ [3~] ~d ~OL-systems [81]. 

Definition: An extended table L-system without interaction (ETOL szstem) is a 

4-tuple G = (V,T, @,~) where 

(i) V is a finite nonempty set, the alphgbet of G, 

(ii) T [ V, the terminal alphabet of G, 

(iii) @ is a finite set of tables. @ = {PI,...,Pn} for some n ~ I, where each 

V )( V ~ . Pi Element (u,v) of Pi' I < i < n, is called a production and 

is usually written in the form u + v. Every Pi' I < i < n, satisfies the 

V ~ following (com~letness) condition: For each a { V there is w [ so that 

(a,w) 6 Pi' 

(iv) ~ e V +, the axiom of G. 

Definition: An ETOL-system G = (V,T, @,a) is called 

(i) a TOLusystem if V = T; 

(ii) an EOL-system if @= {PI}; 

(iii) an OL,system if V = T and @ = {P~}. 

Definition: Given an ETOL-system G = (V,T,P,~) we write x ~ y if there 

~. ~. V ~ exist a I ..,a k E V and Yl "''Yk £ so that, x = al...ak, y = yl...yk and 

for some P'I 6 @ , aj ÷ yj ~ Pi' j = 1,...,k. 

The transitive and reflexive closure of binary relation ~ is denoted by ~---> ~. 
G G 

Definition : Let G = (V,T, ~ ,q) be an ETOL system. The language generated 

by G is denoted by L(G) and defined as L(G) {w ~ T ~ = : c ~ w}. 
G 

Notation: A language generated by an XYZ system, for any type XYZ will be called an 

XYZ-lamguage. The family of all the XYZ languages is denoted by XYZ. 

i" IHUI : J.E. Hopcroft and J.D. Ullman: Formal Languages and their Relation to 
Automata, Addison-Wesley, 1969. 
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Before we can define SOL-systems we need to introduce a notation for labelled 

trees (forests). We will recursively define labelled rooted ordered forests and ex- 

pressions denoting them. We are not interested in names of particular nodes in a 

forest, i.e. we actually consider the equivalence classes of isomorphic forests. We 

consider forests with labels of leaves from one alphabet and labels of branch nodes 

(nonleaves) from another distinct alphabet. 

Definition: Let T,N be two alphabets, T ~ N = ~, 

reserved symbols not in T u N. 

(i) 

and let [ , ~ and k be 

is a forest expression and denotes the empty tree (forest), i.e. the tree 

with no nodes. 

(ii) For a ~ T, a is a forest expression and denotes the tree with a single node 

(root)labelled by a. 

(iii) If e],e 2 are forest expressions denoting nonempty forests ~ , ~ consisting 

from trees ~1'''''am and B 1,...,Bn, respectively, then ele 2 is a forest 

expression and denotes the forest consisting from trees ~1,...,~m,S1,...,Sn. 

(iv) If A ~ N and e is a forest expression denoting nonempty forest ~ consisting 

of trees ~1,...,an then A[e] is a forest expression and denotes the tree 

with the root labelled by A and the sons of the root,from left to right,the 

the roots of subtrees al,...,mn. 

Notation. The set of all the forest expressions (forests) over alphabets N (labels 

of branch nodes) and T (labels of leaves) is denoted by (N,T)~. Let (N,T 4 = 

(N,T)~ - {k}. In the following the elements of (N,T)~ will be called structures 

(over N,T) and we will not distinguish between an expression and the forests denoted 

by it. 

Notation. Let a be a particular occurence of symbol a in forest expression ~. The 

label at the father of the node labelled by the considered occurence of a will be 

denoted by Father (a). This notation will be used in such a way that there will be 

no confusion of which oceurence of a is being considered. 

Notation. Mapping Y (yield) maps k to empty string (denoted by s) and a forest in 

(N,T~ to the string of the labels of its leaves (from left to right). 
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3. Structered OL Systems. 

Now we are ready to define formally structred 0L systems. 

Definition: A structured OL-schema (SOL-system) is a tuple G = (N,T,P,a) where 

N is an alphabet of nonterminals (states of structural parts), 

T is an alphabet of terminals, 

P is a finite set of productions from 

~ (N,T)+ , the initial structure. 

The productions of an SOL-schema will be written in the following form (all 

possible types are given). A ÷ C, A.B + C, a + ~ and A.a ÷ ~ where A,B E N, 

C ~ N u{~}, a ~ T, ~ e (N,T)~ and "÷" "." are special reserved delimiters. 

Definition: We write ~ ~ 8 for ~ ~ (N,T~ B 6 (N,T)~ where ~ = x I x2...x n for 

x iE NuTv{[,]]}, ] < i < n, if there exists 8' = w]w2...w n so that for I < i < n: 

(i) i f  x i £ {I,I} then w i = xi; 

(ii) 

(iii) 

(Nu  (N×N)) × ( N v ( k } )  k~(Tu(N×T)) x ( N , T ) ~ ,  

if x. E TuN then either x. + w. E P or 
I l l 

A . x  i ÷ w i e P whe re  A i = f a t h e r ~ ( x i ) ;  

is obtained from B' by repeated replacing of each subexpression of the 

form XXY,X[Z] or A[X] by XY,Z or X, respectively, until either B = X 

or there is no occurenee of X in ~. 

Let ~ be the transitive and reflexive closure of relation ~ . 

Definition: The set of structures generated by G is denoted T(G) 

the set T(G) = {~ : a ~ ~}. 

The language generated by G~ denoted by L(G), is the set of the yields of all the 

structures generated by G. Formally L(G) = (Y(~) ; ~ET(G)}. 

D_efinition: A structured OL-schema G is called a structured OL-system (SOL-system) 

if it satisfies the condition of completness: For every ~ ~ T(G) there exists 

such that ~ =~ 8. 
G 

Our definition of completness requires that for every structure which can be 

developed from the starting structure there is a "next step" in development. After 

some definitions and auxiliary results it will be shown that the choice of a more 

restrictive definition of completness (strong completeness) requiring existence of a 

and defined to be 
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"next step" forevery structure in (N,T~ does not change the families of sets of 

structures or languages generated by SOL-systems. 

Definition: An SOL-system G = (N,T,P,~) is called full if 

P ~ {s ÷ s}u ((N×~) × (~u{~})) u((N×T) × (~,T)~, 

where N = N - {S), S being the root of o, i.e. the father-context appears on the left 

side of every production with the exemption of the production which keeps unchanged 

the (reserved) label of the root. 

Definition: SOL-systems G I and G 2 are called equivalent if L(G]) = L(G2). 

Lemma ]: For every SOL-system there exists an equivalent full SOL-system. 

Proof. Given an SOL-system G = (N,T,P,~) we construct a full SOL-system 

G' = (N',T,P',~') where N' = N u {S) for a new symbol S not in N u T, ~' = semi, 

arid P' = {A-X+w : A.X÷wEP} u {A-X÷w : X÷w 6 P and A ~ N'} u (S÷S}. 

Clearly, L(G') = L(G). 

Definition: An SOL-system G = (N,T,P,~) is called strongly complete if for every 

e (N,T)+ there exists B such that ~ ~ ~. 
G 

Theorem I: For every SOL-system G there exists an equivalent strongly complete SOL 

system. 

Proof. 

system 

By Lena I we may assume that G = (N,T,P,o) is full. We construct the SOL- 

G' = (N~T,P'~a) where P' = P u {A.X÷X : A 6 N,X 6 N u T and there is no 

production of the form A.X÷W in P}. 

Clearly, G' is full and L(G') = L(G). 

Now we will study a special case of SOL-system, called simple SOL-system (SSOL- 

systems), in which essentially onl~ ~ terminal symbols are rewritten at every step of 

a derivation. We will show this subclass of SOL-systems generates exactly the same 

family of languages as several other types of systems known already to be equivalent~ 

namely FMOL systems [9]~ E0L systems [35], and length preserving homomorphisms of OL 

languages EIO,20]. This does not mean SSOL-systems are without interest, on the 

contrary they give an alternative mechanism for the description of languages from a 

very natural class with the advantage to exhibit explicitly the structure of generated 

objects. They also contribute another evidence to our opinion that the family of the 
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length-preserving homomorphisms of OL-languages is a very natural class of languages. 

Definition: AN SOL-system G = (N,T,P,q) is called simple (SSOL) if 

P = {A+A : A ~ N} u P' where P' c (N×TuT) × (N,T)~. 

In the following we omit the "identity productions" of form A÷A whenever an 

SSOL-system is exhibited. 

Notation. Let COL = {h(L) : L E OL, h is a length-preserving homomorphism}. 

Lemma 2 : COL c SSOL. 

Proof. Let G = (Z,P,~) be an OL-system and h be a homomorphism from Z ~ to T *. 

Clearly, we can assume withnout loss of generality that Z ~ T = ~. 

Construct SSOL system G' = (Zu{S},T,P',o') where 

(i) S is a new symbol not in Z u T. 

(ii) Let o = a I ...an, a i c Z for i = 1,2,...n. Then 

o' = S ia l  [ h ( % ) ] a  2 [ h ( % ) ]  . . . .  a n [ h ( a n ) ] ] .  

( i i i ~  P' = { a ' h ( a ) + b 1 [ h ( b ~ ) ] % [ h ( b 2 )  ] . . .  bk [h (b~) ]  : 

: a,b 1,b2,...,b kE ~ and a+blb 2...b k ~ P}. 

Clearly, h(L(G')) = L(G). 

Lemma 3: SSOL c COL. 

Proof. Let G --; (N,T,P,o) be an SSOL-system. By modification of Lemma 1 we can 

clearly assume that P ~_ (NxT) x (N,T)~ with "identity" productions omitted. Let 

Z = N×T and let g be the mapping from (N,T). into Z * which maps a structure 

E (N,T)~ to the string (A 1,a I) ... (An,a n ) such that a 1...a n = Y(~) and A.m = 

father (a i) for I < i < n. In pa-~icular g(k) = s. We construct OL system 

G' = (Z,P',o') where o' = g(o) and P' = {(A,a)-~g!AIB I) : A E N, a E T and 

A.a÷ S ~ P}. 

Note that if forest B does not include a tree consisting from a single node only, 

then g(AIBI) = g(S). Let h be the homomorphism from Z to T defined by 

h((A,a)) = a for every (A,a) E Z. 

It is easy to verify that h(L(G')) = L(G). 

Theorem ~: SSOL = COL = E0L = FMOL. 

Proof. By Lemma 2 and 3 we have the first eq[uation; the definitions of FMOL languages 

and other results are in [9,20] 
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h. Closure Properties of SOL. 

To show the relation of SOL to other known families of languages we will need 

some closure results which will be shown first. The most interesting is the closure 

of SOL under s-free homomorphisms which in particular means that codings (length- 

preserving homomorphisms) do not increase the descriptive power of SOL-systems. 

Theorem 3: Family SOL is closed under s-free homomorphisms. 

Proof. Given an SOL language L over T and a homomorphism h from T * to Z ~ we may 

assume by Lemma I that L is generated by full SOL system G = (N,T,P,o) and we 

construct SOL-system G' = (N',Z,P'o') as follows. 

Let N' = NuTv(N×T) u {A : A e N} u {Q} where Q is a new symbol not in NuT. 

Let f he the homomorphism from (N,T)~ into (N',Z)~ defined as follows. The forest 

expression f(a) is obtained from expression e by replacing every terminal symbol from 

T, say a, by subexpression a [a lQ[a2 ]Q[a3]  . . .  Q[an~ ] where h(a) = a l a 2 . . . a  n . 

Let e' = f(~) and productions P' be constructed as follows: 

(i) A+A is in P' for every A in N. 

(ii) A.a+(A,a) is in P' for all A in N and a in T. 

(iii) a.t÷t is in P' for all a in T and t in Z. 

(iv) S÷S is in P'. 

(v) If A.B÷X is in P then A.~X is in P' for all A,B in N and X in N u {l}. 

(vi If A.a÷~ is in P and h(a) = ala2...a n then (A,a)-a1÷f(a) is in P' for all A 

in N and a in T. 

(vii (A,a)÷l is in P' for all A in N and a in T. 

(viii Q÷~ is in P' 

(ix) Q't÷~ for every t in Z. 

Clearly, in any derivation in G' the productions (i)-(iii) and the productions 

(iv)-(ix) can be used only in alternative steps, namely, the former in odd steps and 

later in even steps of any derivation. Realizing this it is straigthforward to verify 

that L(G') = h(L(G)). 

Theorem 4: The family SOL is closed under union, concatenation and star. 

Proof. Let G I = (N],T~,PI,~ 1) and G2= (N2,T2,P2,o 2) be SOL-systems. Assume that 

N I m N 2 = ¢. 
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To show the closure under union we construct an SOL-system 

follows. Let N 3 = N tun 2u{S,Q} 

Assume Y(o I) = al...a n. Let o 3 

+o2,Q.ai÷X for i = 2,...,n}. 

(N3,T I ~ T2,P3,o 3) as 

with S and Q new symbols not in N I u N 2 u T I u T 2. 

: S[aiQ[a2...an] ] and P3 : PIUP2U {S'a1÷ol, S.a1+ 

Clearly, L(G3) = L(GI) u L(G2). 

To show the closure under concatenation we construct SOL-system (N4,T ] u T2,P4,~4) 

as follows. N 4 = NIu N 2U{S,A,B,C,D,E,F,H,Q} where S,A,...,Q are new symbols. 

Assume Y(o I) = a1'''an and Y(o2) = bl...bm. Let ~4 = s[AEc[al]E[a2"''an]]A[D[bl]E 

= PI u P2U P¼ where P~ consists of the following productions: P4 

(I) A÷A (II) A÷B 

A" C÷C B. C+F 

A-D+D B'D+H 

A • E÷E B • E+Q 

C'a1+a I F'a1+o I 

D'b1+b I Q-a.÷l 1 

E.a ÷a.m m for i = 2 , . . . , n  H.bl*o 2 

E.b.÷b. for i=2,...,n Q.b.+X 
1 1 1 

for i=2,...,n 

for i=2,...,m. 

Productions of group (I) allow to delay the start of the generation of strings 

in L(G I ) or L(G 2) to assure that even by parallel generation all strings in 

L(GI).L(G 2) are obtained. Once the production A÷B is used the productions of group 

(II) assure the start of generation from o I by productions PI or from a 2 by produc- 

tions P2" It is straightforward to verify that L(G 4) = L(GI).L(G2). 

Finaly, to show the closure of SOL under star we construct SOL-system 

(N5,TI,P5,a 5) as follows. Let 

bols not in N I v T I. Assume 

= A [ C E a l b E a 2 % . . . % ] ] .  Let 

tions: 

N 5 = N I~ {S,A,B,C,D,E} where S,A,B,C,D,E are new sym- 

O1 = ala2"''a "n Let o 5 = S[aiQ[a2a3...an] ] and 

P5 = PI U P' where P' consists of the following produc- 
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S+S A.C+C 

S.a1+e~ 5 A.D+D 

S.a1÷l B.C÷E 

Q+~ B. D+Q 

Q.ai+l for 2 < i < n C-a1+a I 

A÷A D.a.÷a. for 2 < i < n 
1 1 

A÷B E.a1÷~ l 

It is straigthforward to verify that G 5 generates only strings in L(G I).~ To 

see that all such strings are generated we observe that S ------~ S[~S[~S[~...S[e]]...]] 
G 5 

and tha t  ~_____~k a~------~B[C [al]D [a2a3...an]]~--->B [E [al] Q[a2a3 . , ,an]]~>B[E [~I]]~----->B[E[8]] 

for all k >0 and 8 in T(GI). Therefore for any m> 1 and B I ..... 8 m in T(G I) 

w~ have ~__~ki i ] ]  a--------~> ~ B[E[~ for I < i < m and by suitable choice of ki, 

I < i < m, we can "synch ron ized"  d e r i v a t i o n  S ~ *  S [B [E [B I ]  ] S [B[E[62]  ] . . .  

. . .  

Since ~5 -------> ~ also e g L(G5). 

5. Relation of SOL to other Families of Languages. 

First we show that SOL-systems can simulate TOL-systems and then using the clo- 

sure of SOL under e-free homomorphisms this result will be generalized to ETOL-sys- 

tems. It is easy to see that these results can be further generalized to (E)TOL-sys- 

tems with some restrictions on the sequences of productions which may be used in a 

derivation. 

Lemma ~: TOL ~ SOL. 

Proof. Given TOL system G = (T,{PI,...,Pn},~) we construct SOL-system 

G' = (T,N,P,~') where N = {O,l ..... n}, ~' = 0[~] and P = {i.a÷w : a÷w ~ P.}U 
l 

U{i+j : ig N, j ~ N - {0}} U {O-a÷a : a a T}. 

Clearly, L(G') = L(G) and therefore T0L ~ SOL. 

The following lemma shows that in certain restricted manner every recursively 

enumerable set can be represented by an SOL-system. 

Lemma 5: Let L be a recursively enlmlerable set over Z and let @,@ be not in Z. There 

e x i s t s  era. SOL language L'  c (Z u { $ } ) ~ }  such t h a t  L {# }  = L'  f] 2m{@}. 
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P r o o f .  I t  f o l l o w s  f r o m  r e s u l t s  i n  - -  ~fLG,H~P]; s e e  f o r  e x a m p l e  Lemma 1 in  " ~LpjCthat  L 

can be generated by a phrase-structure grammar G = (N,T,P,S) with productions only 

of the form A÷B, A÷BC, AB÷AC, A+a or A÷s for A,B,C ~ N and ae T, i,e. there are only 

context-free or "left-context-sensitive" productions in P. We can then construct SOL 

system G' = (N',T',P',o) where T' = T U {$,~}, N' = N u N 2~{A : A e N} u {Q} for 

(ii) If A+a, B+b are in P and d is in T u {$} then the following productions are 

in P'. 

A-d+a 

(A,~)-~÷a QIhl 

L#+~# . 

(iii) If A÷a is in P then D.A÷Q is in P' for every D in N. 

If A÷B is in P then D.A÷B is in P' for every D in N. 

If A÷BC is in P then D.A÷(B,C) is in P' for every D in N. 

If AB+AC is in P then A.B+C is in P'. 

Let h be the homomorphism from (NuN 2U{A : A6N}) ~ into N ~ defined by 

h(A) = h(A) = A for every A in N and h(A,B) = AB for all A,B in N. It can be verified 

(by induction on the length of a derivation) that if o ~ ~ then ~ must be of the 
G' 

IGI: A.V. Gladkij, Formal grammars and languages (in Russian) Mir, Moscow, 1973 

IHI: L.H. Haines, A representation for context sensitive languages, Transaction of 
the Amer. Math. Society, to appear. 

IP]: M. Penttonen, LCS = CS, t o  a p p e a P  in  I n f o P m a t i o n  a n d  C o n t r o l .  

Q not in NuTu{$,#}, 0 = S[$ #] and P' is defined as follows. 

(i) For all A,B,C in N and a in T u{$} the following productions are in P'. 

A.B÷B (A,B) .a÷$ 

(A,s)-C+(B,C) ~ 

(A,~). (C,D)÷(B,C) Q.a÷X 

A.(mC)÷B A. # ÷ # 

A.~+B ~. # ÷ $@ 

(A,B).~+(B,C) (A,B). #+~ [#] 

A" a-~$ 
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form X1[tiX2Ft2X3[...Xk_1[tk_iXkFtk~]7...7]]_ ~ . . ~ ~ ~ - ~  w h e r e  t.l is in Tu{$} for 

i = 1,...,k, X.l is in NuN 2 for i = I,...,k-I and X k is in NuN2u{A : A~N} and 

h(X1X 2 . . .X k) i s  in L(G). Moreover, i f  t l t 2 . . . t  k is  in T* then a lso  t l t  2 . . . t  k is  

in L(G). Thus L(G')g_L(G)nT*{#}. 

To show the reverse inclusion we observe that every string x in L(G) can he 

generated by a derivation S ------->~ ~ N ~ w -------> x such that w ~ and we do not use the 

productions of the form A÷a in the derivation S -----> w and on the other hand we 

use only such productions in w -------> x. Further we can see that 

(i) If AIA2...A n -------> BIB2...B m for A. in N for I < i < n and B. in N for I < j < m 
G m U 

then there exist t t , . . . ~ t n ~  S l , . . . , s  m in Tu{~)} such tha t  

%[tl%[t2 A~b"%-~[tn-~ % [ t n ~ ] ' ' ' ] ] ]  G, Bl[sl%[s2 h L . .  

• "- ~-1 [Sm-l~[Sm~]'"]]l" 
(ii) If A.÷a. £ P for I < i < k then 

1 1 

% [tl%[t2"' "~-1 [tk-l~[tk~l-]"" '~] 7 ,  % [a~% [a2"" "%-~ Ea~_~%[%~]]...]1. 
Therefore every derivation in G can be simulated by a derivation in G' and 

L(G)~ T*{#} ~ L(G'). 

Theorem 5. Family SOL is incomparable with the family of context sensitive languages 

(CSL). 

Proof. Every SOL languages is clearly exponencially dense in the terminilogy of [CO]~ 

i.e. for every SOL language L there exist constants p,q such that for every string u 

in L of length n, n > p there is string v in L of length m so that ~ < m < n. There 

are context-sensitive languages not satisfying this property, e.g. the language 

{a22n: n ~ O} therefore CSL ~ SOL. 

CSL is closed under intersection with a regular set therefore for every context- 

sensitive language L' the language L'N Z~{~) is again context sensitive. Thus the 

assumption SOL ~ CSL is in contradiction with Lemma 5. 

Corollary: Family SOL is not closed under intersection with a regular set. 

Proof. By Lemma 5 and Theorem 5- 

Theorem 6. ETOL ~ SOL u [{~}}. 

% ICOl K. Culik II and J. Opatrny, Context in parallel rewriting, in this volume. 
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Proof. In ~7] it is shown that ETOL -{{E}}is equal to the closure of TOL under 

length-preserving homomorphisms (codings). Therefore it follows by Lemma 4 an8 Theo- 

rem 3 that ETOL q SOL ~ {{s}~ In [7] it is shown that ETOL is included in the family 

of indexed languages [A] T. Thus our inclusion is proper by Theorem 5. 

From Lemma 4 and results in [CO] ~ it follows that SOL is included neither in the 

family of languages generated by L-systems with interaction [88] nor in the family 

of predictive context languages ~0]*. We conjecture that both these families are 

incomparable with SOL. 

f IAI: A.V. Aho, Indexed grammars - an extention of context-free grammars, 
JACM 153 (1968), 647 - 671. 

* IC01 K. Cullk ii and J. 0Patrn~ Context in parallel rewriting, in this volume. 
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Abstract 

Three new types of context sensitive parallel rewriting systems, called 

global context L-systems, rule context L-systems and predictive context L-systems 

are introduced in this paper. We investigate the generative power of these new 

types of context sensitive parallel rewriting systems and we compare i t  to the 

generative power of TOL-systems ~I], L-systems with interaction [92], regular 

grammars and context sensitive grammars. 

I .  Introduction 

Parallel rewriting systems were introduced in [59, 60] as a mathematical 

model for biological developmental systems. Most of the papers related to parallel 

rewriting have dealt with rewriting systems of coDtext free type, e.g. OL-systems 

[6~, TOL-systems [8~, and their generalisations [9], [B~]. 

A generalisation of context sensitive grammars with parallel rewriting 

known as L-systems with interactions has been studied in [ 9~. L-systems with 

interactions have the same basic rules (productions) for rewriting as OL-systems, 

but with restriction on their use given by right and le f t  "context". A rule may be 

applied only in the given context. 

However, in the case of parallel rewriting i t  is quite natural to consi- 

der different forms of "context". Since we are replacing all symbols at once, we 

may restr ict  the use of a rule, a ÷ m say, by the context adjacent to m after 

simultaneously replacing al l  the symbols in a string rather than by the context 

adjacent to a before the rule was applied. We wi l l  call this kind of context, 

predictive context. 

Even more generally, the restriction on the use of a rule may concern 

rules used on adjacent symbols. We wi l l  call this type of restriction rule 

context. 

Clearly, al l  these generalisations make sense only in the case of 

parallel rewriting. 

We can also consider restrictions on the use of rules, which in distinc- 

tion to the above are of a global rather than a local character. In a global 

* The research was supported by the National Research Council of Canada, 
Grant No. A7403. 
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context L-system, in addition to the set of labeled rules, a control set 
over their labels is given. We can only rewrite a string with a sequence of 

rules with labels from the control set. 

The new types of context sensitive L-systems introduced in this paper 

also have a natural biological motivation. The development of a cell might be 

completely independent of the other cel ls,  i .e.  in OL-systems, or i t  might depend 

on the configuration around the cell before the development takes place i .e .  in 

L-systems with interactions, or i t  might be restricted in such a way that only 

compatible cells can occur adjacently, i .e.  in predictive context L-systems, or 

only compatible developments can occur adjacently, i .e.  in rule-context L-systems, 

or even the development of  an organism as a whole is  r es t r i c t ed  by ce r ta in  

pa t te rns ,  e.g.  the development can be d i f f e r e n t  in  cer ta in  parts of the organisms, 

i . e .  in  global  context  L-systems. 

In t h i s  paper we inves t i ga te  the generat ive power of  these new types of 

L-systems. Among other  resu l t s  i t  is shown tha t  global context  L-systems wi th  

regu la r  cont ro l  sets ( regu lar  global context  L-systems) are equ iva len t  to ru le  

context  L-systems. We also show that  the fami l y  o f  regu lar  global context  

L-languages proper ly  contains the fami ly  o f  languages generated by L-systems w i th  

i n te rac t i ons  and the fami ly  o f  TOL-languages. 

2. Pre l im inar ies  

We sha l l  assume ~hat the reader is  f a m i l i a r  w i th  the basic formal 

languages theory ,  e.g.  [ I  02 ] .  

Now, we w i l l  review the d e f i n i t i o n s  of  OL and TOL-systems [9~, [8~, and 

L-systems w i th  i n te rac t i ons  [92 ] ,  and we w i l l  in t roduce some nota t ion used 

throughout the paper. 

D e f i n i t i o n  I .  A tab le  OL-system (TOL-system) is  a 3- tup le  G = (Z ,P , { ) ,  where: 

( i )  Z is  a f i n i t e ,  nonempty set ,  ca l led  the alphabet.  

( i i )  P is a f i n i t e  set o f  tab les ,  P = {PI,P2 . . . . .  Pn } f o r  some n m I ,  where 

each P i '  i : 1,2 . . . . .  n is  a f i n i t e  subset o f  Z × Z*. Element 

(a,~) of  P i '  1 ~ i ~ n, is ca l l ed  a ru le  and is usua l l y  w r i t t e n  in  the 

form a ÷ m. P must s a t i s f y  the f o l l ow ing  cond i t ion  of  completeness. 

For each a E Z and i ,  1 ~ i ~ n, there ex is ts  m ~ Z* so tha t  (a,m) ~ Pi" 

( i i i )  ~ c Z +, the i n i t i a l ,  s t r i ng  of G. 

Given a TOL-system G = (S,P,~) ,  we wr i t e  m~> 6, where m ~ Z +, 6 E z* ,  

i f  there ex i s t  k m I ,  a l , a  2 . . . . .  a k c Z, and 61 ,62 . . . . .  6 k c Z* so tha t  

= a l a 2 . . . a  k, 6 = 6162. . .6 k and f o r  some tab le  Pi ~ P' aj ÷ #j ~ Pi f o r  1 ~ j ~ k. 

The t r a n s i t i v e  and r e f l e x i v e  c losure of  the b inary r e l a t i on  ~> is 

denoted by -> * ,  
G 
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The language generated by a TOL-system G is denoted by L(G) and is 

defined to be the set {~ ~ %* :~>*  ~}. 

Definit ion 2. A TOL-system G = (%,P,o) is called an OL-system i f  P consists of 

exactly one table of rules, i .e.  P = {Pl }. 

Notation. Throughout the paper i f  r is any binary relation, then r* denotes 

the reflexive and transi t ive closure of r ,  without repeating i t  specif ical ly in 

every case. 

Notation. The empty string is denoted by E. The length of a string c is denoted 

by l~I. For any string ~ and k ~ l ,  we define Firstk(~) and Lastk(~) as follows. 

Firstk(m) = i_f_f Iml m k then f i r s t  k symbols of 

el se m. 

Lastk(m) = i_[_f Iml m k then l as t  k symbols of 

else m. 

For any string ~, we define 

Firsto(~) = ~, First (~) = 

Lasto(m) : E, Last (m) = 

{F i r s t k (m) } ,  
k=l 
I~I 
k=l {Lastk(m) }. 

Definit ion 3. A context L-system is a 3-tuple G = (Z,P,o), where 

( i )  z is a f i n i t e ,  nonempty set of symbols, called the alphabet. 

( i i )  P is a f i n i t e  subset of {#,c}.Z* x S × %*.{#,E} × Z*, called the 

set of rules, where # is a symbol not in Z called the endmarker. A 

rule (~,a,8,y) c P is usually written as <~,a,8> ÷ ¥. 

( i i i )  ~ ~ Z +, the i n i t i a l  string. 

Given a context L-system G = (S,P,~) we write ~ >  8 for ~ E S +, 

6 E £*, i f  there exist k z O, al,a 2 . . . . .  a k E Z and 81,B 2 . . . . .  8 k ~ z* so that 

= ala2...a k, B = BIB2...~ k and for every i ,  l ~ i ~ k, there exist m,n z 0 

such that (Lastm(#ala2...ai_l),ai, Firstn(ai+lai+2...ak#),Si ) ~ p. 

Context L-system G must be strongly complete, i .e.  for any ~ c Z + there 

exists ~ c Z* such that ~ >  8. 

The language generated by a context L-system G is denoted by L(G) and 

is defined to be the set {~ E Z * : ~ > *  ~}. 

Note. The def in i t ion of a context L-system given above is a simplif ication 

and an unessential generalisation of the def ini t ion of an L-system with inter- 

action from [92]. I t  is obvious that both types of systems have the same 

generative power. 
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Notation. We say that  a language L is a ~-language (where ~ may be OL, TOL, 

context L, e tc . )  i f  there ex is ts  a h-system G such that L = L(G). 

The fami ly of context L-languages w i l l  be denoted by ~. 

I f  f is a mapping from Z to subsets of A*, then f can be extended to 

st r ings and languages over Z as fo l lows.  

( i )  f ( s )  = {s} .  

( i i )  for  a ~ ~, ~ ~ S*, f (~a) = f ( ~ ) - f ( a ) ,  where " . "  is the operation of set 

concatenation. 

( i i i )  for  L E ~*, f (L)  = {~:~ c f(B) for  ~ ~ L}. 

We w i l l  use these extended mappings l a te r  on without repeating the 

process of extension in every s ingle case. 

3. Context sens i t ive para l le l  rewr i t ing  systems 

Now, we w i l l  def ine three d i f f e ren t  types of context sensi t ive para l le l  

rewr i t ing  systems. A l l  of them are using only one type of symbols, i . e .  we are 

not considering any nonterminals. 

F i r s t  we w i l l  give the d e f i n i t i o n  of global context L-systems. A global 

context L-system has, s im i l a r l y  as an OL-system, a f i n i t e  set of context free ru les ,  

however, each ru le  has a f i n i t e  number of labels .  The use of rules in a global 

context L-system is res t r ic ted by a language over labels,  cal led the control set. 

De f in i t i on  4. A global context L-system is a 5-tuple G = (S,F,P,C,a), where: 

( i )  ~ is a f i n i t e ,  nonempty set of symbols, cal led the alphabet. 

( i i )  F is a f i n i t e ,  nonempty set of symbols, cal led the labels.  

( i i i )  P is a f i n i t e ,  nonempty subset of p(F) x Z x ~*, where p(F) denotes the 

fami ly of nonempty subsets of ?. Element (B,a,~) c P is cal led a ru le 

and is usual ly wr i t ten  in the form B:a ÷ ~. 

( iv )  C E ?*, cal led the control set. 
~+ (v) a c , the i n i t i a l  s t r ing.  

Given a global context L-system G = (Z,F,P,C,a), we wr i te  ~ >  ~ fo r  

~ Z +, ~ c Z*, i f  there ex is t  k ~ I ,  a l ,a  2 . . . . .  a k c Z, BI,~ 2 . . . . .  ~k E Z* and 

BI,B 2 . . . . .  B k E p(F) so that ~ = a la2 . . .ak ,  ~ : B182...~k, (B j , a j , ~ j )  E P, fo r  

j = 1,2 . . . . .  k and BIB2...B k n C ~ @ I 

The language generated by a global context L-system G is denoted by L(G) 

and is defined to be the set {~ ~ ~*:~ =>* ~}. 

i BIB2...B k is the concatenation of  sets BI,B 2 . . . . .  B k. 
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A global context L-system G is said to be a X global context L-system 

i f  i t s  control set is of the type X. In th is  paper only regular global context 

L-systems w i l l  be studied and the i r  control sets w i l l  be denoted by regular 

expressions. 

The fami ly of regular global L-languages w i l l  be denoted by ~. 

Example 1 Let G 1 be a regular global context L-system, G 1 : { {a} , {SI ,S2} ,P,C,a} ,  

where P = { {S l } :a  ÷ aal{s2}:a ÷ aaa} and C is denoted by regular expression 

s I s 2 • 

C lear ly ,  at any step in a der iva t ion ,  we can apply e i ther  the production 

a ÷ aa to a l l  symbols in a s t r i ng ,  or the production a ÷ aaa is used throughout 

the s t r ing .  Therefore L(G I )  = {a2i3J: i  ~ O, j ~ 0}. 

Since we may consider an L-system as a model of the development of a 

fi lamentous organism, i t  is natural to require that  fo r  any stage of the 

development there exists a next stage of  the development. Therefore, a condi t ion 

of "completeness" is usual ly  included in de f i n i t i ons  of a l l  versions of L-systems. 

Now, we w i l l  give the formal de f i n i t i ons  of the completeness and strong 

completeness for  regular global context L-systems. 

De f in i t i on  5. Let G be a regular global L-system with an alphabet ~. G is 

complete i f  for  any ~ E L(G), ~ # c, there exists B E so that ~ >  B. 

De f in i t i on  6. Let G be a regular global L-system with an alphabet Z. G is 

strongly complete i f  for  any ~ ~ there ex is ts  ~ c so that  ~ >  B. 

Note that in [92] only strongly complete systems were considered 

(and cal led complete). However, th is  is unnecessar i ly  r e s t r i c t i v e ,  there is  no 

bio logical  motivat ion to require that a next stage of the development is defined 

also fo r  conf igurat ions of ce l l s  which can never occur in the development. More- 

over, i t  fo l lows from the next lemma that  every complete regular global context 

L-system can be modified to an equivalent strongly complete regular global context 

L-system. 

Lemma I .  For any regular global context L-system G, there e f f ec t i ve l y  ex is ts  an 

equivalent regular global context L-system G' which is strongly complete. 

Proof. Let G = (~,?,P,C,~) be a regular global context L-system. Let f be a 

f i n i t e  subst i tu t ion  on r*  defined by a ~ f (k )  i f !and only i f  there exists a ru le 

(B,a,~) ~ P so that k ~ B. Let R = f (C) ,  l e t  R 1 = S*-R. Since regular languages 

are closed under f i n i t e  subs t i tu t ion  and complement, R and R 1 are regular languages. 

I f  ~ E R, then there exists ~ c such that  ~ >  ~. I f  R 1 = @ then G is strongly 

complete. 
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Suppose tha t  R 1 ~ @. Let s be a new symbol not in F. Let h be a 

homomorphism def ined by h(a) = s fo r  any a in  Z. Let G' = ( Z , F ' , P ' , C ' , ~ ) ,  

where F' = F u { s } ,  C' = C u h (R l ) ,  and P' = P u { ( { s } , a , a ) : a  c ~}. From the 

const ruc t ion  of  G' fo l lows tha t  G' is  s t rong ly  complete and i f  m E R, and m~> 

fo r  some B E %*, then m G= ~ B, and i f  m c R 1 then m G=~ m. Therefore L(G') = L(G). D 

Lemma 2. I t  is undecidable whether a regu lar  global context  L-system is 

complete. 

Proof. We w i l l  show tha t  f o r  any instance of  Post 's Correspondence Problem Do~ 

there ex is ts  a regu lar  global context  L-system which is complete i f  and only i f  

the instance of  Post 's Correspondence Problem (PCP) does not have a so lu t i on .  

Let Z = { a l , a  2 . . . . .  a n } be a f i n i t e  alphabet,  and l e t  A and B be two 

l i s t s  of  s t r ings  in Z + wi th  the same number of s t r ings  in each l i s t .  Say 

A = ml,m2 . . . . .  mk and B = #I,S2 . . . . .  B k. Let G = (Z ' ,F ,P,C,$)  be a regular  global 

L-system, where Z' = Z u {$ ,~ } ,  F = {Sl,S2,S3,S 4} u { r i : i  = 1,2 . . . . .  n} ,  

P = { ( { S l } , $ , ~  i $ S~): i  = 1,2 . . . . .  n} u { ( { r i } , a i , s ) : i  = 1,2 . . . . .  n} u 
r denotes u { ( { s 3 } , a i , a i ) : i  = 1,2 . . . . .  n} u { ( { s 2 } , $ , ~ ) }  u { ( { s 4 } , ~ , ~ ) } ,  where S i 

the reverse of  ~ i '  and C is denoted by S3SlS 3 .  * + s3s2s 3 + + + s~s 4 + s4s ~ + s~s4s ~ + 

+ s3 r l s4 r l s  3 + s3r2s4r2s3 + . . .  + S3rnS4rnS 3. 

C lear l y ,  $ ~>* mi . . . . .  [ BT "' ~ . . . . .  mi ~ 
i~12 ~ l j $ B l j  l j _  1 • l I G> ~ l l ~ l  2 j 

B~ sT . B~ ~j l j _ l  .. i I  f o r  j ~ I ,  i l , i  2 . . . . .  i j  being integers smal ler or equal to k. 

I f  ma ~ aS ~ L(G), where m,~ ~ %*, a ~ %, then ma ~ abe-> m ~ S. I f  ma ~ bS ~ L(G), 

where m,B E %*, a,b ~ % and a ~ b then ma ~ bB~> ma ~ bS is the only possib le 

de r i va t i on  in  G "From ma # b~. Therefore $ ~>* ~ i f  and on ly  i f  the instance of  

PCP has a so lu t i on .  Since s 4 ~ C, G is complete i f  and on ly  i f  the instance of  

PCP does not haw~ a so lu t i on .  Thus i t  is  not decidable whether G is complete. 

Now we w i l l  give the d e f i n i t i o n  of  a ru le  context  L-system. A ru le  

context  L-system has a f i n i t e  set of  context  f ree ru l es ,  each ru le  having a f i n i t e  

number of l abe ls .  For each ru le  p there are r e s t r i c t i o n s  on what ru les  might be 

used on the symbols adjacent to the symbol on which p is  used. These r e s t r i c t i o n s  

are spec i f ied  by a f i n i t e  number o f  t r i p l e s .  

D e f i n i t i o n  7. A ru le  context  L-system is a 5- tup le  G = (S,F,P,C,a) ,  where: 

(i) 
( i i )  

( i i i )  

Z is a f i n i t e ,  nonempty set of  symbols, ca l led the alphabet.  

F is a f i n i t e ,  nonempty set of symbols, ca l led  the labe ls .  

P is a f i n i t e  subset of  p(F) × E × Z*, ca l led  the set o f  ru les .  

(B,a,~) in  P is usua l l y  w r i t t e n  in  the form B:a ÷ ~. 

Rule 
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( i v )  C is a f i n i t e  subset o f  {# ,c}F*  × F × r *  { # , s } ,  ca l led  the context  set ,  

where # is a special symbol not in F, ca l led  the endmarker. 

(v) a ~ ~+, the i n i t i a l  s t r i n  9. 

Given a ru le  context  L-system G = (Z,F,P,C,a) ,  we w r i t e  ~ >  B f o r  

~ z +, B ~ S* i f  there e x i s t  k ~ I ,  a l , a  2 . . . . .  a k ~ Z B I ,B  2 . . . . .  B k ~ Z* and 

Sl,S 2 . . . . .  s k ~ F so tha t  ~ = a l a2 . . . ak ,  B = BIB2.. .B k and fo r  every i ,  1 ~ i ~ k, 

there e x i s t  ( B i , a i , B  i )  ~ P and m,n ~ 0 so tha t  s i ~ B i and (Las tm(#S lS2 . . .S i_ l )S i ,  

F i r s t n ( S i + i s i + 2 . . . S k # ) )  c C. 

The language generated by a ru le  context  L-system G is denoted by L(G) 

and is def ined to be the set {~ ~ Z ~ =>* ~} .  
G 

The fami ly  o f  ru le  context  L-languages w i l l  be denoted by ~. 

Example 2. Let G 2 be a ru le  context  L-system, G 2 = ( {a } , {S l ,S2 ,S3 ,S4} ,P ,C ,a } ,  

where P = { { S l } : a ~  a3, {s2} :a  ÷ a , {s3 } :a  ÷ a4, {s4} :a  ÷ a 2} and 

C = { (# ,s  I , # ) , ( # , s 4 , # ) , ( # , s  I ,s 2 ) , (s  I , s2 ,# ) , ( s2 ,s  I ,s 2 ) , (s  I ,s2,s l ) , ( # , s 4 , s 3 ) ,  

( s 3 , s l , # ) , ( S l , S 4 , S 3 ) , ( s 4 , s 3 , s l ) , ( s 3 , s l , s 4 ) } .  Let ~ be a s t r i ng  in  a*. I f  the 
length of  s t r i ng  ~ is d i v i s i b l e  by 3, then according to cont ro l  set C we can apply 

on ~ only ru les w i th  labels  Sl,S3,S 4 and the only s t r i ng  we can der ive in G 

from ~ is the s t r i ng  ~ .  I f  the length o f  ~ is  even then we can der ive in  G 

from ~ only the s t r i ng  ~ .  From the i n i t i a l  s t r i ng  of  G 2 we can der ive s t r ings  

aa and aaa. Therefore L(G 2) = {a2n:n ~ O} u {a3n:n ~ 0}. 

Now, we w i l l  show that  the fami ly  of ru le  context  L-languages is 

equal to the fami ly  of  regu lar  global context  L-systems. 

Theorem I .  ~ = ~. 

Proof. Let G 1 = (s , r ,P ,C,a)  be a ru le  context  L-system. Let k,m be pos i t i ve  

in tegers such tha t  i f  (~,a,B) c C, then I~i < k and IBI < m. Let 

L = F i rs t (#F  k - l )  u F k, R = Last(Fm-l#) u F m. Let A be a f i n i t e  automaton, 

A : (K,F,6 ,qo,F) ,  where K = (L x F x R) u {qo } ,  F K n ((F u {# } ) *  × F × { # } ) ,  

and ~ is def ined as fo l l ows .  

( i )  I f  (#,p,B#) c C, where B c r *  then (#,p,B#) c ~(qO,p)- 

( i i )  I f  (#,P,B) c C where B ~ F*, then (# ,p ,By l# )  ~ ~(qO,p) and 

(#,p,~y2) ~ ~(qO,p), fo r  every y i ,Y2  ~ ~* such tha t  By1#, By 2 ~ R. 

F* ( i i i )  I f  (ms,p,~) ~ C, where m ~ F* u {#}F* ,  B ~ ,s,p ~ F then 

(Lastk(YlmS),p,By2q) ~ ~((y lm,S,PBy2) ,p) ,  and 

(Lastk(YlmS),p,BY3#) ~ ~((ylm,s,pBY3#),p) f o r  any 

F + q ~ F u {#} ,y2,Y3 ~ ~*, Yl ~ #F* u such that  B¥2q,~¥3# ~ R and ylm~ L. 
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( iv)  I f  (c,p,B) E C, where p E r ,  B E ?*, then 

(Lastk(YlS),p,BY2 q) ~ 6((Yl,s,PBy2), p) and 

(Lastk(YlS),p,By3#) ~ 6((Yl,s,PB¥3#), p) for any 

s c ?, q c r u {#}, Y1 c L, Y2' Y3 c ?*such that BY2q,By3 # E R. 

(v) I f  (ms,p,B#) ~ C, where m c ?* u {#}?*, B c ?*, s,p E ? then 

(Lastk(YlmS),p,B#) c 6((ylm,s,pB#), p) for any Yl ~ #?* u ?+ such 

that yl m E L. 

(vi)  I f  (E,p,B#) c C, where B c r * ,  p ~ ?, then 

(Lastk(YlS),p,B#) ~ 6((Yl,S,pB#), p) for any Yl ~ L. 

L(A) is a regular language and, c lear ly ,  m is in L(A) i f  and only i f  

is a str ing of labels of rules which can be simultaneously applied to a str ing 

in S* according to context set C. Therefore, the regular global context 

L-system G 2 = (Z,r,P,L(A),~) w i l l  also generate language L(G l )  and thus ~ £ ~. 

Now, we w i l l  show the other inclusion. Let G = (~,?,P,Q,~) be a 

regular global context L-system. Let A = (K,?,6,qo,F) be a f i n i t e  automaton such 

that 6(q,e) = @ for any q c K and L(A) = Q. Let G 3 be a rule context L-system, 

G 3 = (Z,?3,P3,C3,~), where ?3 = ? × K, P3 = {(A × K,a,~):(A,a,~) c P}, and C 3 

is defined as fol lows. 

( i )  I f  6(qo,a) ~ @, where a E ?, then (#,(a,qo),E) E C 3. 

( i i )  I f  r ~ 6(q,a) and 6(r,b) ~ @ where a,b ~ ? and q,r E K, then 

( (a ,q) , (b , r ) ,~)  E C 3. 

( i i i )  I f  r ~ 6(q,a) and r c F, where q E K, a E ?, then (E,(q,a),#) ~ C 3. 

I t  can be easily ver i f ied that ~ - >  B i f  and only i f  ~ >  B. Therefore 
G 3 

L(G 3) = L(G). 

Let the completeness and strong completeness is defined for rule 

context L-systems in the same way as for regular global context L-systems. Since 

rule context L-systems are e f fec t ive ly  equivalent to regular global context L- 

systems, Lemma 1 and Lemma 2 also hold when replacing in them a regular global 

context L-system by a ru le context L-system. 

Since any t r i p l e  in the context set in a ru le context L-system 

i m p l i c i t l y  includes also a r es t r i c t i on  on the adjacent symbols, i t  is quite 

obvious that the fami ly of ru le context L-languages includes context L-languages. 

We w i l l  show in the next theorem that  th i s  inc lus ion is proper. 
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Theorem 2. ~ ~ @. 

Proof. Let G = (Z,P,~) be a context  L-system. We construct  a ru le  context  

L-system G' = (S,Z,P ' ,C,~) ,  where P' = { ( { a } , a , B ) : ( ~ l , a , ~ 2 , B )  ~ P, a c Z, B c ~*, 

~I c {#,E}%*,~ 2 E ~*{# ,~} }  , and C = { (~ ,a ,B ) : (~ ,a ,B , y )  E P fo r  some y c Z*}.  

We have constructed the ru le  context  L-system so that  a l l  ru les  fo r  a symbol a in 

% have the same label  a, and the context  set of  G' a l lows to obta in  in G' exac t l y  

the same der i va t ions  as in G. Therefore L(G) : L (G' ) .  Thus we have shown that  

~ @ and i t  remains to show that  the inc lus ion  is proper. In Example 2 the 

language L = {a2n:n ~ O} u {a3n:n ~ O} is generated by a ru le  contex L-system. 

I t  has been shown in [92] ,  that  L is not in ~. Q 

Now, we w i l l  g ive the d e f i n i t i o n  o f  a p red ic t i ve  context  L-system. 

In a p red ic t i ve  context L-system the use of a ru le  is r es t r i c t ed  by the context 

of  the r i g h t  hand side of  the ru le  a f t e r  the simultaneous replacement of  a l l  

the symbols in a s t r i ng .  

D e f i n i t i o n  8. A p red ic t i ve  context  L-system G is a 3- tup le  (Z,P,~),  where 

( i )  ~ is a f i n i t e ,  nonempty set of  symbols, ca l led  the alphabet.  

( i i )  P is a f i n i t e  subset of ~ × {#,~}Z* x z* x S* {# ,~} ,  ca l led  the set of  

ru les ,  where # is a special symbol not in Z, ca l led  the endmarker. 

A ru le  (a,Bl,m,B 2) in P is usua l ly  w r i t t en  in the form a + <BI,m,B2 >. 

(We assume that  "<" and ">" are symbols not in Z.) 

( i i i )  ~ E ~+, the i n i t i a l  s t r i ng .  

Given a p red i c t i ve  context  L-system G = (%,P,~), we w r i t e  m -> B fo r  

~ %+, B c ~* i f  there exist  k ~ I ,  a l ,a  2 . . . .  . a k c ~ and BI,B 2 . . . .  . B k ~ ~* so 

that m = ala2. . .a k, B = BIB2...B k and for every i ,  l ~ i ~ k there exist m,n m 0 

such that 

(ai,Lastm(#BiB2...Bi_l),Bi,Firstn(Bi+iBi+2...Bk#)) ~ P. 

The language generated by a predictive context L-system G is denoted by 

L(G) and is defined to be the set {m E Z * : ~ > *  m}. 

The family of predictive context L-languages is denoted by ~. 

Example 3. Let G be the predictive context L-system ({a,b,c},P,abc), where 

P = {a ÷ <~,a,bc>, b ÷ <a,b,c>, c ÷ <b,c,a>, c ÷ <ab,cabc,#>, a ÷ <~,aa,bb>, 

b ÷ <aa,bb,~>, c ÷ <bb,cc,c>, a ÷ <~,a,a>, b ÷ <b,b,~>, c ÷ <c,c,~>. 

Using the f i r s t  four  rules in P we can generate from the s t r ing  abc the 

s t r ing  (abc) m, m m I .  I f  we decide to use a ru le  which would double a symbol, 

then, c l e a r l y ,  we have to double each symbol throughout the whole s t r ing  (abc) m. 
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Therefore, (abc) m ~> (a2b2c2) m and from any s t r ing  of the form ( a i b i c i )  m, where 

i > I ,  m m 1 only the s t r ing  ( a i + I b i + I c i + l )  m can be generated. Thus 
L(G) = {Caib ic i )m: i m I ,  m m I } .  

We can def ine the completeness and strong completeness for  p red ic t i ve  

context L-systems in the same way as fo r  regular global context L-systems. We 

can prove that  i t  is undecidable whether a p red ic t i ve  context L-system is 

complete. However, in th is  case we cannot show that  fo r  every p red ic t i ve  context 

L-system i t  is  possible to construct an equivalent s t rongly  complete p red ic t i ve  

context L-system. We can only show that  every complete p red ic t i ve  context L- 

system can be made st rongly  complete. 
{a312 j 

Lemma 3. The language L = : i  ~ O, j ~ O} is not a predictive context 

L-language. 

Proof: Since the proof of th is lemma is very tedious, we w i l l  present i t  only 

informally. 

Suppose that there exists a predictive context L-system G = (Z,P,~) 

such that L(G) = {a312J:i ~ O, j ~ 0}. Then there exists exactly one integer j ,  

j ~ 0 such that a ÷ <al,aJ,ah> ~ P for some integers i ,h .  Since L is i n f i n i t e ,  

j ~ I .  To be able to generate a l l  str ing a 31 for i ~ l ,  j has to be a power of 

three, i . .e . j  = 3 p, p ~ I .  But then we cannot generate in G al l  strings 

a 21 fo r  i ~ I .  D 

Theorem 3. ~ ~ ~. 

Proof: Let G : (Z,P,~) be a p red ic t i ve  context L-system. Let k, m be natural 

numbers such that  I~I < k, IYl < m for  any (a,~,B,y)  ~ P. Let A be a f i n i t e  
automaton, A = (K,P,6,qo,F),  where K : (First(#% k - l )  u Z k) x (Last(zm-l#) u Z m) u 

u {qo } ,  F = K n (% u {#}7* × (#),  and 6 is defined as fo l lows.  

( i )  I f  p = (a,#,B,y#) E P where a E ~, and B,y ~ S*, then 

(Lastk(#B),y#) E 6(qO,p). 

( i i )  I f  p = (a ,# ,~ ,y)  c P, where a c z, and B,y c ~*, then 

(Lastk(#B),y61#) E 6(qO,p) fo r  any 61 ~ Z* such that  

1811 ~ m~Iy l - I  and (Last(#~),y~2) c 6(qO,p) fo r  any 62 

such that  1621 = m-IYl .  

( i i i )  I f  p = (a:,~,B,y) c P, where ~ ~ S* u #~+ and B,y ~ E*, then 

(Lastk(Yl~B),yy26) ~ 6( (y l~ ,Byy2) ,  p) fo r  any Y1 ~ S* u #S*'Y2 ~ ~* '  

c Z* u Z*# such that  (y l  ~, By2 ) ~ K and 161 = I~ I ,  and also 

(Lastk(Y l~) ,YY2#)  E 6( (y l~ ,~yy2#) ,p)  fo r  any Yl E z* u #S*, and 
Y2 E %* such that  (yl~,~yy2 #) E K. 
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= ~* ( iv) I f  p (a,m,~,y#) E P, where m c Z* u #Z + and B,y E , then 

(Lastk(YlmB),y#) E ~((ylm,By#),p) for any Yl E ~ u #Z* such that 

(y]~,By#) E K. 

I t  follows from the construction of automaton A that i f  plP2...pn ~ L(A), 

where Pi ~ P' Pi = (a i ' ~ i 'S i 'Y i )  for l ~ i ~ n, then ala2...a n ~ 8iB2...Sn and 

vice versa. Therefore, the regular global context L-system G' = (Z,P,P',L(A),a), 

where P' = {({a,B,~,y},a,~):(a,B,~,y) E P}, generates also the language L(G). 

Thus ~ 5 ~. 

In Example l we have shown that the language L = {a3i2J:i z O, j z O} 

is a regular global context L-language. However, by Lemma 3, L is not a predictive 

context L-language. Thus, the inclusion is proper. 0 

I t  has been shown in [92] that the family of regular languages is 

included in the family of context L-systems. I t  is easy to modify this proof to 

show that al l  regular languages containing a nonempty string are also included 

in the family of predictive context L-languages. 

Let the family of regular languages be denoted by REGULAR. 

Theorem 4. REGULAR-{{~},$} ~ ~. 

Proof. Similar to the proof that REGULAR-{{~},@} is included in ~ in [92]. 

Now, we wi l l  compare the generative power of TOL-systems with that of 

context sensitive L-systems. The family of TOL-languages w i l l  be denoted by TOL. 

Theorem 5. TOL ~ R. 

Proof. TOL does not include al l  f i n i t e  sets as shown in ~I]. Therefore, i t  

follows from Theorem 4 that ~ ¢ TOL. We have shown in Lemma 3 that the language 

L = {a312J:i z O,j z O} is not a predictive context L-language. However, L is 

generated by TOL-system G = ({a},{{  a ÷ aa},{a ÷ aaa},a). Therefore, 

TOL ¢ ~. 0 

Theorem 6. TOL ~ ~. 

Proof. Let G = (Z,P,~) be a TOL-system, where P = {PI,P2 . . . . .  Pn }. 

Let G' = (z,?,P',Q,~) be a regular global context L-system, where 

r = {Sl,S 2, . . . .  ,Sn}, Q is denoted by s T + s~ +.. +s n,+ and P' is defined as follows. 

P' = {(A,a,~):a c Z, ~ c S*, (a,~) c Pi for some i ,  l ~ i ~ n and 

A = {sj c r:(a,~) c Pj}}, i .e.  a rule p has label sj i f  and only i f  p is in the 

table Pj. Since the control set Q allows to use at one step in a derivation 

only rules which al l  are from the same table of P we have L(G) = L(G'). Thus 

TOL 5 ~. 
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I t  fo l lows from Theorem 3 and Theorem 5 that  the i nc lus ion  is 

proper. D 

Lemma 4. The language L = {(anbncn)m:n,m ~ I }  i s  not a context  L-language. 

Proof. We w i l l  g ive here on ly  an informal proof to keep the paper shor t .  

Suppose tha t  there ex is ts  a context  L-system G = (~,P,~) generat ing 

the language L = {(anbncn)m: n,m ~ I } .  Since G can generate a l l  s t r i ngs  anbnc n 

fo r  n ~ O, there ex is ts  exac t l y  one in teger  i ,  i ~ 1 such tha t  <ak,a,aJ> ÷ a i is 

in P fo r  some in teger  k , j .  S i m i l a r l y ,  f o r  ru les i nvo l v i ng  on ly  symbol b and 

on ly  symbol c. Therefore,  there ex is ts  a constant c such tha t  f o r  any n ~ c,  
i f  (anbncn)m~> * ~ then ~ = (akbkck)m fo r  some in teger  k ~ n. Thus there ex is ts  

an in teger  j ~ 1 such tha t  the fo l l ow ing  holds. There ex i s t  i n f i n i t e l y  many n 

s t r i ngs  in  L of type (aJbJcJ) m fo r  some in teger  m and (aJbJcJ)m~> (aJlbJ2c ~2) I ,  

(aJbJcJ)m~> (aJ2bJ2cJ2) m2 and m I ~ m 2, Jl # J2" Then we can generate in  G also 

s t r ings  not in  L, which is a con t rad ic t i on  to L = L(G). D 

Since we have shown in  Example 3 t ha t  the language 

L = {(anbncn)m:n,m ~ I }  is a p red i c t i ve  context  L-language, i t  is c lear  tha t  

context  L-languages do not inc lude a l l  p red i c t i ve  context  L-languages. 

Theorem 7. ~ ¢ ~ . 

Proof. I t  fo l lows d i r e c t l y  from Lemma 4 and Example 3. D 

Now~ we w i l l  compare the generat ive power o f  context  sens i t i ve  grammars 

w i th  tha t  o f  p red i c t i ve  context  L-systems and regu la r  global context  L-systems. 

Theorem 8. For each type 0 language L over alphabet T, there ex is ts  a p red i c t i ve  

context  L-system G such tha t  L = L(G) n T*.  

Proof. Let L be generated by a type 0 grammar G 1 = (N,T,P,S).  Let 

G = (Z,P' ,S)  be a p red i c t i ve  context  L-system, where 

= T u N u { (p ,p ) :P  c P} u { (p ,A ) :p  ~ P and A ~ N u T} ,  and P' is  constructed 

as fo l l ows .  

( i )  I f  A ÷ ~ c P, where A ~ N, ~ c (N u T) * ,  then A ÷ ~ ~ P' .  

( i i )  I f  p = AIA2. . .A  n ÷ BIB2.. .B m ~ P, where AI,A 2 . . . . .  An,BI,B 2 . . . . .  Bm~NUT, 

m ~ n, then A i + < (P ,A I )B I (P ,A2)B2 . . . (P ,A i_ I )B i_  l , ( p , A i ) B  i ,  

(P ,A i+ I )B i+ I (P,A i+2)B i+2. . . (P ,An_I )Bn_I (P,An)BnBn+I . . .Bm(P,P)  > ~ P' 

f o r  1 ~ i ~ n - l ,  and A n +  <(P,AI )BI (P,A2)B2. . . (P,An_I )Bn_ I ,  

(P,An)BnBn+l. . .Bm(p,p),~> c p' 
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( i i i )  I f  p = AIA2.. .A n ÷ BIB2...B m E P, where AI,A 2 . . . . .  A n , 

BI,B2, . . . .  B m E N u T, 1 ~ m < n. Then 

A i + < (P ,A l )B l (P ,A2 )B2 . . . (P ,A i_ l )B i_ l , (P ,A i )B i , (P ,A i+ l )B i+  1 

(P,Ai+2)Bi+2...(P,Am)Bm(P,Am+l)(P,Am+2)...(P,An)> E P' fo r  

1 ~ i ~ m, and A i + <(P,Al)Bl(P,A2)B2...(P,Am)Bm(P,Am+ I )  

(P 'am+2)" " "(P 'Ai -I  ) '  (p 'Ai ) '  (p 'Ai+ l  )(p 'Ai+2)" "" (p 'an)> E P' fo r  

m+l ~ i ~ n. 

( i v )  I f  p = AIA2.. .A n ÷ ~, where AI,A 2 . . . . .  A n E N u T, n > I ,  then 

Ai ÷ <(P'AI )(P 'A2)" "" (P 'Ai - I  ) '  (p "Ai ) '  (p 'a i+ l  )(p 'A i+2)"""  (p 'an)> E P' 
f o r l  ~ i ~ n .  

(v) (p,A) + ~ c P' ,  and (p,p) ÷ c E P' fo r  any p ~ P, A E N u T. 

( v i )  A ÷  A E P' fo r  any A c N u T. 

I t  fo l lows from the construct ion that  i f  ~AIA2...AnB ~>El ~BIB2...BmB, 

where AI,A 2 . . . . .  An,BI,B 2 . . . .  B n ~ N u T,~,B E (N u T)* using the ru le 

AIA2.. .A n ÷ BIB2...Bm,m ~ n, then ~AIA2...AnB~> ~(P,AI)BI(P,A2)B2. . .  

(P,An)BnBn+l...Bm(p,p)B~> ~BIB2...Bm~, and i f  ~ >  ~(P,AI)BI(P,A2)B2.. .  

(P,An)BnBn+l.. .Bn(p,p), then y = AIA2.. .A n. The same can be shown i f  other types 

of rules of  G 1 are used. Therefore S ~>* ~, where ~ E (N u T)* i f  and only i f  

~>* T*, S GI ~. Thus L(G I )  = L(G) n D 

Let the fami ly  of  con tex t -sens i t i ve  languages be denoted by CS. 

Theorem 9. ~ ~ CS. 

Proof. Suppose that  ~ ~ CS. Since context sens i t i ve  languages are included in 

recursive languages and recursive languages are closed under i n te rsec t ion ,  

L n T* is a recursive language for  any L in ~ and any alphabet T. This is a 

cont rad ic t ion to Theorem 8. Therefore, ~ ~ CS. 

We have shown in Lemma 3 that  the language L = {a3 i2J : i  ~ O,j ~ O} 

is not in ~. However, L is c l e a r l y  a context sens i t i ve  language. Therefore, 

CS ¢ ~. D 

Now, we would l i k e  to compare the fami ly  of  context sens i t i ve  languages 

to the fami ly  of  regular global context L-languages. I t  ~s c lear  from the 

previous theorem and from Theorem 3 that  the fami ly  of regular  global context 

L-languages is not included in the fami ly  of  context sens i t i ve  languages. To 
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prove that the fami ly  of regular global context L-languages does not contain 

a l l  context-sensi t ive languages we introduce the concept of exponential ly dense 

languages. 

Def in i t ion 9. Language L is cal led exponential ly dense i f  there ex is t  constants 

c I and c 2 having the fol lowing property: For any n ~ 0 there exists a str ing 
in L such that c le(n- l )c2 ~ I~I < Cl eric2. 

Lemma 5. Any regular global context L-language which is i n f i n i t e  is exponential ly 

dense. 

Proof. Let L be an i n f i n i t e ,  regular context L-language. Let G (Z,F,P,C,~) 

be a regular global context L-system generating L. Let c I = 1oi, 

d 2 = max { I y I : ( A , a , y )  c P for  some A~F, a c Z and y c ~*}. Let c 2 = log d 2. 

Since L is i n f i n i t e ,  d 2 > I .  I f  n = 0 theD,c lear ly ,  c I ~ l~I < c I e c2. Let n 

be an a r b i t r a r y  f i xed  in teger ,  n > 0. Since L is i n f i n i t e ,  there ex is ts  ~ E L 

nc 2 
such that  I~I ~ c I e As ~ ~ L and i~l > I~I there ex i s t  k > l and 

BI,B 2 . . . . .  B k ~ L so that  ~i -> ~i+l fo r  l ~ i ~ k - l ,  ~l = ~ and B k = ~. Let j be 
nc 2 nc 2 

an integer, 1 ~ j < k such that IB<Ij < cle and IBj+II m c I e . Clear ly,  

enC2/d2 c I (n- l)c2 such integer j ex is ts .  Now we have i. Bjl ~ I~ j+ l l / d  2 ~ c I = e 

Lemma 6. The language {a22n:n m O} is not a regular global context L-language. 
2 n 

Proof. The language {a 2 :n m O} is not exponential ly dense and therefore by 

Lemma 6 is not a regular global context L-language. 

Theorem I0. CS ~ ~. 
@ 

Proof. By Theorems 3 and 9, ~ is not included in CS. The language 

L = {a22n:n m O} is a context sensi t ive language, however, L is not in ~ by 

Lemma 6. D 



N O N T E R M I N A L S  A N D  C O D I N G S  IN D E F I N I N G  V A R I A T I O N S  O F  O L - S Y S T E M S  

S v e n  S k y u m  

D e p a r t m e n t  of  C o m p u t e r  S c i e n c e  

U n i v e r s i t y  of A a r h u s  

A a r h u s ,  D e n m a r k  

S u m m a r y  

T h e  use of n o n t e r m i n a l s  v e r s u s  the use of  c o d i n g s  in v a r i a t i o n s  o f  O L - s y s -  

terns is  s t u d i e d .  I t  is  s h o w n  tha t  the use o f  n o n t e r m i n a l s  p r o d u c e s  a c o m p a r a t i v e l y  

low g e n e r a t i v e  c a p a c i t y  in d e t e r m i n i s t i c  s y s t e m s  w h i l e  i t  p r o d u c e s  a c o m p a r a t i v e l y  

h i g h  g e n e r a t i v e  c a p a c i t y  in n o n d e t e r m i n i s t i c  s y s t e m s .  

F i n a l l y  i t  is  p r o v e d  tha t  the f a m i l y  of  c o n t e x t - f r e e  l a n g u a g e s  is  c o n t a i n e d  in 

the f a m i l y  g e n e r a t e d  by c o d [ n g s  on p r o p a g a t i n g  O L - s y s t e m s  w i th  a f i n i t e  set  of 

a x i o m s ,  wh i ch  was  one of  the open p r o b l e m s  in [ 1 0 ] .  A l l  the r e s u l t s  in t h i s  p a p e r  

can be found  in [ 7 1 ]  and ~72 ] .  

1. D e f i n i t i o n s  

B y  d e f i n i t i o n ~  an E O L - s y s t e m  is a q u a d r u p l e  G - - < ~  P ,  W, /k>, w h e r e  

and /k a r e  a l p h a b e t s  w i th  A_c Z;, P is  a f i n i t e  set  o f  c o n t e x t - f r e e  p r o d u c t i o n s  c o n -  

t a i n i n g  at  l eas t  one p r o d u c t i o n  f o r  e v e r y  l e t t e r  of  ~,~ and 0o E Z; +. T h e  d i r e c t  y i e l d  

r e l a t i o n  ~ on the se t  Z;* is  d e f i n e d  as  f o l l o w s :  x ~  y h o l d s  i f f  t h e r e  is  an i n t e g e r  

k =  > 1, l e t t e r s  a i and w o r d s  e l  ~ 1 = < i =< n, such that  

x = a 1 . . . a n ,  y =C~ l . . . ~ : n 2  

and a i 4 cz i is  a p r o d u c t i o n  in P ,  f o r  each i = I , . . .  , n. T h e  r e l a t i o n  ~ is  t h e  r e -  

f l e x i v e  t r a n s i t i v e  c l o s u r e  of  ~ .  T h e  l anguage  L (G)  g e n e r a t e d  by G is  d e f i n e d  by 

L (G)  = { w  E A*  I co=~" w } .  

T h e  E O L - s y s t e m  is an O L - s y s t e m  i f f  A = ~ .  I t  is  d e t e r m i n i s t i c  ( a b b r e v i a t e d :  D) i f f  

t h e r e  is  e x a c t l y  one p r o d u c t i o n  f o r  e v e r y  l e t t e r  of  ]C. I t  is  p r o p a g a t i n g  ( a b b r e v i a -  

ted:  P)  i f f  the r i g h t  s i d e  of  e v e r y  p r o d u c t i o n s  is  d i s t i n c t  f r o m  the empty  w o r d  ~.. 

We may a l s o  c o m b i n e  these  n o t i o n s  and s p e a k ,  f o r  ins tance~ of  P D O L -  o r  E P O L -  

s y s t e m s .  

We a l s o  c o n s i d e r  g e n e r a l i z a t i o n s  o f  the s y s t e m s  d e f i n e d  a b o v e  o b t a i n e d  by  

r e p l a c i n g  the a x i o m  co by e f i n i t e  se t  ~ of  a x i o m s .  T h e  l anguage  g e n e r a t e d  by such 

a s y s t e m  c o n s i s t s  of  the ( f i n i t e )  un ion  of  the l a n g u a g e s  g e n e r a t e d  by the s y s t e m s  o b -  

t a i ned  by c h o o s i n g  each e l emen t  co E ~ to be the a x i o m .  T h i s  g e n e r a l i z a t i o n  is d e -  

no ted  by the l e t t e r  F .  T h u s ,  we may speak  of  E P D F O L - s y s t e m s .  
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For" any c l a s s  of  sys tems~ we use the same n o t a t i o n  f o r  the f a m i l y  of  l a n -  

guages  g e n e r a t e d  by these  s y s t e m s ,  E , g , ,  E P D O L  d e n o t e s  the f a m i l y  of  l anguages  

g e n e r a t e d  by i - P O O L - s y s t e m s .  

[By a c o d i n ~  we  mean a l e n g t h - p r e s e r v i n g  h o m o m o r p h i s m  (o f ten  a l s o  c a l l e d  a 

l i t e r a l  h o m o m o r p h i s m ) .  T h e  p r e f i x C  a t t a c h e d  to the name of a l anguage  f a m i l y  i n d i -  

c a t e s  tha t  w e  a r e  c o n s i d e r i n g  c o d i n g s  of  the l anguages  in the f a m i l y .  

2. D e t e r m i n i s t i c  s y s t e m s  

We s t a r t  by e x a m i n i n g  the r e l a t i o n  b e t w e e n  the use  o f  n o n t e r m i n a l s  and c o -  

d i n g s  in  d e t e r m i n i s t i c  s y s t e m s .  

T h e o r e m  ~.. 1 

E D O L  ~ C D O L  and E P D O L  ~ C P D O L .  

P r o o f  

We w i l l  o n l y  p r o v e  the f i r s t  i n c l u s i o n .  T h e  second  one  is  p r o v e d  in the same 

way .  

N o w  le t  G = < , ~ ,  P~ e3~ A> be an E D O L - s y s t e m .  T h e  f o l l o w i n g  d e s c r i b e s  the 

c o n s t r u c t i o n o f a D O L - s y s t e m  G = < C I  p I  c~1 ~ t >  a n d a c o d i n g  h f r o m  ~1 in to  

A such tha t  L ( G )  = h ( L ( G t ) ) .  F o r  a w o r d  x~ m in (x )  d e n o t e s  the se t  of  l e t t e r s  o c c u r -  

r i n g  in x .  

C o n s i d e r  the sequence  of  w o r d s  f r o m  ]C ~ g e n e r a t e d  by G,c~=c~ I , co2, co3, ..... 

There exist natural numbers n and m such that min(~ m) = min(~m+n) ~ which im- 

plies that for any i > 0 and any j~ 0___ j < n: 

(1) min(C~m+ j )  = m i n ( ~ m + n i + j ) .  

L e t  d k deno te  the c a r d i n a l i t y  of  min(O~k) ~ 1 --< k <  m+n. D e f i n e  

N A =  { k  e N t 1 --< k <  re+n, m in (~  k) c A J .  

For"  any  k E N A i n t r o d u c e  n e w  s y m b o l s  not  in 

]C k = { ak j  I 1 ----- j S  d k } ,  

and d e f i n e  i s o m o r p h i s m  fk  m a p p i n g  min(0~k) on to  ~k~ w h e r e  

fk (a )  = ak j  i f f  a is  the j~th symbo l  o f  min(c0k} , k ( N A 

N o t e  tha t  the fk *s  a r e  d e f i n e d  f o r  some f i x e d  e n u m e r a t i o n s  o f  the se ts  m in (~k ) .  ~ is  

go ing  to be the un ion  of  the above  d e f i n e d  ~;klS: 
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~l = U ~ k  
kEN A 

Def ine  k 1 and k 2 as the min imal  and maximal  e lements of N&, 

F o r  any of the le t te rs  akj where  k ~ k 2 def ine p roduc t ion  in P~: 

akj ~ fk i (e)  

where  k ~ is the smal les t  e lement in N A g r e a t e r  than k and ~. is the s t r i ng  de-  

r i ved  f rom f~l(akj)~ in ( k l - k )  steps in G. 

1~ f o l l o w s  f rom (1) that L(G) is f i n i t e  i f  I~ < m. If th is is the case then def ine  

fo r  any j~ 1 < j  <--dk2 p roduc t ion  in p1: 

ak,aj -~ ak2 j. 

Otherwise~ let k 3 denote the minimal  e lement in N A g r e a t e r  than1 o r  equal to m~ 

and def ine p roduc t ions  in p i  f o r  any j~ 1 -< j-< dl~ ~ fo r  which f~..~(al~ j ) ~  de r i ves  

some s t r i ng  e E A* in (n-k 2 + k 3) steps in G: 

ak. a J -~ fka (~) . 

Note that the use of fk,~ is wel l  def ined s ince min(~k2 +(n-k,~ +k3 )) = min(~ks ) ( f rom 

the fact  that k~ ~ m and ( I }  above},  F i n a l l y  de f ine  the coding h f rom ~1 into A in 

the way that fo r  eve ry  akj E C1: h(akj)  = f:-l(akj)'K Then 

L(G) = h (L(G ' ) )  

where  G I = < ~ ,  p i  f k l ,  ( ~k l ) ,  FA>, and th is p roves  the inc lus ion  of the theorem. 

The inc lus ion  is p r o p e r  because {a  n I n-> | } E C D O L \ E D O L .  

We have the f o l l o w i n g  theorem as an immediate consequence of theorem 2 .1 .  

Theorem 2 .2  

E D F O L  ~ CDFOL. and E P D F O L  ~ C P D F O L .  

3. Nonde te rm in i s t i c  systems 

We w i l l  now examine the r e l a t i o n s  between the nonde te rm in i s t i c  femi l ies~ 

co r respond ing  to those o c c u r r i n g  in Theorems 2.1 and 2 .2 .  

The f o l l o w i n g  two theorems co r respond  to Theorem 2 .1 .  The  p roo f  of the 
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f i r s t  one can  be found  in E2,0~. 

T h e o r e m  3, 1 

C O L  = EOLo 

T h e o r e m  3.2, 

C P O L  ~ E P O L .  

P r o o f  

T h e  i n c l u s i o n  is  e a s i l y  c h e c k e d .  T h e  i n c l u s i o n  is  p r o p e r  b e c a u s e  the 

l a n g u a g e  L = { a n b n c  n I n>_ 1 } U l d  3n i n ~  1 } b e l o n g s  to E P O L ,  but  is  d o e s  no t  

b e l o n g  to C P O L .  T h e  p r o o f  f o r  the  l a t e r  s t a t e m e n t  can  be found  in [1 0~ o 

N o t i c e  h e r e  that  w h i l e  the  g e n e r a t i n g  c a p a c i t y  due to the use  o f  n o n t e r m i n a l s  

was  w e a k e r  than the g e n e r a t i n g  c a p a c i t y  due to c o d i n g s  in d e t e r m i n i s t i c  p r o p a g a -  

t ing  O L - s y s t e m s ~  the c o n v e r s e  is  t r u e  i f  you  a r e  d e a l i n g  w i t h  n o n d e t e r m i n i s t i c  p r o -  

p a g a t i n g  O L - s y s t e m s .  

T h e  f o l l o w i n g  t h e o r e m  c o r r e s p o n d s  to T h e o r e m  2 , 2 .  T h e  p r o o f  can be found in ~72 ] .  

T h e o r e m  3 . 3  

C F O L  = E F O L  and C P F O L  c_ E P F O L .  

I t  is  an open  p r o b l e m  w h e t h e r  o r  no t  the  i n c l u s i o n  C P F O L  ~ E P P O L  is  p r o p e r .  

A s o m e w h a t  r e l a t e d  p r o b l e m  is  w h e t h e r  o r  no t  the  f a m i l y  of  c o n t e x t - f r e e  l a n g u a g e s  

is  i n c l u d e d  in the f a m i l y  C P F O L .  I ndeed  we have  the f011owin9 t h e o r e m .  

T h e o r e m  3 . 4  

T h e  f a m i l y  of  c o n t e x t - f r e e  l a n g u a g e s  is  p r o p e r l y  i n c l u d e d  in the f a m i l y  

C P F O L .  

P r o o f  

L e t  G = < V ,  ~,  P~ S >  be a c f - g r a m m a r  o f  a l anguage  no t  c o n t a i n i n g  X in 

G r e i b a c h - n o r m a t  f o r m  ( i . e . ~  the p r o d u c t i o n s  a r e  of  the f o r m  A-+ a o r  A-~ a A l . . . A n ) .  

S u p p o s e  t h e r e  a p e  no u s e l e s s  s y m b o l s  in Vo 

F o r  each  A E V we  c h o o s e  

w A e {w e =*  I A G w, l wl minimal t .  
w A w i l l~  in the r e s t  o f  the p roo f~  be f i x e d  f o r  e v e r y  l e t t e r  A E V .  

D e f i n e  k : V -e  N by k (A )  = [WAL , and f u r t h e r m o r e  
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s (A)  = I x w  x E z ; k ( A ) v  * I A=~" x w x ,  I x l  = k ( A )  } and  
le f t  

re(A} = I x E Z; k ( A )  I :J w e v *  : ×w e s(A)} 

S i n c e  the g r a m m a r  was  in G r e i b a c h  n o r m a l  f o r m ,  s(,Zk) and re(A) a r e  f i n i t e  se ts  of  

s t r i n g s .  

L e t  n : V-~  a be d e f i n e d  as  n(A)  = { n u m b e r  o f  s t r i n g s  in m(A) }  . 

We w i l l  use m(A)  as  an o r d e r e d  se t .  

N o w  we  can  c o n s t r u c t  a P F O L - s y ,  s tem H and a c o d i n g  h such tha t  h ( L ( G ) )  = L ( G ) :  

H : < s u  L J  A I p ' , t  ' I t 2 2  s 2  , , S 1 S 2 . . . S k ( S }  , $ 1 S 2 . . .  k ( S )  " ' ' '  
AEV 

! -< L<k (A)  
l_<j_n(A) S I ( S ) S ~ ( S )  = n l S ) l  

. . . .  k(S)~ > 

P~ is  d e f i n e d  as f o l l o w s :  

1) 
2) 

3) 

F o r  a l l  a E Z;~ a 4  a is  in p i .  

F o r  a l l  A E V~ 1 < j < n (A) ,  and 1 < i <  k ( A ) - I  , A !~ ,  a! is in p i  

w h e r e  a! is the i l t h  t e r m i n a l  in the jTth s t r i n g  in m(A) .  
i 

F o r  a l l  A E V and 1 --< j< -  n(A)  

• k 1 k I k! 
AJk(A)~  a J ( A ) B l l  B12 " ' ' 8 1 k ( 8 1 ]  

k 2 

• . a 2 k ( 8 2 ) -  • • 

k k k 
B q • . . B q l q B q 2 q 0 . .  qk (Bq )  

is in p i  f o r  a l l  B 1 ~ B 2 , . . .  , Bq  and I <-% k i <-- n(B i) w h e r e  

x B  1B 2 . . . B q  e S ( A )  and × is  the j l t h  s t r i n g  in  re(A).  

T h e  c o d i n g  h is  d e f i n e d  by h(a)  = a f o r  a l l  a E Z;~ and 

We p r o v e  that  L ( G )  c h ( L ( H ) ) .  T h e  other" i n c l u s i o n  is  shown  in the same w a y .  

L e t  w E L ( G ) .  

T h e r e  e x i s t s  a d e r i v a t i o n  o f  w in G such tha t  
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S = A i  ~ x~ A 2 ; A 3 . . . A  n 
le f t  

4~ x~×p21 . . .  a2q2xp31. . .  B3q3. 

I I1 I I I  x l f  
=~ x~x2, xg l  . . .  X2;qgX 3 x 3 1 . . .  3q 3. 

w h e r e  x t. E m(A i ) _  fop a l l  I/ <__ i <-- n(A) and B i_j ~ x ! !  for" 2; ~< i < n and I --< j <-- qi • l I j  

I I I 
I t  s u f f i c e s  then to show that  t h e r e  e x i s t s a n  ax iom S 1 S 2 ; . . . S k ,  S,/J in H such that:  

• .XnBn!  . . . B n q  n 

• . X  I X I I  . X I I  : W 

n n l " "  nq n 

I I S / , S )  s v s 2 " ' "  ~ H 

. t  A k2;A kg k2; k 3 k 3 k 3 k k k n A n A n 
- I " ' 2 1  " '22  " ° ' A g k ( A 2 ; )  A31 A32  " • ' A 3 k ( A 3 )  • ' ' A n !  n~. •• • nk(An)  

and 

k.  k.  k. 
A j t  JAJ2;J" •" AJkJ(Aj  ) H :--'-> x!w.j J f o r  a l l  2--< j--< n but that  i s  e x a c t l y  how H is  cons t ruc ted •  
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I T E R A T I O N  G R A M M A R S  AND L I N D E N M A Y E R  A F L I S  

A r t o  S a l o m a a  

D e p a r t m e n t  of  C o m p u t e r  S c i e n c e  

U n i v e r s i t y  of  A a r h u s  

A a r h u s ,  D e n m a r k  

One of  the f i r s t  o b s e r v a t i o n s  c o n c e r n i n g  L - s y s t e m s  was that  the c o r r e s p o n d -  

ing language  f a m i l i e s  have  v e r y  weak  c l o s u r e  p r o p e r t i e s ,  in f ac t ,  many of  the f am-  

i l i e s  a r e  a n t i - A F L ~ s ,  i . e . ,  c l o s e d  u n d e r  none of  the A F L  o p e r a t i o n s .  H o w e v e r ,  

th is  phenomenon is due to the lack  of  a t e r m i n a l  a l p h a b e t  r a t h e r  than to p a r a l l e l i s m  

wh ich  is the e s s e n t i a l  f e a t u r e  c o n c e r n i n g  L - s y s t e m s .  E . g . ,  the f a m i l y  T O L  of a l l  

m O L - l a n g u a g e s  is an a n t i - A F L ,  w h e r e a s  the f a m i l y  E T O L  is a f u l l  A F L .  L a t e r  on 

we w i l l  see how L - s y s t e m s  can be used to c o n v e r t  l anguage  f a m i l i e s  w i t h  w e a k  c l o -  

s u r e  p r o p e r t i e s  i n to  fu l l  A F L I s  in a r a t h e r  n a t u r a l  w a y .  

The  b a s i c  n o t i o n  in th i s  p a p e r ,  K - i t e r a t i o n  g rammar~  is a s l i g h t  g e n e r a l i z a -  

t ion  of  the n o t i o n  i n t r o d u c e d  by van L e e u w e n  [5'77 . The  m o t i v a t i o n  fop such a no t i on  

is t h r e e - f o l d :  

i) I t  p r o v i d e s  a u n i f o r m  f r a m e w o r k  f o r  d i s c u s s i n g  O L - s y s t e m s  and a l l  of  

t h e i r  c o n t e x t - f r e e  g e n e r a l  i za t i ons .  

i i )  I t  shows  the r e l a t i o n  b e t w e e n  O L - s y s t e m s  and ( i t e r a t e d )  s u b s t i t u t i o n s .  

i i i )  I t  a s s o c i a t e s  w i th  each f a m i l y  K of  l anguages  ( h a v i n g  c e r t a i n  m i l d  c l o s u r e  

p r o p e r t i e s )  some fu l l  A F L I s ,  o b t a i n e d  f r om  K in the I I L i n d e n m a y e r  way  II. 

We make the f o l l o w i n g  c o n v e n t i o n s ,  v a l i d  t h r o u g h o u t  th is  p a p e r .  A l l  language 

f a m i l i e s  d i s c u s s e d  a r e  n o n - t r i v i a l ,  i . e . ,  they  c o n t a i n  at  l eas t  one l anguage  c o n -  

t a i n i n g  a n o n - e m p t y  w o r d .  (A  language  f a m i l y  is u n d e r s t o o d  as in Et 021.  ) T w o  g e n e -  

r a t i v e  d e v i c e s  a r e  t e rmed  e q u i v a l e n t  i f  they  g e n e r a t e  the same language  o r  e l se  the 

language  g e n e r a t e d  by one d e v i c e  d i f f e r s  f r o m  the language  g e n e r a t e d  by the o t h e r  

t h rough  the empty  w o r d  X. (Thus  in th is  sense,  f o r  any  c o n t e x t - f r e e  g rammar~  

t h e r e  is an e q u i v a l e n t  c o n t e x t - f r e e  g r a m m a r  w i t h  no X - r u l e s .  } 

We i n t r o d u c e  f i r s t  some s t a n d a r d  t e r m i n o l o g y  and n o t a t i o n s .  L e t  K be a f a m -  

i l y  of l anguages .  A K - s u b s t i t u t i o n  is a mapp ing  0" f r om  some a l p h a b e t  V i n t o K .  

The  mapping 0 is ex tended  to l anguages  o v e r  V in the usua l  f ash ion .  F o r  l anguage  

f a m i l i e s  K 1 and K~,  we de f i ne  

(1) Sub(K  1,  K~)  = {Cr(L) I L e K2 and0" is a K 1 - s u b s t i t u t i o n }  . 

If K a = O L  o r  K~ = T O L ,  f a m i l i e s  (1) a r e  c a l l e d  m a c r o - O L  and m a c r o - T O L  f a m -  

i l i e s ,  r e s p e c t i v e l y ~  and deno ted  by K z M O L  and K 1MmOL.  M a c r o s  w e r e  i n t r o d u c e d  

in [?7 and [97 ,  w h e r e  e s p e c i a l l y  the cases  K :  = F  ( the f a m i l y  of f i n i t e  languages)  

and K z = R  ( the f a m i l y  of  r e g u l a r  l anguages)  w e r e  i n v e s t i g a t e d .  Us ing  the f ac t  
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(c f .  [ 5 5 ] ) t h a t  the f a m i l y  of  E O L - l a n g u a g e s  is  c l o s e d  u n d e r  a r b i t r a r y  h o m o m o r -  

ph i sm ,  i t  i s  e a s y  to show that  

F M O L  = E O L .  

( T h e r e  seems to be no s h o r t  d i r e c t  p r o o f  fop  the i n c l u s i o n  F M O L  _c E O L .  ) 

S i m i l a r l y ,  one can  p r o v e  that  

F M T O L  = R M T O L  = E T O L .  

On the o t h e r  hand ,  F M O L  is p r o p e r l y  i n c l u d e d  in R M O L  b e c a u s e  H e r m a n l s  l anguage  

2 n 
h - l { a  [ n->_ 0}  w i t h  h(a) = a ,  h(b) = X ,  

is in the d i f f e r e n c e  R M O L - F M O L ,  c f .  [ 35~ .  T h e  f a m i l y  R M O L  is the s m a l l e s t  f u l l  

A F L  (and the s m a l l e s t  A F L )  i n c l u d i n g  the f a m i l y  O L ,  cf .  [9~ o r  [551 . It is  a l s o  

the c l o s u r e  of  F--MOL u n d e r  i n v e r s e  h o m o m o r p h i s m .  

We w i l l  now p r e s e n t  the b a s i c  d e f i n i t i o n .  L e t  K be a f a m i l y  of  l a n g u a g e s .  A 

K - i t e r a t i o n  g r a m m a r  is a q u a d r u p l e  G = (VN ,  V T ,  S ,  U) ,  w h e r e  V N and V T a r e  

d i s j o i n t  a l p h a b e t s  (of  n o n t e r m i n a l s  and t e r m i n a l s ) ,  S E V + w i t h  V = V N U V T ( i n i -  

t i a l  w o r d )  and U = {0" 1 , . , . , 0 " n }  is  a f i n i t e  se t  of  K - s u b s t i t u t i o n s  d e f i n e d  on V and 

w i th  the p r o p e r t y  tha t ,  f o r  each i and each a E V ,  0"t (a) is a l anguage  o v e r  V .  

T h e  l anguage  g e n e r a t e d  by such a g r a m m a r  is d e f i n e d  by 

( g )  L ( G )  = U cr i . . .  0" t ( S )  N V T *  
1 k 

w h e r e  the un ion  is  taken  o v e r  a l l  i n t e g e r s  k>_- 1 and o v e r  a l l  o r d e r e d  k - t u p l e s  

(i 1 , . . . , i k )  w i t h  1 -< i t -  n. T h e  f a m i l y  of l a n g u a g e s  g e n e r a t e d  by K - i t e r a t i o n  g r a m -  
(t)  

m a r s  is d e n o t e d  by  Ki ter  . B y  K~.ter we  deno te  the s u b f a m i l y  of K l te t  , g e n e r a t e d  by 

such g r a m m a r s ,  w h e r e  U c o n s i s t s  of  at most  t e l e m e n t s ,  f o r  some t_-> 1. 

T h e  d i f f e r e n t  O L - f a m i l i e s  can now be e a s i l y  c h a r a c t e r i z e d  w i t h i n  t h i s  f r a m e -  

w o r k .  C o n s i d e r  the s p e c i a l  case  K = F .  T h e n  

K( I  ) = =(1 ) iter --iter = E O L  = F M O L .  

( N o t e  tha t  i t  s u f f i c e s  to c h o o s e ,  f o r  each a E V ,  0"(a) to be the l anguage  c o n s i s t i n g  

o f  the r i g h t  s i d e s  o f  the p r o d u c t i o n s  w i t h  a on the le f t  s i d e . )  S i m i l a r l y ,  

F~ter = E T O L  (= F M T O L  = R M T O L ) .  

T h e  f a m i l i e s  w i t h  D a n d / o r  P a r e  c h a r a c t e r i z e d  as f o l l o w s .  D means that  the 

o " s  a r e  h o m o m o r p h i s m s ,  P means that  the o ' s  a r e ~ . - f r e e .  T h u s ,  E P D T O L  is the 

s u b f a m i l y  of  F~t~r ,  o b t a i n e d  by  such g r a m m a r s  w h e r e  a l l  s u b s t i t u t i o n s  cr a r e ~ -  

f r e e  h o m o m o r p h i s m s .  

If one w a n t s  to c o n s i d e r  f a m i l i e s  w i t h o u t  E ( O L ,  T O L ,  e t c . ) ,  then one 
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s imp ly  assumes that V N is empty (which means that the i n t e r s e c t i o n  w i th  V T *  in 

(2) is super f l uous ) .  Note that in the genera l  case the g e n e r a t i v e  c a p a c i t y  is not a f -  

fected by assuming that S E V N. F i n a l l y ,  the m a c r o - f a m i l i e s  KMOL  and K M T O L  a re  

ob ta ined by K - i t e r a t i o n  g rammars  s a t i s f y i n g  the f o l l o w i n g  cond i t i on .  T h e r e  is a 

sub -a lphabe t  V I of V N such that,  f o r  each i and each a E V I, o t (a) is a f i n i t e  l an -  

9ua9 e ove r  V N. F u r t h e r m o r e ,  f o r  each i and each a E V T ,  0" i ( a )  is empty and, fo r  

each i and each a E V N - V l ,  o's(a) is a language ( in K) ove r  the a lphabet  V T- 

(He re  i t  is  assumed that K con ta ins  a l l  f i n i t e  l anguages . )  

Thus ,  a l l  c o n t e x t - f r e e  L - s y s t e m s  f ind t he i r  c o u n t e r p a r t  in th is  f o rma l i sm.  

Note ,  h o w e v e r ,  that so f a r  ( apa r t  f rom r e g u l a r  macros )  one has not c o n s i d e r e d  in 

the theory  of L - s y s t e m s  cases mope genera l  than K = F .  

The bas ic  tool needed in p roo f s  f o r  c l o s u r e  r e s u l t s  is the f o l l o w i n g  Theo rem 1. 

We say that a K - i t e r a t i o n  g rammar  is X - f r e e  i f f  each of the subs t i t u t i ons  o't is X - f ree .  

Theo rem 1. ( [55~ ,  [57~,  E|03~) Assume that K is a language f am i l y  c losed  under  

f i n i t e  subs t i t u t i on  and i n t e r s e c t i o n  wi th  r e g u l a r  languages.  Then  fo r  each K - i t e r a -  

t ion g rammar ,  t he re  is an equ iva len t  X - f r e e  K - i t e r a t i o n  g rammar .  

A p p l y i n g  s tanda rd  A F t - t h e o r y  and the techn ique used to p r o v e  Medvedev ls  

Theorem fo r  f i n i t e  automata,  one can es tab l i sh  the f o l l o w i n g  r e s u l t s :  

Theo rem 2. Assume that K sa t i s f i es  the hypo thes i s  of Theo rem 1 and, f u r t h e r m o r e ,  

[z( t )  fop any t > I ,  con ta ins  al l  r e g u l a r  languages.  Then  a l l  of the f a m i l i e s  K~.te r , '"f.ter , = 

KMOL and K M T O L  a r e  fu l l  A F L ' s .  

Thus ,  Theo rem 2 can be app l i ed  wheneve r  K is a cone (a lso  c a l l e d  a fu l l  t r i o ) .  

S i n c e  the fu l l  A F L l s  assoc ia ted  wi th  K ape ob ta ined by p a r a l l e l  r e w r i t i n g ~  they ape 

n a t u r a l l y  ca l l ed  L i n d e n m a y e r  A ~ L I s .  A p a r t  f rom the obv ious  i nc lus ions  

_ _ _ , - - ( I )  ~_ ( 2 )  c . .  ~_ KMOL  c K M T O L  c Kiter , KMOL  c ~it~r K~ter - • Kiter , 

v e r y  l i t t l e  is known about  these A F L I s ,  e . g . ,  about  the s t r i c t n e s s  of the i nc lus ions .  

It is shown by van Leeuwen  ( "No tes  on p r e - s e t  pushdown automata 't , th is  v o l -  

ume) that ,.~ter equa ls  the fami l y  of languages accepted  by p r e - s e t  pushdown au toma-  

ta. (In van Leeuwen~s t e r m i n o l o g y ,  Riter cou ld  be ca l l ed  t l h y p e r - a l g e b r a i c  m u l t i -  

ex tens ion  of regular languages u . )  

A na tu ra l  not ion  f rom the po in t  of v i e w  of L - s y s t e m s  in A F t - t h e o r y  is that  of 

a h y p e r - A F L  . By de f i n i t i on ,  a f am i l y  K sa t i s f y i ng  the hypo thes i s  of T h e o r e m  2 is 

a h y p e r - A F L  i f f  K~t~r z K.  H y p e r - A F L I s  a re  d i scussed  in the paper  by P . A .  C h r i -  

s tensen ( th is  vo lume) .  T h i s  app roach  shows that ,  among the L - f a m i l i e s ,  the f am i l y  

E T O L  has a v e r y  i n t e res t i ng  mathemat ica l  p r o p e r t y .  

I t e ra t i on  g rammars  have been g e n e r a l i z e d  by D e r i c k  Wood ( " A  note on L i n d e n -  
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m a y e r  systems~ s p e c t r a  and equ i va lence l ' ~  M c M a s t e r  U n i v e r s i t y  C o m p u t e r  S c i e n c e  

T e c h n i c a l  R e p o r t  No.  7 4 / 1 )  to c o v e r  L - l a n g u a g e s  w i th  i n t e r a c t i o n s .  He a l s o  g i v e s  

an e x a m p l e  of  how the u n i f o r m  f r a m e w o r k  of  i t e r a t i o n  g r a m m a r s  can  be used to g e n -  

e r a l i z e  s p e c i f i c  r e s u l t s .  The  e x a m p l e  c o n c e r n s  the u l t i m a t e  p e r i o d i c i t y  of  s p e c t r a  

in E O L -  and E T O L - s y s t e m s ,  [2 ,0 ] ,  [2 ,7 ] .  Wood 's  r e s u l t  shows  that  the s p e c i f i c  

r e s u l t s  men t i oned  depend on l y  on the method of  i t e r a t e d  s u b s t i t u t i o n  and not  at a l l  

on the f i n i t e n e s s  of  the s u b s t i t u t i o n s .  



H Y P E R - A F L ~ S  AND E T O L  S Y S T E M S  

P, A.  C h r i s t e n s e n  

Depar tment  of Computer  Sc ience  

U n i v e r s i t y  of A a r h u s  

Aarhus~ Denmark 

The not ions of K - i t e r a t i o n  grammars  and of h y p e r - A F L %  are  in t roduced in 

[57~ and [103~. The nota t ion f o l l ows  that of [103~. 

Theorem 

E T O - -  O , , o  ' ° -   TO-- h y p e r - A F L .  

Sketch of a proof 
It is obv ious  f rom the de f i n i t i on  of. an i t e ra t i on  grammar that 

E T O L  g ETOh(~e)r -c E T O L i t e r .  

To  p rove  E T O L i t e r  g E T O L  ~ let G = (VN~ VTJ S~ U) be an E T O L - i t e r a t i o n  

9rammar w i th  U =  t ~ 1 , . . .  , ~n }  , where  each ~ i s a n  E T O L - s u b s t i t u t i o n .  

Assume that ~ j (a  i) = L ( G i , j )  , where  Gi ,  j = (V~  J , V T U VN,  T i ,  j ,  S i ,  j )  a re  

synch ron i zed  v e r s i o n s  of E T O L - s y s t e m s  and the a lphabets  VI~ j a re  p a i r w i s e  d i s -  

jo in t .  

We define a new E T O L - s y s t e m :  G' = ( V 6 ,  V ¥ ,  X ' ,  ~ ), where 

, / i , j  { ~ i , j t  = V~ = {$}  U ( --N U ) U ~ T  U ~ N U  V T U ~N where  $ and a l l  S . a re  
i~j l~J 

new symbols.  

~ X  = {'~ I a E V x } and ~ X  = { a I a E V X }  f o r  X = N and X = T are  

sets of new symbols.  

I f  X is a s t r i ng  of symbols X = b t , . . b k ~  then ~ =  B 1 , . . B  k and 

= ~ l ' ' ' ~ m  " The  axiom of G 1 is def ined as ~ in exac t l y  the same way.  

F i n a l l y  T ~ cons is t s  of the tables:  

a i + Si~ j f o r  each i and each j 

to: 

A ~ $ f o r  any o ther  symbol A.  

F o r  1 --< j <  n there  is the table:  
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S i ,  j ; S i ,  j e S i , . j  f o r  each  i 

4 a ; e 4 a f o r  each  a E V N U  V T 

A -* $ f o r  any  o t h e r  s y m b o l  A .  

F o r  1 --- j < -  n and | ~ i_< I V  N U  V T I  

I , j  

t h e r e  is the  se t  o f  t a b l e s :  

w h i c h  c o n s i s t s  o f  a l l  t a b l e s  f r o m  T.  

w h e r e  the  t a b l e  w i t h  the  t e r m i n a l  p r o d u c t i o n s  (G i ,  j is  s y n c h r o n i z e d }  is  

c h a n g e d  to  p r o d u c e  b a r r e d  t e r m i n a l s  i n s t e a d .  In a l l  t h e s e  t a b l e s  we  add the  

productions: 

~e a 

m 

-~ S k ,  j 

A - ' S  

f o r  each  a E V N U  V T 

f o r  each  k 

f o r  a n y  o t h e r  n e w  s y m b o l .  

F i n a l l y  t h e r e  is the  t a b l e  w i t h  the  t e r m i n a l  p r o d u c t i o n s :  
¢ =  

a -* a f o r  each  a E V T 

A 4 $ f o r  a n y  o t h e r  s y m b o l  A .  

T h e  c l a i m  is  n o w  t ha t  L ( G )  = L (G~) .  

T h e  r e a s o n  f o r  t h i s  is  that  r e w r i t i n g  a d o u b l e -  b a r r e d  w o r d  v i a  t 0 ' s  p r o d u c t i o n s  

a i  -~ S i , j  i s  t he  same  as  c h o o s i n g  the s u b s t i t u t i o n  __ ~ to  be u s e d .  T h e  s u b s t i t u t i o n  

is  t hen  p e r f o r m e d  v i a  the  t a b l e s  t j  and  ~ ' k , j  ~ and w h e n  the s u b s t i t u t i o n  is p e r -  

f o r m e d ,  the  w o r d  i s  a g a i n  d o u b l e - b a r r e d .  We can  c h o o s e  a n e w  s u b s t i t u t i o n  and  so  

f o r t h  u n t i l  w e  f i n a l l y  use  the t e r m i n a l  t a b l e  to  r e a c h  a t e r m i n a l  w o r d .  I f  the t a b l e s  to 

be u s e d  in  the Il ine o f  d e r i v a t i o n  a r e  no t  c h o s e n  a c c o r d i n g  to  t h i s  s c h e m e ,  a S - s y m -  

bo l  i s  i n t r o d u c e d  in  the  s t r i n g ,  and  f r o m  t h i s  i t  i s  i m p o s s i b l e  to  r e a c h  a t e r m i n a l  

w o r d .  

T h e r e f o r e  E T O L  = E T O L ( ~ t  ) r  = E T O L i t e r  , and  s i n c e  i t  i s  w e l l - k n o w n  tha t  

E T O L  is  a f u l l  A F t ,  w e  c o n c l u d e  tha t  E T O L  is  a h y p e r - A F L .  
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C o r o l l a r y  1 

I f  K i s  a f a m i l y  o f  l a n g u a g e s  such  tha~: F g K _c E T O L  then  K i t e r  = E T O L .  

Proof 

E T O L  : F i t e r  g K i t e r  _c E T O L i t e r  = E T O L .  

T h u s  w e  h a v e  f o r  i n s t a n c e  p r o v e d  t ha t :  

ETOL = Flier : Riter : CFite r = EOLiter = ETOLiter . 

S i n c e  each  h y p e r - A F L  is a f u l l  A F L  and s i n c e  E T O L  = R 

C o r o l l a r y  9. 

E T O L  is the s m a l l e s t  h y p e r - A F L .  

i t e r  ~ w e  c o n c l u d e :  

In [ .56]  i t  is s t a t e d  tha t  the  f a m i l y  R ( | )  L i t e r  is  e x a c t l y  the  f a m i l y  o f  l a n g u a g e s  a c c e p t e d  

by  p r e - s e t - p u s h d o w n  au toma ta~  and w e  a r e  n o w  a b l e  to  p r o v e :  

C o r o l l a r y  3 

R ( ' )  -- E T O L  iter ~ Riter 

Proof 

By definition ~(I) and we know that Riter = ETOL. Furthermore~ r~iter c_ Rite r 

hyper-AFLls are easily seen to be closed under substitution; in order to prove the 

- - (1 )  i s  no t  c l o s e d  u n d e r  s u b s t i t u t i o n :  c o r o l t a r y ~  i t  s u f f i c e s  to  p r o v e  tha t  N i t e r  
2 n 2 m 

Let L I = {a I n~ 0} and L2--lab I m-> 0}, then obviously 

L I~ L 2 E  O L  c E O L  = F  ( I )  c R ( I )  
- iter - iter " 

D e f i n e  the  s u b s t i t u t i o n  T b y  J-(a) -- L 2. T h e n  J - ( L  1) is  the  se t  o f  a l l  w o r d s  

ab  2nz ab  2he . . .  ab  2nk ~ w h e r e  each  n i >- 0 and t h e r e  e x i s t s  I >- 0 such  tha t  k = 21 . 

D e f i n e  the  f i n i t e  s u b s t i t u t i o n  t b y  t (a)  = {a  I and  t (b)  = {~., b} t hen  the p r o o f  in  

[ 3 5 ]  o f  the  n o n - c l o s u r e  o f  E O L  u n d e r  i n v e r s e  h o m o m o r p h i s m  s h o w s  tha t  

t ( # ( L  1))  ~ E O L  = F  (1) . I t  is  f u r t h e r m o r e  w e l l - k n o w n  tha t  E O L  is  c l o s e d  u n d e r  
i t e r  

f i n i t e  s u b s t i t u t i o n ~  t h e r e f o r e  ~-(L 1) ~ F ( I )  i t e r  " B u t  s i n c e  i n f i n i t e  r e g u l a r  se t s  f u l f i l  

a pumping ,emma, obvious that { Rli r and the coro, ,ary proved. 
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F i n a l l y  we  m e n t i o n  tha t  we  h a v e  p r o v e d  the e x i s t e n c e  o f  f u l l  A F L I s  K and 

K such tha t :  

K (1 )  ~ = ~'(1 ) = ~ ' i t e r  
i t e r  K i t e r  i t e r  

and K ~, K i t e r  but  ( K i t e r ) i t e r  = K i t e r  name ly  K = R  and ~" = E T O L ,  
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Definition l.l.1 

An operator domain is a set ~ with a mapping a : ~ + N; 

the elements of ~ are called operators, and if ~, then a(~) 

is called the arity of ~. If a(~) = n, we say that ~ is an 

n-ary operator. We write ~(n) = {~e~la(~) = n}. 

Definition 1.i.2 

Let A be a set and g an operator domain, then an 

~-algebra structure on A is a family of mappings ~(n) ÷ A An, 

Thus with each ~e~(n) we associate an n-ary operation on A 

: An÷A 

lIEN. 

Definition 1.1.3 

The set A with an ~-algebra structure on A is called an 

~-algebra and is denoted by (A,~) or A . 

A is called the carrier of A~. 

Definition 1.1.4 

For any ~-algebra A~ and any ~(n), the application of 

to an n tupple (al,a2,...,a n) from A gives an element of A. 

We write this clement in postfix Polish notation a I a 2 ... an~. 

If n=0, then this means that ~eA. These ~'s are called 

constant operators. 

*An extract from the author's thesis: 

"ON THE ALGEBRAIC FOUNDATIONS OF DEVELOPMENTAL SYSTEMS". 
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In what follows, we assume a fixed ~ structure 

throughout, and will omit sometimes the subscript ~. 

Definition 1.i.5 

Given ~-algebras A n and B~, a mapping f : A+B and 

~eQ(n), we say f is compatibl e with w, if for all al,...,a n cA 

f(al)f(a2)...f(an)~ = f(ala2...an~). 

If f is compatible with each ~c~, then f is said to be a 

homomorphis m from A to B. 

Definition i.i.6 

Given any two ~-algebras A~ and B~, we say that BQ is a 

sub-algebra of A~ if B<A i.e., if the carrier of B~ is a 

subset of the carrier of A~. 

Definition 1.1.7 

Given a family (Ais)i~I of ~-algebras, ~- Ai~ , the 
iai 

associated direct product is defined as follows. 

Let P be the Cartesian product of the A's with 
z 

projections K : P +A., then any element ps P is uniquely 
l 1 

determined by its components K. (p) and any choice of elements 
l 

(a aA ) defines uniquely an element ps P by K (p) = a 
i l iel l l 

for all ia!. Consequently if pl,P2 .... 'Pn a P and ~s~(n), we 

can define plP2...pn~ by the formuli 
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Ki(plP2...pn~) = Ki(Pl)Ki(p 2) ...Ki(Pn)~ for all i ~ I 

This procedure defines an ~ structure on P simply by doing 

all operations componentwise. Consequently we have 

Theorem 1.1.7 

Direct product of ~-algebras is an £-algebra. 

We note that the A. 's need not be distinct and that the 
1 

projections are homomorphisms. 

Definition 1.1.8 

Let ~ be an operator domain and let ~ be a shadow 

alphabet representing the operations of ~, let X be an 

auxiliary alphabet disjoint from ~. X is called the 

alphabet of free variables. We define the language of the 

~-words, W~(X), as the following subset of (XU ~)~ 

i. If w~(0) , allen ~W (X) . 

2. If xsX, then x £ W~(X) . 

3. If al,a2,...,an cW~(X) and ~s~(n), then ala2...an~£ W~(X). 

4. Nothing else belongs to W£(X) unless its being so follows 

from a finite nu~Lber of applications of the set of rules 

1,2 and 3. 
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Definition 1.1.9 

Let X and ~ be giyen as in Definition 1.1.8, then we 

define an n-algebra (n, (XU ~)*) as follows 

for any al,a 2 ..... a n ~ (XU~)* and any men(n) 

m(al,a 2 .... ,a n ) = ala2...an~. 

Theorem i.i.i0 

The a-words W~(X) for a given set X, form an a-algebra 

the subalgebra of (n,(XU ~)*) generated by X. 

Proof: 

By Definition 1.1.8, the language of ~-words is closed 

under the ~ operations and is generated by X. 

Consistent with this theorem, we have the following. 

Definition l.l.ll 

The a-algebra of the set of S-words W~(X) 

a-word algebra. 

Definition 1.l.12 

is called an 

Given the set of a-words WQ(X), we define the following 

relation <~< over W~(X), called the ~-subword relation, 

i) For all nsN and all aie W (X)p 1 ! i ~ n, if ~s~(n), then 

a.! <~< b iff ala 2...an~ = b. 
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Furthermore, 2) for all a,b,c ¢ ~(X) 

a <~< a and 

3) if a <~< b and b <~< c, then a <~< c. 

i.e., <£< is the reflexive transitive closure of the relation 

defined by i). 

If a <£< b, then we say that a is an ~-subword of b. 

Definition 1.1.12.1 

We define a mapping h : W~(X) ÷ N as follows 

h(~) = 0 for each ~£(0) 

h(x) = 0 for each x s X 

h(ala2...an~) = l+max {h(ai) I l<i<n} 

where wEn(n) and a £W n(x) . 

We call h(a) the height of the R-word ao 

These definitions allow us to represent ~-words as 

ordered, labelled rooted trees, the free variables and nullary 

operators are the leaves of the tree, the other a-operators 

are the labels of the internal nodes. If ~ e ~(n), then n 

branches are eminating from the node labelled by w. The 

right-most operator labels the root of the tree, and the 

distinction between free variables and nullary operators is 

only nominal. The reader is encouraged to draw ~-words as 

trees in the examples. 
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Definition 1.1.12.2 

Let v be an ~-word of W~(X), then we define a 

correspondence £v from the ~-subwords of v into the 

non-negative integers as follows 

£v(V) = 0, and for any ~-subwords b and ai; b,a i <~< v, 

£v(ai) = l+£v(b) if ala2..ane = b, for all i° l~i<_n, and 

all mE~(n). 

We note that Zv is not necessarily functional, since 

different occurrences of the same S-subword may have 

different values. We say that a certain occurrence of 

an ~-subword u of v is on level n if ~v(U) = n. 

The following standard theorems are stated without 

proof. 

The reader is encouraged to consult any of the following 

excellent introductory reference texts: 

A.G. KUROSH, Lectures on General Algebra, Chelsea (1963, 1965). 

P.M. COHN, Universal Algebra, Harper-Row (1965). 

Our notational conventions are chosen in attempt to 

parallel Cohn's symbolism, whose work is remarkably impressive 

for clarity and consistency. 
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Theorem 1.1.13 

For any X and Y the corresponding £-algebras are 

isomorphic, W~(X) = W£(Y), iff the cardinalities of X and Y 

are the same. 

Theorem i.i.14 

The composition of homomorphisms ~-algebras 

f : A~ ÷ B e and g : B~ ÷ CR is a homomorphism fog : Ae ÷ C . 

Theory 1.1.15 

The image of a homomorphism f : A~ ÷ B~ is a D-subalgebra 

of B~. 

Definition 1.1.16 

An equivalence relation on an R-algebra A~ which is also 

a subalgebra of A£×A~ is called a congruence relation on A S • 

Theorem 1.1.17 

Let A be an ~-algebra and p a congruence relation on A , 

then there is a homomorphism natp : A~ ÷ (A/p,~). 

Definition 1.1.18 

The a-algebra (A/p,~) is called the quotient algebra of 

A n by p. 
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Theorem 1.1.19 

For any ~-algebras A,B and any generating set X of A, 

a homomorphism h of A into B is uniquely determined by its 

restriction hlX. 

Theorem 1.1.20 

e 

Let A~ be any n-algebra and X any set, then any mapping 

: X ÷ A may be uniquely extended to a homomorphism 

: W~(X) ÷ A m. 

Theorem 1.1.21 

Any ~-algebra A is a homomorphic image of an ~-word 

algebra W~(X) for some set X. 

Definition 1.1.22 

F, a symmetric set of designated pairs of ~-words in the 

n-word algebra W~(Y), is called a set of identical relations 

that hold in W~(X). 

£ ~W~(Y) × W~(Y), (Wl,W 2) E £ is written as Wl=W 2. 

Two L-words v and u in WD(X) are called equivalent with 

respect to F, v =F= u, iff there is a finite sequence of 

transformations v i ÷ vi+ 1 i=l,...,n-i : v=v I and u=v such that 

there are L-words Pi and qi' ~-subwords of v i and vi+ 1 

respectively, Pi <n< v i and qi <~< Vi+l' and vi+ 1 is obtained 

from v i by replacing Pi by qi' furthermore, Pi and qi are the 
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homomorphic images of w I and W 2 respectively under an 

arbitrary map h i : Y + W~(X) extended to a homorphism, 

where (Wl,W2) ~ £. 

Theorem 1.1.23 

For any ~-word algebra W~(X) and any set of identical 

relations F ~ W~(X) × W~(X), the relation =£= is a congruence 

relation on W~(X). 

Proof : 

Obviously =~F= is an equivalence relation, but since the 

rel~tion <S< is transitive and since subwords may be replaced 

by equivalent subwords, it is also a congruence relation. 

In fact, let a i =F= b i for all i, l<_i<_n, then to show that for 

any e~(n), al...an~ =F= bl...bn ~, we are required to show 

that there is a finite sequence of transformations from 

a l...ane to b l...bn~. Suppose the length of the sequence of 

transformation from a i to b i is mi, then the length of the 
n 

required sequence of transformations is at most [ m.. 
i=l 

Definftion i.I. 24 

W(~,X,F) which denotes the factor algebra (W~(X)/=F:,Z) 

(or any algebra isomorphic to it), is called the free 

~-algebra of the variet Y F generated by X. 

Note the generahors of this algebra are the sets of =F= 

equivalent words, equivalent to the elements of X. 
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In practice; when £ is understood, =£= is written simply 

as =. 

Example 1.1.25 

Consider the following free ~-algebra GdI, GdI=W(~,X,£), 

where 

e(i) = % for all i+2 

( 2 )  = { o }  

X = {a} and F=~ 

Gd I is called the free groupoid generated by a singleton. 

The following are the first few elements of Gd ! ordered 

lexicographically, within length and height. 

a 

aao 

aaoao 

aaaoo 

aaoaaoo 

aaoaoao 

aaaoaoo 

aaaaooo 

Example 1.I.26 

Consider the f o l l o w i n g  f r e e  a - a l g e b r a  Sg 1. 
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Sg I = W(e,x,r), 

where 

~(i) = % for all i~2 

(2) = {o} 

X = {a} and £ = {xyozo = xyzoo} 

Sg I is called the free semigroup generated by a singleton. 

The following are the first few elements of Sg I in normal 

form ordered by length. By normal form we mean here the 

highest form in the lexicographical order among equivalent 

e-words representing an element of Sg I. 

a 

aao 

aaaoo 

aaaaooo 

We may note that aaaoo = aaoao are equivalent forms 

and so are 

aaaaooo = aaaoaoo = aaoaoao = aaoaaoo. 

To show the equivalence of the first and last elements in 

the chain, we use the map h. h(x) = a,h(y) = ~h(z) = aao. 

Example 1.1.27 

G 
P2 

Consider the following free ~q-algebra G 
P 
2 

: w(e,x,r) , where 



269 

n (0) = {l} 

(i) = {-1} 

~(2) = {o} 

(i) = # i>2 

X = {a,b} 

F = {xyozo = xyzoo, xx-lo = 1, 

x-lxo = I, x!o = x, ixo = xt 

x-ly-lo = yxo ~I, x -I-I = x} 

Gp is the free group generated by two elements. F is not 

2 

minimal, but a convenient set of identical relations for 

a free group. 

The following are the first few elements of G in 
P2 

normal form ordered lexicographically within length. 

l,a,b,a-l,b -I, 

aao,abo,bao,bbo, 

ab-lo, a-lbo ,ba- Io, b- lao, 

a- la-!o, a-lb- io ,b-la-lo,b- lb- lo, 

aaaoo, aaboo, .... 

By normal form we mean here the highest form in the 

lexicographical order among equivalent ~-words of minimal 

length. 
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Definition 1.2.1 

Given a set A, we consider the set of all finitary 

operations on A, denoted by a(A), 

A n 
(A) : U A = U a n(A) 

n~N n~N 

where the set of n-ary operations on A is denoted by 

~n(A) ' ~n(A) = A An. 

We define the composition of ~l,m2,...,mm with ~ as an 

n-ary operation, 8, for each el,m2,...,mm ~ an(A) and 

g am(A) as follows 

6 : An +A 

~(x) = (Xml) (xm2)''" (x~m)m for each x~A n. 

Any ordered set of operations, whose arities obey the 

requirement for composition is said to be conforming. We 

define for all n > ~ n n-ary operations in an(A), namely 

Knl,Kn2,...,Knn, where for any given i, l~i<n 

A n 
Kni : ÷ A 

Kni (a l,a 2 .... ,a i,---a n ) = a i 
for all aj E A, l<j<n. 

selects the i-th element in an n-tuple of elements of A. 
[ni 
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Kni is called the i-th component projection of an n-tuple. 

{Kni I l<i<n} is called the set of n-ary projection operators. 

A set 6 of operations on A is called a closed set of 

operations on A, or a clone on A in short, if and only if 

contains the projection operators and the conforming 

ordered subsets of ~ are closed under composition. 

Example 1.2.2 

~(A) is a clone, an(A) is a clone. 

Definition 1.2.3 

Let A be an Z-algebra, then the clone generated by the 

~-operators on A is called the clone of action of 9 on A. 

Theorem 1.2.4 

Let A be an m-algebra and 8 the clone of action of Z 

on A, let xs A n and 6 the set of n-ary operators in ~, then 
n 

({x~l~ ~ Bn}, ~n ) is the Z-subalgebra generated by the 

entries of x. 

Proof: 

The n-ary projection operators will provide the generators 

and the operations in 8 will provide the ~-algebra structure, 

the composition of the n-ary projection operators with elements 

of ~ are the set of all n-ary operators in ~. 
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We may see this in a different form in the following. 

Theorem 1.2.5 

Let ~ be an operator domain, let n ~ N +, let W~(X) be 

an ~-word algebra generated by X = {Xl,X2,...,Xn}, let 8 

be the clone of action of ~ on X, let E n be the vector of 

n-ary projection operators on X, namely 

~n = (~nl,Kn2,-'-,Hnn) " 8(Kn) then 

denotes the set of n-ary operations that can be obtained from 

Kn by repeated compositions of the projections and the 

operations in ~, furthermore, there is an isomorphism between 

the elements of W~(X) and 8(~n). 

Proof: 

Let us define a mapping ¢ from the elements of W~(X) to 

the operations in 8(~n), and show that this mapping is an 

isomorphism. 

i) ~(xi) = ~ni = Eni(~n ) 

Since the arity requirement for composition of operators in 

are the same as the arity requirement for forming ~-words, we 

may proceed inductively on the height of S-words as follows: 
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Suppose ¢ is defined for Yk" the [~-words of height 

less than k, so that ~(y) s 6(~ n) for each y s Yk" Consider 

an a-word x of height equal to k such as x = ylY2...ym~, 

where ~ £ 9(m). The Yi'S are of height less than k, 

therefore, by hypothesis, each %(yi ) e 6(~ n) and 

¢(yl ) , %(y2) ..... %(ym ) with ~ form a conforming ordered 

subset of operations, therefore we may define in K 
n 

2) ~(x) = e(%(yl ) , %(y2 ) ..... ¢(ym )) 

Since i) defines ~ for a-words of height O, the induction is 

complete. 

From i) and 2) it is clear that ¢ is a homomorphism. 

Clearly every 9 operation can uniquely be so simulated and 

the composition of functions with a projection operator will 

not produce an additional function therefore ¢ is an isomorphism. 

The following example is included simply to show an 

instance of the isomorphism and to make the notation more 

familiar.. 
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Example 1.2.5 

Let an e-word algebra WR(X) be given as follows: 

X = {a,b} 

(0) = ¢ 

~(i) = {.,-i} 

(2) = {o} 

~(i) = # for i>2 

Let H21(a,b) = a and H22(a,b) = b. 

Consider the ~-word 

x = abo-la.o. 

¢(x) = ¢(abo-la.o) = o(¢(abo-l), ~(a.)) = 

= o(-l(¢(abo)), .(¢(a))) = 

= o(-l(o(#(a), ¢(b)), .(n21(a,b))) = 

= o(-l(o(H21(a,b) , H22(a,b)) , *(H21(a,b))) 
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A few remarks at this point are in order. First of 

all, in Theorem 1.2.5 the concept of an isomorphism is 

used in the relaxed sense that the parsing tree of the 

~-word x is graph theoretically isomorphic to the composition 

tree of the operators in ~(x), as labeled ordered rooted 

trees. 

Secondly, the operation #(x) is an n-ary operation from 

(XU R),n ÷ (XUn)*, where X = {Xl,X 2 ..... Xn}, 

Thirdly, Theorem 1.2.5 is simply the formal notion of 

the operation of substitution for the free variables in a 

given ~-word. 

On the basis of these remarks, we adopt the following: 

Definition 1.2.6 

Let x be an ~-word in the ~-word algebra W~(X), where 

X = {Xl,X2,...,Xn}. We denote the value of the n-ary 

operation ~(x), ~(x) : (X~)*n ÷ (xU n)*, given in the 

proof of Theorem 1.2.5 as 

X(Zl,Y2,...,Zn) for any n-tuple (Zl,...,y n) of strings in 

(XO ~)* and any x £ W~(X). This convention identifies the 

word x with the operation it represents as a substitution 

formula. 
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Example 1.2.6 

Following Example 1.2.5, we obtain 

x = abo-la*o 

x(a,b) = abo-la*o 

x(a,a -I) = aa-lo-la*o 

x(a-l,abo) = a-laboo-la-l*o 

x(b,oa) = boao-lb~o 

abo-la*o(b,a) = bao-lb*o 

We now introduce operations that are homomorphic images 

of compositions of operations in an a-word algebra. 

To define operations of arbitrary arity, we will need 

a potentially infinite alphabet for the free substitutional 

variables. To specialize an operation, we use the scheme of 

explicit transformations, i.e., we permute or identify 

variables, put constants for variables and add new variables, 

all this may be accomplished by composition with the 

projection operators and substitution. Formally the develop- 

ment is given as follows: 
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Definition 1.2.7 

Given an infinite set X = {Xl,X2,X3,...} , consider 

the sequence of ordered subsets of S. 

X 1 = (x l) , X 2 = (Xl,X2),...,X n = (Xl,X2, .... Xn), ... 

let ~ be a operator domain, let the corresponding ~-word 

algebras be the sequence 

w~(x l) , w~(x 2) ..... wn(x n) .... 

let x be a given 9-word in W~(X n) with the correspondingly 

denoted operation X(Xl,X 2 .... ,x n) = x, which is a homomorphism 

n 
x : W~(Xn) ÷ W~(X) 

let ~' be an operator domain and let d be a given arity 

preserving mapping, i.e. 

d : ~ ÷ £' 

such that 

d[m] = m' implies a(~) = a(e') , 

let A~, be an s'-algebra, and for any 

al,a2,...,a n e Ag, , 

let h be the homomorphic extension of the map h(x i) = ai, 

'b 

then we-define the operation x as follows 

~:An÷A 
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x(al,a 2 ..... a n ) = d[x] (h(Xl),h(x 2) .... ,h(Xn)) 

(In practice d is bijective and ~ and ~' may be identified). 

The definition of ~ may be exhibited by the following 

commuting diagram of homomorphisms. 

W~ (X n) n h ~_ A n 

x I I 
w~ (x n) ~ A 

h 

x is called a principal derived n-ary operation on A ,, and 

is denoted by the expression ~(Xl,X 2 ..... Xn). 

For any integer k<n and any set of elements 

bl,b2,...,b k ~ A, the operation X(Xl,X2,...,Xm,bl,b2,...,bk), 

where m=n-k, is called a derived n-ary operation on A~,. 

In this definition we chose to specialize the last k 

arguments for notational convenience only. 

Example 1.2.7 

A 

Consider the ~l-algebra given by 

= ({l,a,b} , {o,l,-l}), where a(o) = 2, a(1) = 0, a(-I) = 1 
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1 

a 

b 

1 a b 

1 a b 

a b 1 

b 1 a 

,,1 

It is easy to see that AR1 is the cyclic group on 

{l,a,b}. Consider the subgroup closure operator 

<(x,y) = x-lyo(x,y) = o(-l(Kx(X,y)) ,Kx(X,y)) , 

where 

K (x,y) = x and ~y(x,y) = y. 
X 

The operator ~ is a principal derived binary operator on 

A~I" 

Examp!e 1.2.8 

On the other hand, consider the ~2-algebra, given by 

A~2 = ({l,a,b}, {K}), where a(K) = 2 and the multiplication 

table for K is given as derived in the previous example, then 

consider the operations o, I, and -i, where 

l(x,y) = <(H (x,y) Kx(X,y)) 
-- X ; 

-I(x,Y) = K(H (x,y) l(x,y)) and 
x 

_ (-i 
o(x,y) = < (x,y) , Hy(X,y)) 
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The operations ~(x,y) , __-I(x,Y) and o(x,y) are principal 

derived binary operations on A~2 

llll a b 

a 1 1 1 

1 1 

-I 

li 

1 a b 

1 1 1 

b b b 

a & a 

oill b i ! a b 

i ..... 

a b 1 

:b i a 
i lll 

and clearly they are respectively equivalent to the operations 

i, -i and o in A n in the previous example, in fact, they 

are given as the following derived operations: 

i = <(i,i) , -l(x) = K(x,l) and o(x,y) = o(x,y) . 

Definition 1.2.9 

For an ~-a!gebra A , the derived unary operations are 

called derived translations on A~. If a derived unary 

operation ~ is principal, then f is called a principal 

derived translation on A n. A subset S of A such that 

S = {a,f(a) , f(f(a)) , f(f(f(a))) .... } is called a splinte r 

in A~ or an S-algebraic splinter in A for any derived 

translation f and any element a in A. Splinters play an 

important role in the fundations of mathematics, and were 

studied by Ul!ian, Myhill, Young and Rogers; they consider 

f to be any recursive function. Splinters also turn up in 

disguise in the study of autonomous automata, in the study 

of cyclic submonoids of the monoid of endomorphisms of 
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e-algebras and in the study of fixed point theorems in 

general. 

Definition 1.2.10 

Let A~ be an ~-algebra, we define theY'-algebra 

~(A) e, as follows. For any m ¢ ~(n), we define m' as follows 

~' (XI,X 2 .... ,X n) = {~(Xl,X 2 ..... x n) I xi%X i 

We identify ~ and ~'. 

(A) s is called the ~-set al~ebra on h. In ~ (A)~ the 

presence of the binary operator U is tacitly assumed. As 

an immediate consequence of the definition, we have the 

following : 

Theorem 1.2.11 

For any e-set algebra ~(A) n and any ~ a ~(n) 

a(XI,X 2 ..... X i ..... Xn) U e(XI,X 2 ..... X~ ..... X n) = 

m(Xl,X2,...,Xi ~ X' ...,X n) where the X i and X' are 
i' i 

subset~ of A. 

Proof : 

The left-hand side and the right-hand side are same 

as sets. 

for all i, l<i<n} . 
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Consider the freemonoid generated by a doubleton 

= W(~,Y,F), where ~ = {~,o} , Y = {a,b} 

a(l) = 0 and a(o) = 2, F = {xyozo = xyzoo, lxo = xlo}. 

The first few normalized elements of W 2 in lexicographical 

order within length are 

X,a,b,aao,abo,bao,bbo,aaaoo,aaboo,abaoo,abboo,... 

Here the binary operation o is called the string catenation 

and the following is an instance of that 

o(aao,b) = aaobo = aaboo. 

The operation symbol may be omitted in the forms. Consider 

the a-set algebra~(~2) ~ corresponding to~, namely the 

algebra of languages over the binary alphabet with operation 

set-catenation or set-product. The following is an instance 

of this operation: 

o({a,aa}, {b,ab,aab}) = {ab,aab,aaab,aaaab}. 

Because of the previous theorem, we have the following 

identity for any set A,B,C,D in ~(~2 ) 

o(A~B, CUD) = o(A,C) ~o(B,C) ~o(A,D)~o(B,D). 
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A set valued set mapping f is called monotonic if it 

preserves the inclusion relation, i.e. X~Y implies 

f(X) ~f(Y). Using this terminology, we can state Theorem 

1.2.11 equivalently as follows: 

Corollary 1.2.11 

For any ~-set algebra ~(A)~ any derived translation 

is monotonic. 

Proof: Let X~Y~A and without loss of generality assume 

that the derived translation f is given as follows 

f(V) = m(V,AI,A2,...,An_ I) for all V~A, where A~ ~o<i<n. 

and ~ is in the clone of action of ~ such that a(~) = n>o, 

then XCY implies that Y = X~ Z, where Z ~ furthermore by 

Theorem 1.2.11 

f(Y) = f(X~ Z) = ~(X~ Z,AI,A 2 ..... An_ 1 ) = 

~(X,AI,A 2 ..... An_l) ~ ~(Z,AI,A2,...,An_I) = f(X)~ f(Z), 

therefore 

f(X)~ f(Y) . 

Corollary 1.2.12 

For any ~-set algebra ~(A) 

following inclusion holds: 

and any w s ~(n), the 
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~ (XI,X 2 ..... X i .... ,Xn) ~ ~ (XI,X 2 ..... X i ..... Xn)~ 

~(XI,X 2 ..... X i ~ Xl ..... X n) , 

where the X i's and X~ are subset5 of A. 

Proof : 

The right-hand side is included in each term of the 

intersection on the left, by the previous theorem, 

consequently it is included in their intersection. We note 

that the inclusion is proper in general and that 

~(x I ..... ¢ ..... x n) = ¢. 

Furthermore, if XcY, then the splinter 

(Y,f(Y) ,f(f(Y)) ,... ) dominates the splinter 

(X,f(X) ,f(f(X)) ,... ) as a set sequence. 

Definition 1.2.13 

Let f be a derived translation on A , let a be an element 

of A, then the mapping S[f,a,A~] is called an f-splinter 

sequence on A~ generated by a. 

S[f,a,A~] : N ÷ A~ 

S[f,a,A~] (o) = a 

S[f,a,A~] (n) = f(S[f,a,A~] (n-l)) 
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In what follows, we generalize the concept of the 

splinter to direct powers of ~-algebras. By direct power 

we mean a direct product in which all factors are identical. 

Thus 
1 2 n 

A~n = A ×A~ ×...× A 

Definition 1.2.14 

~, an n-tuple Of derived n-ary operations on an 

n If ~-algebra A~ is called a derived transfo~lation on A n- 

all the derived n-ary operations are principal, then it is 

n 
called a principal derived transformation on A~. 

n 
Let T = (tl,t2,...,t n) and t i : A 

A n A n . Y : -> 

A, l<i<n, then 

Definition 1.2.15 

m m 
Let • be a derived transformation on Ae and a ~ A~, then 

we define an m-ary s~!inter as the following set of elements 

of A m 

{a,T(a), ~(TCa)), T(T(Y(a))) .... } 

S[Am,-~,a] will denote the following mapping: 
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m 
S [A n , T ,a] 

m 
S[AR,T,a] (o) = 

S[A- m~,T,a] (n) = 

m 
:N÷A~ 

a 

(S [A~, T, a] (n-l)) for n>0. 

Let T be a derived transformation on A~, then the 

following set of transformations is called a splinter of 

m transformations on A a .  

n . 
{~m,T,T2,...}, where T is defined as follows: 

n Am ÷ A m 

n 
T n ( a )  = . S [ A  n t ~ , a ]  (n)  

Because of the associativity of composition and the identity 

action of the projection operations, we obtain the following: 

Theorem11.2.16 

Given an ~-algebra A n and let S = {Km,~,~2,...} be a 

splinter of transformation on A~, then S with the operation 

composition forms a cyclic monoid generated by T. 

Proof: 

Clearly, from what we said T a+b = Tao~ b and 

a ao~ = Ta 
~m °T = ~ m 

For consistency we have the following: 
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Definition 1.2.17 

For any splinter transformation ~ on A~ 

Hm = ~0 

Definition 1.2.18 

Let Ws(X) be an ~-word algebra, where X = {Xl,...,x n} 

and let y = (yl,Y2,...,yn) be an n-tuple of S-words in 

W(X), let 

= (~(yl) , ~(y2),...,#(yn )) be the corresponding n-tuple of 

n-ary operations, where for each i, l~i<_n, ~(yi ) is given 

~(yi ) : (XU~) *n ÷ (X~)*, 

as defined by 

Definition 1.2.6, then 

T is called an n-ary S-word transformation, and the set 

{T0,Tl,T2,...} is called an n-ary ~-word transformation 

splinter. 

Definition 1.2.19 

Let WD(X) be an D-word algebra with the finite ordered 

set of generators X = (Xl,...,Xn) , let T be an n-ary D-word 

transformation~ let x be an ~-word, then the triple 

H :(WD(X] ,T,X) is called an OL ~-word system. 
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L[H~], the language of the ~-OL word system, is 

defined as the following set: 

L[Hn] = {x(~m(x)),[ m>_O} 

WS [H~], the R-word sequence defined by H is the following 

mapping : 

WS[H~] : N ÷ W~(X') 

WS[H~] (m) = x(Tm(x)) 

Theorem 1.2.20 

Given an OL ~-word system H~ = (W~(X),T,x), where X is 

any (non-empty) finite ordered alphabet, then for any 

non-negative integers such that i+j = m, the following 

equality holds : 

WS[H~] (m) = x(Ti(x) (TJ (X))) 

Proof : 

Let n be the cardinality of X, then for any n-tuple 

a e (xU ~)*n and for any n-ary transformation X, 

x(X) (a) = x(a) , therefore 

yi(x) (~J(x)) : ~i($J(x)) = ~i+j(x) = sin(X) 

hence 

x(~i(x) (TJ(x))) = x(Tm(x)) = S[H~] (m) 
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Corollary 1.2.20 

WS[H~] (ra) = x(ym-l(x) (~(X)) 

m-i 
WS[H~] (m) = X(T(X) (T (X)) if m>O. 

Corollary 1.2.21 

Let X = (Xl,X2,...,Xn) , and let 

Hke = (W~(X),~,x k) for all k, l<k<_n, let 

V i = (WIS[HI~] (j) , WS[H2~](J) ..... WS[Hn~] (j)) 

then 

i 
WS[Hg] (m) = x(T (Vj)) for each i,j and m 

such that i+j=n. 

In particular, 

WS[He] (m) = x(T(Vm_I)) = x(T m-l(V I)) 

if m>O. 

Proof : 

Vj = TJ(x). 
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Example 1.2.22 

Let X = (a,b) 

~(~,~) = (~b(~,~) 

where 

, ~ = {0} , a(o) = 2, 

, O(Hb(a,8) , Ka(~,6))) 

e 
~a(~,~) = e and ~b(~,6) = ~ for all ~,6 in (XU ~) 

Let H = (W~(X) ,T,x), where x -- abo. 

From this we obtain the following: 

.r2 (c~ ,6 )  = 

-c3 ( ~ ,  6) = 

(x) = 

T 2 (x) = 

T3 (x) = 

~2 (T (x)) = 

-c (-c 2 Cx))  = 

(O(K bCa,S) ,Ha(a,S)) ,o(o(~ b(a,6) ,Ha(a,~)) ,K b (~,6))) 

(0(0 (Eb+(0~,~),IIa(C~,6)) ,~b (a,(~)) , 

O(O(O(~ b(~,~) ,Ha(~,~)),~ b(~,6) ,o(~ b(~,6) ,Ra(~,6)))) 

(b,o(b,a)) = (b,bao) 

(o(b,a) ,o(o(b,a) ,b)) = (bao,o(bao,b)) = (bao,baobo) 

(o(o(b,a) ,b) ,o(o(o(b,a) ,b) ,o(b,a))) = 

(o(bao,b) ,o(o(bao,b) ,bao) ) = 

(baobo,o (baobo,bao)) = (baobo,baobobaoo) 

~2(b,bao) = (baobo,baobobaoo) 

(bao,baobo) = (baobo,baobobaoo) 
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WS [H] (3) == x(baobo,baobobaoo) = baobobaobobaooo 

x(~(X) (~2(X))) = abo((b,bao) ((bao,baobo))) = 

= abo (b (bao,baobo) ,bao (bao,baobo)) 

= abo (baobo,baobobaoo) = 

= baobobaObobaooo 

x(~ 2(X) (~(X))) = abo((bao,baobo) ((b,bao))) = 

= abo((bao(b,bao) ,baobo(b,bao) ) ) = 

= abo(baobo,baobobaoo) = 

= baobobaobobaooo. 

The image of an OL ~-word system under a homomorphism h, is 

called R-0L system. It is clear that a statement similar to 

Theorem 1.2,20 may be phrased about the image, since we may 

commute h and T. One way we may interpret Corollary 1.2.20 

is as follows: 

In a developmental system without interaction, the global 

pattern on the highest level is identical with the pattern of 

the first stage of the development, or in cosmic terms: 

The macro-cosmos reflects the microcosmos. 
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Section i: Introduction and Overview. 

If we examine the rewriting systems of Ibarra (I), the so called 

Simple Matrix Grammars (SMG), we see that rewriting has the following 

three facets, namely 

(i) rewriting occurs in PARALLEL, 

(2) the parallelism is, a priori, BOUNDED, and 

(3) the rewriting is, a priori, CONTROLLED. 

Secondly, if we examine the rewriting systems of Lindenmayer 

[61], the so called E0L systems, and compare and contrast with the 

(!) Ibarra, O. H., Simple matrix languages, Information and Control 
17 (1970), 359-394. 
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SMG's we find: 

(1) rewriting again occurs in PARALLEL, 

(2) the parallelism is, a priori, UNBOUNDED and EXHAUSTIVE, and 

(3) the rewriting is, a priori, UNCONTROLLED. 

Later extensions to E0L systems have lead to two kinds of CONTROL 

(a) 'RULE-CONTEXT-FREE' CONTROL - Rozenberg's Tabled Systems 

[81]; rules are applied EXHAUSTIVELY from one table of 

rules from a given set of tables. However, within this 

restriction a particular rule is applied independently of 

the other rules that are applied at the same time. 

(b) 'RULE-CONTEXT' CONTROL - [ii]. The application of a partic- 

ular rule is dependent upon its context within the sequence 

of rules applied at a particular time. 

In the light of these developments in E0L systems, simple matrix 

grammars can be considered to have either 'RULE-CONTEXT' or 'RULE- 

CONTEXT-FREE' CONTROL. In the following we present a survey of 

results on the effect of changing facet (3) for SMG to: 

(3) the rewriting is UNCONTROLLED. 

This is the investigation of EOL-like systems where the paral- 

lelism is bounded, and can be considered to be the investigation of 

the development of filamentous organisms under an environment which 

deprives the cells of "food". We consider two different kind of gen- 

erating systems, finite state generators and right linear grammars, 

which we generalise to give n-parallel finite state generators and 

n-parallel right linear grammars. 

Section 2: n-parallel finite state generators. 

Definition 

A f~nite state generator (FSG) G, is a quintuple (N,T,E,S,F) 

where 



294 

N is a finite set of points, 

T is a terminal alphabet, 

E is a set of edges, E VxT*xV, 

S N is a set of entry points, and 

F N is a set of exit points. 

Example 1 

>aa 

" b  

D e f i n i t i o n  

N = {1,2}, T = {a,b}, 

E = {(l,aa,2), (2,b,l)} 

S = {i} and F = {2}. 

Given G, an FSG, then we write u÷vx if u,v in N, x in T* and 

(u,x,v) in E. 

Similarly, we write u÷ivx, i>0 if there exist sequences u 0, .... ,u i 

and Xl,...,x i such that 

uj÷uj+iXj+l, 0~j<i, 

x = Xl...xi, u = u 0 and v = u i. 

+ i 
We write u÷ vx if there exists i>0 such that u÷ vx, and we write 

* + 
u ÷ Vx if either u÷ vx or u = v and x = e. The language generated by 

an FSG G is 

w 

L(G) = {x: u+ vx, u in S, v in F}. 

We say L~T is a finite 8tare language (FSL) iff there exists an FSG 

G such that L = L(G). We usually say L is a regula~ set, so we denote 

the family of FSL's by ~ . 

Example 1 (cont.) 

L(G) = {aa,aabaa,aabaabaa,...} 

= {aa(baa) i: i~0}. 

We can now consider n-parallel FSGs. The basic idea is to have 

n FSG's operating synchronously and in parallel. Rather than re- 

peating a generalised form of the notation above, we develop the 

model informally. 
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Consider a 2-PFSG (2-parallel FSG) G: 

Initially these two processors (or generators) (G 1 and G 2) are 

both alive and idle. We start them up simultaneously and synchro- 

nously (by which we mean we move along edges at the same time). 

Thus we have: 

point reached and word generated so far: 

G 1 G 2 

time = 0 1 2 

= 1 la 2b 

= 2 laa 2bb 

= 3 laaa 2bbb 

i 

2 

3 

o o o  o ~ o  

Thus, we say L(G) = {albl: 

If the two processors each reach an exit point at the same time, 

then we catenate the two words generated so far. Here we have, since 

both points 1 and 2 are exit points that: 

word generated by G so far 

time = 0 E 

ab 

a2b 2 

a3b 3 

i~0}. 

In a similar way we can generate languages given by an n-PFSG, 

n~l, called n-PFSL's. Let ~ denote the family of n-PFSL's. 
n 

We have: 

Result i: ~'~= ~i' trivially. 

Result 2: For n~l, ~ n ~ ~n+l" 
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Proof: Simply add an extra processor Gn+ 1 to G, which generates 

nothing but the empty word, giving an (n+I)-PFSG, i.e. 

Result 3: ~-edges do add generating power. 

Proof: Consider L = {alb3: 0~i~j}, L cannot be generated without an 

c-edge occurring in at least one processor. 

{a!i i but not Result 4: For n~2, L n = ...a n : i~0} is in ~ n in 

n-l" 

Corollary: For n>l, ~ n ~ ~n+l: an infinite hierarchy of lan- 

guages. 

Result 5: ~2 ~ family of one-counter languages. 

Result 6: For n~l, ~ ~ family of context-sensitive languages. 
n 

Result 7: For n~3, ~ and the family of context-free languages are 
n 

incomparable. 

These results will be found in Wood (2). 

Section 3: Variations on the basic model of n-PFSG's. 

In the previous section, the terminology alive and idle with 

respect to n-PFSG's was introduced. If we say that an FSG dies when 

it reaches an exit point, then a word is output by an n-PFSG whenever 

all n processors die at the same time. We also say a processor is 

active when it is alive and not idle. 

Variation i: Given m FSGs, m>0 and n, 0<n<m then allow n live pro- 

cessors (at most) to be active at one time, and no longer require 

that n processors die together. A word is generated by GI,...,G m if 

initially, they become alive simultaneously and n of them become 

active for one time step, then another n become active for the next 

(2) Wood, D., Properties of n-parallel finite state languages, 
Utilitas Mathematica 4 (1973), 103-113. 
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time step, and so on until all m processors are dead. Then we cate- 

nate the m words together left to right, to give a word generated by 

Let ~(m,n) be the family of languages defined by this GI,...,G m. 

model. Then we have: 

Result 8: ~ = ~(m,n) for all m,n, 0<n<m. That is the model degen- 

erates. 

Variation 2: Let the m processors proceeding from left to right be- 

come active n at a time (if there are less than n, then the remaining 

number of processors), and all n die simultaneously. Let ~ de- 
m,n 

note the corresponding family of languages. 

Result 9: For m>0, 0<nKm, where m = np+q, 0Kq<n, then ~ = 
m,n 

( ~n)P~q° 

Result i0: ~ m,n=~ m+l,n' for all m,n, 0<ngm. 

Result ii: ~ m,n and ~ m,n+l are incomparable, for all m,n, 0<n.<m. 

Note that ~ m , m  = ~ m and ~ -m,1  = ~ ' f o r  a l l  m>O. 

Variation 3: We can impose more structure on the n-PFSG by intro- 

ducing a traffic cop, who by making use of a book of regulations de- 

termines which edges are allowable edges for the n FSG's at this 

time instant. 

Example 2 ~ a  b a ~ ~ V e n  the 2-PFSG G: 

with the rule book {<(l,a,l),v(2,a,2)>, <(l,b,1), (2,b,2)>} then pro- 

cessor G 1 can only traverse the a-edge whenever processor G 2 tra- 

verses an a-edge, thus L(G) = {ww: w in {a,b}*}. The rule book is 

usually called a control set, the corresponding family of languages 

is denoted ~ C 
n 

Result 12- "~n ~ ~n c' for all n>l. 

C = ~[n] , the family of n-~ight linear SML (3) Result 13: ~n 

(3) see footnote i. 
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These results can be found in Wood (4) 

Section 4: An alternative formulation, n-PRLG's and closure proper- 

ties. 

Definition 

For n~l, let G = (NI,...,Nn,T,S,P) where Ni, l~i~n, are disjoint 

nonterminal alphabets, 

T is a terminal alphabet, 
n 

S is a sentence symbol, S not in ~N i = N, 

P is a finite set of rules of the form: 

(i) S÷Xl...Xn, X i in Ni, 

(ii) X÷aY, X,Y in Ni, some i, a in T*, and 

(iii) X÷a, X in N i, some i, a in T*. 

G is an n-parallel right linear grammar, n-PRLG. 

We write x => y iff 

either x = S and S÷y in P, 

or x = YlXl...YnXn , y = YlXl...YnXn , Yi in T*, X i in N i, x i in 

÷x. in P, l~i~n. T*uT*N i and X l i 

In the usual way we obtain x ~+ y and x => y, notice that either 

a valid sentential form, other than S itself, has either no nonter- 

minals or exactly n nonterminals° L(G) = {x: S =2 x, x in T*}, and 

L~ T* is an n-PRLL iff there exists an n-PRLG G such that L = L(G). 

Let the family of n-PRLL's be 
n 

Result 14: ~i = ~. 

Result 15: ~n~n, for all n>l. 
/1 

Result 16: Closure and non-closure results for ~ n- and ~n, n>l. 

(4) Wood, D., Two variations on n-parallel finite state generators, 
McMaster University CS TR 73/3 (1973). 
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operation 

union 

homomorphism 

finite 
substitution 

substitution 

catenation 

intersection 

complementation 

intersection 
with regular set 

a-NGSM maps 

~n ~n 
No Yes 

No Yes 

No Yes 

No No 

No No 

No No 

No No 

No Yes 

(accepting states) No Yes 

These results are detailed in Rosebrugh and Wood (5) and Wood (6) . 

Section 5: Characterisation Theorems for ~ iI and ~ i i. 

Definition 

Let ~ ii = O ~ i and ~ii = O ~ and <M> denote an 
i=l i= 1 l 

infinite sequence MI,M2,... where M ~i T*. Define L(M) = {x: x in Mi, 

some i~l}. A sequence <M> is a regular s~quence iff there exists an 

FSG G such that L(M) = L(G) and M = {x: u+ivx, u in S, v in F}. 
1 

Given two sequences <MI> and <M2> define <MI> ~ <M2>, the 

synchronised product of <Ml> with <M2>, as the sequence MIIM21,MI2M22, 

.... Define <MI> G<M2>, the synchronised union of <Ml> with 

<M2>, as the sequence, MllUM21,MI2UM22,... 

Result 17: For n>0, L in~ n iff there exist mxn regular sequences 

<M>, l~i~m, l(j~n for some m)l such that 
13 

(5) Rosebrugh, R. D., and Wood, D., Restricted parallelism and 
right linear grammars, McMaster University CS TR 72/6 (1972). 

(6) See footnote 2. 
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L = L(M) where <M> = <MII > Q <MI2> G °.. <Mln > 

~<M21 > .... 

®<Mml>®. O<Mmn> 
Result 18: For n>0, L in ~ iff there exist n regular sequences 

n 

<Mo>I such that L = L(M) where <M> = <MI> ~ .•. Q <Mn >" 

Definition 

Let ~be the smallest family of sequences containing the 

regular sequences and closed under Q and~and let L(~) = {L(M): 

<M> in~ }. 

Result 19: Sequence Characterisation of ~ i i. 

Definition 

Let ~ be the smallest family of sequences containing the regular 

sequences and closed under ~ . 

Result 20: Sequence Characterisation of ~II" 

Definition 

An a-NGSM is a nondeterministic generalised sequential machine 

with accepting states. Let L = (all...a i: i~0}. 
n n 

Result 21: Image Theorem for ~n an__dd ~n 

For all L in /~n, n>0 there exists an a-NGSM M such that 

L = M(Ln). Since ~ n~ ~n the result holds for ~n. 

Result 22: Language Characterisation of ~n° 

For n>0, ~ is the smallest family of languages con- 
n 

taining L and closed under union and a-NGSM maps. n 

For further details see Wood (7) and Rosebrugh and Wood (8) . 

(7) 
(8) 

See footnote 2. 
Rosebrugh, R. D., and Wood, D., A characterization theorem for 
n-parallel right linear languages, Journal of Computer and 
System Sciences 7 (1973), 579-582. 
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Section 6: Concluding Remarks. 

We close by first posing two open problems and secondly intro- 

ducing some possibilities for future research. 

Open problem I: Is the equivalence of two n-PRLG's decidable or 

undecidable? 

Open problem 2: Prove%J9 i i is not closed under intersection. It 
p 4 

is easy to construct examples of languages which are formed by the 

intersection of two n-PRLL, which intuitively are not in ~ i I. 

some new (or adapted) proof techniques are needed. 

Future research possibilities 

(i) 

(2) 

But 

Can generalise n-PRLG (or n-RLSMG) in the same way that Salomaa 

[103] has generalised E0L systems. 

Rewriting in E0L systems has been considered as a one-state NGSM 

map, Salomaa [103] has considered one extension of this notion, 

however it can be extended in another way by allowing more than 

one state in the NGSM. This extension can then be applied to 

n-PRLG (n-PFSG and n-RLSMG). 
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Summary  

Most c e l l u l a r  o rgan i sms  in the rea l  w o r l d  a r e  not one -d imens iona l .  How can 

we model the g loba l  deve lopment  of such o rgan i sms  by r u l e s  that a re  local  to each 

c e l l ?  It is  not un reasonab le  to suppose that the deve lopment  of an i nd i v i dua l  ce i l  d e -  

pends on the ce l l  s ta te  and the ce l l  con tex t ,  the s tate and p o s i t i o n  of the ne ighbou rs  

of the ce l l .  In th is  paper  we p resen t  models in which th is  ce l l  i n fo rma t ion  and the 

at tendant  local  deve lopmenta l  r u l e s  can be r e p r e s e n t e d  d i s c r e t e l y .  The  p r e c i s e  ma- 

themat ica l  d e s c r i p t i o n  of the models  is left  to an append ix .  

yon Neumann models  

The f i r s t  c lass  of models we shal l  d i scuss  have been much s tud ied  (e. g. 

C e l l u l a r  automata~ ed. E . F .  Codd~ Academic  Press~ I 968~ Essays  on c e l l u l a r  au -  

tomata~ ed. A . W .  B u r k s ,  1970). The  d i s t i n g u i s h i n g  f ea tu re  of models  in th is  c l a s s  

is that the p o s i t i o n s  of the c e l l s  in an o rgan i sm a r e  f i xed  once and f o r  a l l .  As  an 

o rgan ism deve lops  the s ta tes  of the ne ighbou rs  of a ce l l  may change~ but the number  

and pos i t i ons  of i t s  ne ighbou rs  may not. The  local  deve lopmenta l  r u l e s  need on ly  

spec i f y  a new ce l l  s ta te  f o r  each of the f i n i t e l y  many p o s s i b l e  ce l l  con tex ts .  

In f i g u r e  1 we compare  a yon Neumann model f o r  the deve lopment  of the red  

a lgae Ca l l i t h~n i l l t l :  Roseum wi th  the c o r r e s p o n d i n g  O L - s y s t e m .  We suppose that the 

c e l l s  of the o rgan i sm t ie on the po in ts  wi th  i n tege r  c o o r d i n a t e s  in 2 -d imens iona l  

Euc l i dean  space so each ce l l  has 8 ne ighbours .  The  seed, the  i n i t i a l  c o n f i g u r a t i o n  of 

the o rgan ism,  has the ce l l  at the o r i g i n  in s tate a and a l l  o ther  c e l l s  in the " v a c u o u s "  

s ta te .  The con tex t  independent  local  deve lopmenta l  r u l e s  are :  

a ~  b~ b-~ b~ c 4  b~ d 4  e~ e e  f~ f ~  9, h-~ h~ h ~ ~ h ~ . 

The con tex t  dependent  r u l e s  a re  g iven in f i g u r e  2. If the r e a d e r  con t inues  the d e v e l -  

opment of the a lgae in f i g u r e  t ~ he w i l l  a p p r e c i a t e  the f o l l o w i n g  d i sadvan tages  of 

the yon Neumann model;  

- g row th  and ce l l  d i v i s i o n  can on ly  occur- when the re  a re  c e l l s  in the vacuous 

state~ 
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- unwan ted  i n t e r a c t i o n  because  of  the sever ,e  r e s t r , i c t i o n s  on gr ,owth 

d i r e c t i o n ;  

- the i n f l e x i b i l i t y  caused  by h a v i n g  a f i x e d  g loba l  l im i t  on the number  

of n e i g h b o u r s  a ce l l  can  have .  

T i m e  Natur ,e  V N  model  

o [ ]  a 

1 ~ bc 

2 ~ bbd 

3 I b\b/e\d I bbed 

/4- | b \  b / ~ e / d  I bbfed 

S lb~ b /g \ f / e \d  I bbgfed 

6 i b\ b/ h/ gl f/ el  d I bbhgfed  
a 

'7 L \ b J  ~ f / e ~ d  I bbhHgfed 

c 

E b 

8 I b\bl h\ h'~\g/f\e/d I bbhahgfed 
ba 
b 
d 

L-model 

a 

bc 

bbd 

bbed 

bbfed 

bbgfed 

bbh(a)g fed  

bbh(bc )h (a )g fed  

bbh(bbd)h (bc )h (a )g fed  

F i~ l u re  1. T h e  d e v e l o p m e n t  of  Cal l i tha~iCII ! ,  Roseum 

Paper ,s  by S z i l a r , d  ( t h i s  vo lume)  and L i n d e n m a y e r ,  [ i n  45 ]  have  i n d i c a t e d  how the 

von  Neumann  model  can be mod i f i ed  so that  these  d i s a d v a n t a g e s  a r e  somewha t  m i t i -  

ga ted .  

Web mode ls  

Our` second c l a s s  of  mode ls  was i nven ted  by J . L .  P f a l t z  and A.  R o s e n f e l d  

(,Web 9 rammars~  P r o c .  Jo in t  Int .  Con f .  on A r t i f i c i a l  I n te l l i gence~  Wash ing ton ,  

1969) f o r  o t h e r  p u r p o s e s .  The  d i s t i n g u i s h i n g  f e a t u r e  of mode ls  in th is  c l ass  is that  

the p o s i t i o n s  of  the c e l l s  in an o r g a n i s m  can be r e p r e s e n t e d  by an u n o r d e r e d  graph~ 

w h e r e  t h e r e  is an edge b e t w e e n  two v e r t i c e s i f a n d  o n l y  i f  the c o r r e s p o n d i n g  c e l l s  

ar,e ne ighbour ,s .  ] -he p r i c e  we pay  f o r  r e m o v i n g  the r e s t r i c t i o n  on the p o s s i b l e  num-  

b e r  of  n e i g h b o u r s  is that  ce l l  c o n t e x t s  g i ve  no i n d i c a t i o n  of  the r e l a t i v e  p o s i t i o n s  

of  ce l l  n e i g h b o u r s .  

S u p p o s e  we can a p p l y  a loca l  d e v e l o p m e n t a l  r u l e  to a p a r t i c u l a r  c e l l  w i t h  a 

p a r t i c u l a r  c o n t e x t .  What shou ld  i t  g i ve  us?  The  n a t u r a l  a n s w e r  is a l a ten t  o r g a n -  



304 

f 

/ 

A p r o b l e m  at  t ime 12. 

d 
e 

f d 
g e 
b b c 
b b b 

bbhhhhhhhgfed 
b b b a 
b b b 

ah f d 
g.Ze 
f d 
e 
d 

~ _,/,' 
F ~ 7  -- ' /4 

F i~ lu re  2. D e t a i l s  of the VN model in f i~ lure 1. 
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ism, a l a b e l l e d  g raph  j us t  l i ke  that  wh i ch  r e p r e s e n t s  the w h o l e  o r g a n i s m .  In th i s  

w a y  e v e r y  v e r t e x  of  the l a b e l l e d  g raph  f o r  the w h o l e  o r g a n i s m  p r o d u c e s  i t s  own 

l a b e l l e d  g r a p h  and these  must be j o i n e d  by some embedd ing  a l g o r i t h m .  

L e t  us look  at  f i g u r e  3 wh i ch  shows  the web model  f o r  o u r  r e d  a l gae .  The  

seed,  is r e p r e s e n t e d  by the g raph  c o n s i s t i n g  of a s i ng l e  v e r t e x  l a b e l l e d  by a. A l l  

the loca l  d e v e l o p m e n t a l  r u l e s  a r e  c o n t e x t  i ndependen t ,  and to be found in the t a b -  

leau:  

i . . . . . . . . . .  

S t a t e  

L a t e n t  o r g a n i s m  

T i m e  

0 

1 

2 

3 

4 

5 

6 

!o tb:l o l e l , l  o 'h' 
b-c b e - d ,  g_ h - a l h l  

G r a p h  

a 

b-c 

b - b - d  

b - b - e - d  

b - b - f - e - d  

b - b - g - f - e - d  

b - b - h - g - f - e - d  
a 

a 

b - b - h - h - g - f - e - d  
b 
"c gc 

b - b - h - t ~ - h - g - f - e - d  
b a 

b, 
d 

d 
d 

b" a 
b - b - h - h - h - ~ - g - f - e - d  

b, b, 
b, c 

e 

"d 

10 d 
e / 

d c 
b' b" 
t i 

b-b-h-h-h-h-h-g- f-e-d 
b b a 
"b b 

# 

e 
d 

F!gure 3. The web model fop Callith~i01~ Roseum. 
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But  wha t  is  the embedd ing  a l g o r i t h m ?  The  l i t e r a t u r e  on web g r a m m a r s  shows the 

c h o i c e  of  embedd ing  a l g o r i t h m  may i n f l uence  g r e a t l y  the e x p r e s s i v e  p o w e r  of  o u r  

c l ass  of  web  mode ls ,  E x p e r i m e n t i n g  w i t h  v a r i o u s  p o s s i b i l i t i e s  has shown that  the 

f o l l o w i n g  embedd ing  a l g o r i t h m  is a r e a s o n a b l y  s imp le  and p o w e r f u l  c h o i c e .  F o r  

a p a r t i c u l a r  web model  we  have  a f o r b i d d e n  l i s t  of s ta te  p a i r s .  U s i n g  t h i s  and a 

c o l l e c t i o n  of  l a ten t  o rgan isms~  one f o r  each v e r t e x  in a l a b e l l e d  g r a p h ,  we bu i l d  

a new g raph  by I ) r e p l a c i n g  the v e r t i c e s  by the c o r r e s p o n d i n g  l a ten t  o rgan i sms$  

2) f o r  each edge (v ,  v f) in the o r i g i n a l  graph~ j o i n i n g  each v e r t e x  in the l a ten t  o r -  

gan ism f o r  v w i t h  each v e r t e x  in the l a ten t  o r g a n i s m  f o r  vl~ 3) d r o p p i n g  the edges 

added at  s tep 2, wh i ch  w o u l d  g i v e  a s ta te  p a i r  in the f o r b i d d e n  l i s t .  F o r  o u r  r e d  a l -  

gae the f o r b i d d e n  l i s t  is:  

(b, d) ,  ( f ,  d) ,  (a,  b),  (e,  g), (a,  h),  (c ,  h) 

in th is  p a r t i c u l a r  e x a m p l e  we can a l s o  use the concep t  of  the sk in  of  a l a ten t  o r g a n -  

ism to g i v e  a s i m p l e r  embedd ing  a l g o r i t h m  [691 . 

F i g u r e  4 i l l u s t r a t e s  a web model  f o r  the d e v e l o p m e n t  of  a lea f .  A g a i n  the 

seled is r e p r e s e n t e d  by  the g raph  c o n s i s t i n g  of  a s i n g l e  v e r t e x  l a b e l l e d  by a. A g a i n  

a l l  the loca l  d e v e l o p m e n t a l  Pu les  a r e  c o n t e x t  i ndependen t .  T h i s  t ime the r u l e  t a b -  

leau is: 

1 11I111 I S t a t e  I a b c d e f 

I L a t e n t  or~ lan ism b - a  c d - e  d f c - c  

and the f o r b i d d e n  l i s t  is: 

(a,  d),  (a,  e), (b,  e),  (c,  e),  (d, e). 

We not ice~ that  s ta tes  a and d r e p r e s e n t  the p r i m a r y  and t e r t i a r y  c e l l s  of  Na 'ge l i  

[61 ]. 
Web mode ls  have  t h e i r  w e a k n e s s e s .  On l e a r n i n g  about  them A r i s t i d  L i n d e n -  

m a y e r  c h a l l e n g e d  the a u I h o r  to r e p r o d u c e  the w a y  n a t u r e  c r e a t e s  a c l o s e d  s u r f a c e .  

It so happens  that  web mode ls  have  no z ip mechan ism - i f  two c e l l s  in an o r g a n i s m  

a r e  d i s c o n n e c t e d ,  then t h e r e  is no w a y  f o r  a descendan t  of  one of  them to be l i n ked  

to a descendan t  of  the o t h e r  at  a l a t e r  s tage  in the d e v e l o p m e n t ,  i t  is  p o s s i b l e  to 

i n t r o d u c e  the needed  c o n t e x t  s e n s i t i v i t y  in many w a y s  - e . g .  by a l l o w i n g  r u l e s  to 

, a p p l y  to s u b g r a p h s  not  j us t  v e r t i c e s -  but~ as yet~ none of  these  w a y s  can be j u s t i -  

f i ed  by a c o n v i n c i n g  b i o l o g i c a l  a r g u m e n t .  N o t i c e  that  the k i nd  of c o n t e x t  s e n s i t i v i t y  

needed to make a box  is d i f f e r e n t  f r om  that  wh ich  is a l l o w e d  in web  mode ls .  To  see 

the a l l o w a b l e  k i nd  of  c o n t e x t  s e n s i t i v i t y  c o n s i d e r  the f i c t i v e  o rgan ism~ the IMIAD~ 
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F i ~ l u r e  4 .  T h e  w e b  m o d e l  for "  P h a s c u m  O u s p i d a t u m .  
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T ime 6. 
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T ime 7. 
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F i g u r e  5.,,,, An epoch,, i,n the l i fe of Phascum CuspidautUm. 
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of  f i g u r e  6, I t s  d e v e l o p m e n t  is  no t  monotonous~ even  a l t h o u g h  i t  is o n l y  a two  c e l l  

s t a te  f i s h ,  

L o c a l  d e v e l o p m e n t  Pules.  

s t a t e  

i f  1 o r  3 n e i 9 h b o u r s  s t a t e  

o t h e P w i s e  s t a t e  

• g i v e s  la ten t  o r g a n i s m  o - - o  

o 9 i r e s  la ten t  o r g a n i s m  o - - o  

o g i v e s  la ten t  o r g a n i s m  o - - o  

F o r b i d d e n  l i s t ,  

T i m e  

(o, o) (e, o) 

N a t u r e  G r a p h  

C )  

1 . - o  

F i g u r e  6. T h e  d e v e l o p m e n t  of an IM IAD .  

Map m o d e l s  

F o r  a l l  t h e i r  v i r t u e s  web m o d e l s  canno t  r e p r e s e n t  the r e l a t i v e  p o s i t i o n s  of 

the n e i g h b o u r s  of a c e l l .  F o l l o w i n g  R o s e n f e l d  and S t r o n g  ( A  g r a m m a r  f o r  maps ,  

S o f t w a r e  E n g i n e e r i n g  Vo 2, 2 ed,  J.  Tou~ A c a d e m i c  P r e s s  1 971 } we  can  i m p r o v e  the  
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m o d e l s  by  a l l o w i n g  the edges  of  the u n d e r l y i n g  g r a p h  to be o r d e r e d .  T h i s  i n f l u e n -  

ces  the model  in two  w a y s ;  

- the o r d e r i n g  in the  c o n t e x t  can be used  to r e s t r i c t  the c h o i c e  

of  a p p l i c a b l e  loca l  d e v e l o p m e n t a l  r u l es~  

- the o r d e r i n g  in the g r a p h  i n f l u e n c e s  the i n t e r ' c o n n e c t i o n  of  the 

l a ten t  o r g a n i s m s  p r o d u c e d  by the l oca l  d e v e l o p m e n t a l  r u l e s .  

F i g u r e  ? i l l u s t r a t e s  the second  of  these .  T h e  p o i n t  to no te  is  that  any  s u b r e g i o n  o f  

F r a n c e  that  t ouches  Sp~ I t ,  Be  must  a l s o  touch H.  T h i s  r e s t r i c t i o n  canno t  be e x -  

p r e s s e d  i f  the u n d e r l y i n g  g r a p h  is  u n o r d e r e d .  

I t  is  v e r y  d i f f i c u l t  to g i v e  a p r e c i s e  r u l e  f o r  c o n n e c t i n g  s e v e r a l  o r d e r e d  

g r a p h s  in to  one l a r g e  o r d e r e d  g r a p h .  F u r t h e r m o r e ,  we  sha l l  l a t e r  wan t  to c o n s i d e r  

c e l l s  w h i c h  touch one a n o t h e r  in s e v e r a l  p l a c e s  and even  c e l l s  w h i c h  e n c l o s e  o t h e r  

c e l l s .  O r d e r e d  g r a p h s  canno t  e x p r e s s  this~ and we h a v e  a p r o b l e m .  T h e  w a y  out  

w a s  s u g g e s t e d  to the author` by  J. Tha tche r ` :  to cons ide r `  an o r d e r e d  g r a p h  as a 

f u n c t i o n  f r o m  v e r t i c e s  to c i r c u l a r  w o r d s  on the v e r t i c e s .  A c i r c u l a r  w o r d  on an 

a l p h a b e t  A is an o r d i n a r y  w o r d  A on A e x c e p t  tha t  i t  c o n s i s t s  of  one o r  m o r e  s u b -  

w o r d s  that  a r e  " c y c l e s  It in the sense :  the f i r s t  ( l as t )  let ter`  is  the  r i g h t  ( l e f t )  n e i g h -  

b o u r  o f  the l as t  ( f i r s t )  l e t t e r .  T h e  c i r c u l a r  w o r d s  a r e  used in the a p p e n d i x  to g i v e  

a p r e c i s e  d e s c r i p t i o n  of  the e m b e d d i n g  a l g o r i t h m  f o r  map mode l s .  F i g u r e  8 s h o w s  

an a p p l i c a t i o n  of  t h i s  e m b e d d i n g  a l g o r i t h m .  T h e  r e s t r i c t i o n  on the r u l e  is  met by  

s p l i t t i n g  the c o n t e x t  o f  4 in to  the two  w o r d s ,  56 co ando~ 5, then s u b s t i t u t i n g  these  

w o r d s  f o r  = in the two  c e l l s  in the s k i n  of  the l a ten t  o r g a n i s m .  

In o r d e r  to c h e c k  that  the e m b e d d i n g  a l g o r i t h m  is c o r r e c t l y  f o r m u l a t e d ,  a 

c o m p u t e r  p r o g r a m  has  been  w r i t t e n  that  d r a w s  a p i c t u r e  of  the l i f e  s t a g e s  in an o r -  

g a n i s m  that  is  d e s c r i b e d  by  a map mode l .  F i g u r , e  9 s h o w s  two  such p i c t u r e s .  T h e  

smooth  c u r v e s  and s t r a i g h t  b o u n d a r y  edges  in the c o m p u t e r  p l o t s  a r e  due to the f ac t  

that  the c o m p u t e r  r e p r e s e n t s  the o r g a n i s m  as a l i s t  of  l i s t s  f r o m  w h i c h  i t  can g e n e -  

r a t e  a t r i a n g u l a r  n e t w o r k  b e f o r e  p l o t t i n g  ( the i n t e r n a l  c e l l  b o u n d a r i e s  a r e  the p e r -  

p e n d i c u l a r  b i s e c t o r s  of  t r i a n g l e  edges ) .  In the c o m p u t e r  the loca l  d e v e l o p m e n t a l  

r u l e s  of  the web model  become  r u l e s  to change  the l i s t  of  l i s t s  that  r e p r e s e n t  the 

c u r r e n t  l i f e  s tage .  

B e f o r e  l e a v i n g  map m o d e l s  le t  us c o n s i d e r  two  m o r e  e x a m p l e s .  F i g u r e  10 

s h o w s  the map model  f o r  P h a s c u m  C u s p i d a t u m  in a c t i o n .  I t  shou ld  be c o m p a r e d  w i t h  

f igur ,e  5 and a l s o  f i g u r e  11~ wh fch  s h o w s  the map model  f o r  a f i c t i v e  o r g a n i s m  

U A C E R  that  d e v e l o p s  i n t e r n a l  o r g a n s .  
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Q u e r y :  Can F r a n c e  d i v i d e  so that  one  pa r t  has o n l y  rill n e i g h b o u r s  and the 

o t h e r  has o n l y  + n e i g h b o u r s ?  

+In4 
Ge ,-6 

~rc~r~c~ / S ~  rh 

It + 

In a n s w e r i n g  th is  p r o b l e m  it  he lps  to c o n s i d e r  the con tex t  o f  F r a n c e  as the 

H c i r c u l a r i l  w o r d ,  

Ge 
5e D ! 
\ s. 

~ ...z{ / 

F ! g u r e  ?. The  r e l i g i o u s  w a r  p r o b l e m .  



312 

Rule 

Name Cond i t ion  Latent  Organ ism 

BUD state P G 

MoPe p rec i se  dec r i p t i on  of  the latent organism.  

ce l l  1 state:  p context :  (2) 

ce l l  2 state:  s context :  (~) 

sk in  C2 

R e s t r i c t i o n  

Sp l i t  touchs o~ 

An app l i ca t i on  of  the ru le .  

Before :  L ~  

cel I 5 

ce l l  6 

ce l l  1 

ce l l  2 

t4~, s,1-2 
o ld  context :  6~,~ new context :  6 _ ~  

#1% - o ld  context :  ¢4~5 new context :~,~76~, 
I. o. context :  ,-~2~ new context :  5 2.~¢.= 

I .o.  context :  1~.~ new context :  1 " : 5  

A f te r :  

F i g u r e  8. Ru le  app l i ca t i on  in map models.  
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6 

S p l i t t i n g  o f  ce l l  4- pPoduCes ce l l  8 

S p l i t t i n g  o f  ce l l  7 p r o d u c e s  ce l l  9 

S p l i t t i n g  o f  ce l l  6 pPoduces ce l l  10 

0 

F i g u r e  9. An  epoch in the l i f e  o f  a lea f .  
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Ru les :  

Name 

B U D  

A N T  I 

PER1 

S T A B L E  

C o n d i t i o n  

s t a t e  p 

s t a t e  s 

s t a t e  s 

s t a t e  t 

Lat. org. 

cs't  

0 

R e s t r i c t i o n  

s p l i t  t o u c h s ~ o n c e  

s p l i t  t ouchs  ~,,once 

s but  not  s p l i t  t o u c h s ~  

N O N E  

L i f e  h i s t o r y .  

F i£1ure ! 0. Map mode,! fo r P h a s c u  m C,us,Ridatum, 
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R u l e s  

Name 

BABY 

SPLIT 

HOLE 

STABLE 

C o n d i t i o n  

s l a t e  p 

s l a t e  s 

s t a l e  s 

s t a t e  t 

L e t .  org. 

@ 

R e s t r i c t i o n  

n o n e  

n o n e  

n o n e  

n o n e  

L i f e ,  h i s t o r y  

(D 

~ O~6Y, ~p~l r 

BAI~, ~, ,~p~.~ r, ~ Z l r ,  , ~ o ~  

F i g u r e  I I .  I n t e r n a l  o r g a n s :  g r o w t h  o f  a U A C E R  
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G l o b e  m o d e l s  

A t  l as t  we can  i n d i c a t e  how to model  t h r e e  d i m e n s i o n a l  o r g a n i s m s .  Imag ine  

a demon i n s i d e  one o f  the c e l l s  o f  a two  d i m e n s i o n a l  o r g a n i s m .  I t  w o u l d  see the 

o u t s i d e  w o r l d  as  a c i r c l e ~  d i v i d e d  i n to  s e g m e n t s  by  the  n e i g h b o u r i n g  ce l l s~  and i t  

c o u l d  model  t h i s  w o r l d  as a c i r c u l a r  w o r d .  N o w  i m a g i n e  a demon i n s i d e  one o f  the 

c e l l s  of a t h r e e  d i m e n s i o n a l  o r g a n i s m ,  It w o u l d  see the o u t s i d e  w o r l d  as a sphere~ 

d i v i d e d  in to  c l o u d s  ( r e g i o n s ~  c o n t a c t  a r e a s )  by  the  n e i g h b o u r i n g  c e l l s .  I t  c o u l d  

model  t h i s  w o r l d  u s i n g  s p h e r i c a l  w o r d s  i f  o n l y  we  had a s u i t a b l e  d e f i n i t i o n  of  s p h e -  

r i c a l  w o r d s .  R e v i v e  the  t w o - d i m e n s i o n a l  demon f o r  a moment .  I t  c o u l d  s p l i t  a 

c i r c l e  in to  two s e g m e n t s  by  p i c k i n g  two  po in ts~  then c o n v e r t  each segmen t  i n t o  a 

c i r c l e  by  a d j o i n i n g  a new segment  ( c o n s u l t  f i g u r e  8 and the a p p e n d i x ) .  T h e  a n a l -  

ogous  p r o c e s s  in t h r e e  d i m e n s i o n s  is  to s p l i t  a s p h e r e  in to  two  c l o u d s  by  p i c k i n g  

a c i r c l e ~  then c o n v e r t  each c l o u d  to a s p h e r e  by  a d j o i n i n g  a new c l oud .  

H o w  do  we make  a l l  t h i s  d i s c r e t e ?  J u s t  as  the  c i r c u l a r  w o r d s  o f  o u r  map 

mode l s  can be d e f i n e d  in t e r m s  of  o r d i n a r y  w o r d s  tha t  r e p r e s e n t  c i r c l e  segments~ 

so the s p h e r i c a l  w o r d s  can  be d e f i n e d  in t e r m s  of  f l a t  w o r d s  tha t  r e p r e s e n t  c l o u d s .  

B u t  wha t  is  a f l a t  w o r d .  N o t h i n g  b u t a m a p  of  the k i n d  we  h a v e  d i s c u s s e d  in the p r e -  

v i o u s  s e c t i o n .  T h e r e  we  d e s c r i b e d  two p o s s i b l e  d i s c r e t e  r e p r e s e n t a t i o n s :  l abe l  led 

o r d e r e d  g r a p h s  and f u n c t i o n s  i n to  c i r c u l a r  w o r d s .  A l l  t h i s  is  d i s c u s s e d  in m o r e  d e -  

ta i l  in [ 691 .  We f a v o u r  a m o r e s c h e m a t i c a l  r e p r e s e n t a t i o n  of  the model  h e r e  b e c a u s e :  

- f o r  v e r y  f e w  t h r e e  d i m e n s i o n a l  b i o l o g i c a l  o r g a n i s m s  is  the d e v e l o p m e n t  

k n o w n  in d e t a i l ;  

- the p r e c i s e  m a t h e m a t i c a l  d e s c r i p t i o n  is c o m p l i c a t e d ;  

- the a u t h o r  c a n n o t  d r a w  t h r e e  d i m e n s i o n a l  o r g a n i s m s .  
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A p p e n d i x  

T h e  m a t h e m a t i c a l  d e s c r i p t i o n  o f  the m o d e l s  

We d e f i n e  a model  c l a s s  to be a t r i p l e  c o n s i s t i n g  of :  

1 ) a set  of  con f i21ura t ion  s p a c e s ;  

2) a se t  o f  r u l e  r e p e r t o i r e s ;  

3) an a l g o r i t h m  ~ w h i c h ~  g i v e n  a r u l e  r e p e r t o i r e  R and 

a c o n f i g u r a t i o n  s p a c e  r ~ p r o v i d e s  a b i n a r y  r e l a t i o n  on F. 

A model  in such a c l a s s  is  (r~ R ,  Y0) w h e r e  r is  a c o n f i g u r a t i o n  space~ R is  a 

r u l e  r e p e r t o i r e ~  and Y0 is  an e l e m e n t  o f  r c a l l e d  the  seed  o f  the mode l .  I f  y and 

yl  a r e  c o n f i g u r a t i o n s  in r~ we  w r i t e :  

y _~ yt f o r  ~ (R~ r )  h o l d s  on (y ,  y ' )  ; 

y => y l  f o r  the t r a n s i t i v e  c l o s u r e  o f  -4, o 

We d e f i n e  the l a n g u a g e  of  the mode l  to be the se t  o f  c o n f i g u r a t i o n s  y such that  

Y0 =>Y. 

In a l l  o u r  m o d e l s  we  w i l l  h a v e  se ts :  

S t r u c t u r e ~  Sta te~  Con tex t~  L a t e n t  O r g a n i s m  

and t hese  se t s  w i l l  be  such that :  

4) S t a t e  is f i n i t e ;  

5) the c o n f i g u r a t i o n  s p a c e  I ~ of  the  model  is  the se t  of  l i n e a r  

w o r d s  on S t a t e  x S t r u c t u r e ;  

6) the r u l e  r e p e r t o i r e  R o f  the model  is a f i n i t e  s u b s e t  o f  

S t a t e  x 2 C ° n t e x t  x L a t e n t  O r g a n i s m .  

T h e  c o n f i g u r a t i o n s  a r e  deno ted  by (EB~ L X D)~ and the r u l e s  a r e  d e -  

no ted  by  (S~ P~ 1). F o r  t h i s  to make  s e n s e  B must  be a subse t  of  

i n t ege rs~  L must  be a f u n c t i o n  f r o m  B to Sta te~ D must  be a f u n c t i o n  

f r o m  B to S t r u c t u r e ~  S must  be in S t a t e  3 P must  be a p r o p e r t y  of  

con tex ts~  and I must  be a l a ten t  o r g a n i s m .  

B e f o r e  we  f i l l  in t h i s  g e n e r a l  f r a m e  work~  le t  us i n t r o d u c e  a f e w  c o n c e p t s  

we sha l l  need .  A c i r c u l a r  w o r d  on a se t  X is  a t r i p l e  (B ,  ~'~ F)~ w h e r e  B is  a f i -  

n i t e  se t  o f  i n t ege rs~  11' is  a p e r m u t a t i o n  o f  B~ and F is  a f u n c t i o n  f r o m  B in to  X .  

We deno te  the empty  c i r c u l a r  w o r d  on X by  ~. S u p p o s e C  = (B~ I/~ F )  is a c i r c u l a r  

w o r d  on X .  i f  ft is  the i d e n t i t y  p e r m u t a t i o n ~  we c a l l  C a l i n e a r  w o r d  on X .  I f  G is  
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a f u n c t i o n  f r o m  X t o Y ,  then w e  w r i t e  G • C f o r  (B ,  ft', G • F ) ,  a c i r c u l a r  w o r d  on 

Y .  Now we can c o m p a r e  the f o u r  model  c l a s s e s  d i s c u s s e d  in the p a p e r :  

mode l  c l a s s  

Structure 

C o n t e x t  

L a t e n t  

O r g a n i s m  

yon  Neumann 

m 
I n t e g e r  

S t a t e  m 

S t a t e  

Web 

subset  o f  
I n t e g e r  

m u l t i s e t  on 
S t a t e  

C o n f i g u r a t i o n  
S p a c e  

Map 

c i r c u l a r  w o r d s  
on I n t e g e r  

c i r c u l a r  w o r d s  
on S t a t e  

C o n f i g u r a t i o n  
S p a c e  x R e -  
s t r i c t i o n  

G lobe  

circular w o r d s  on 
c i r c u l a r  w o r d s  on 

I n t e g e r  

c i r c u l a r  w o r d s  on 
c i r c u l a r  w o r d s  on 

S t a t e  

C o n f i g u r a t i o n  
S p a c e  X R e s t r i c -  

t ion 

The  yon Neumann mode l  c l a s s  

In a model  of  th i s  c l a s s  we have  an i n t e g e r  rn, and a f i n i t e  set  S t a t e  w i t h  a 

d e s i g n a t e d  e l emen t  SO such that :  S t r u c t u r e  = I n t e g e r  m, C o n t e x t  = S t a t e  m, Latent :  

o r g a n i s m  = S ta te°  In a d d i t i o n  we have  d e s i g n a t e d  f u n c t i o n s  6 z ,  62 . . .  6 m f r om  In -  

t e g e r  to I n t e g e r .  C o n t r a r y  to wha t  one m igh t  e x p e c t ,  m is the  number  o f  e l e m e n t s  

in the c o n t e x t  and th i s  is  t o t a l l y  u n r e l a t e d  to the s p a t i a l  d i m e n s i o n a l i t y  of  the o r -  

gan ism that  we  a r e  t r y i n g  to mode l .  A n o t h e r  unusua l  f e a t u r e  of  o u r  f o r m u l a t i o n  of  

a v o n  Neumann model  is the d e f i n i t i o n  of  (B,  L x D)-~ (B I, L I x D I ) .  F o r  th is  we r e -  

q u i r e  

1) B 1 = B U  [ y  I x = 6~(y)  f o r  some x E  B and some i ] ; j  

2) D ' ( y )  = ( 6 1 ( y ) ,  6 ~ ( y ) , . . . ,  6re(Y) f o r  y E B I ;  

3) f o r  each y E B 1 t h e r e  is a r u l e  ( L l l ( y ) ,  P ( y ) ,  L l ( y ) )  such that  

P (y )  ho lds  of  the c o n t e x t  

( L  I, 0 6:l.(y), L I, o 6 2 ( Y ) , . . , L  t i c  ~ ( y ) )  

w h e r e  L l l ( y )  = i f  y E B then L ( y )  e l s e  s o .  

Example I 

m = I, 61(n) =n-1. 

There are three states: a, b, s o. 

The seed is [ [17], L o × Do] where I_o(17)= a, Do(l?)= 16. The Rule repertoire 

is: (a,  t r u e ,  b),  (b, t r u e ,  b),  (so ,  t r u e ,  a) ,  (So, t r u e ,  So). T h e r e  a r e  two configu~- 

r a t i o n s  y such that  seed • y :  

[ [ 17 ,  1 8 ] ,  L 1 x Dz~ w h e r e  L1 (17 )  = b, E l ( 1 8 )  ---a, D 1 ( I ? ) = ( 1 6 ) ,  D$ ( ] t8)=(17) ;  

[ [ 17 ,  1 8 ] ,  L e X D~ ]  w h e r e  L e ( l ? ) = b ,  E l ( 1 8 )  =SO,Dz ( l ' 7 )= (16 ) ,  Dz (18)=(17) .  
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E x a m p l e  2 ( C o n w a y J s  l i f e )  

S u p p o s e  the p o i n t s  w i t h  i n t e g e r  c o e f f i c i e n t s  in t w o - d i m e n s i o n a l  E u c l i d e a n  

s p a c e  a r e  n u m b e r e d  in some w a y .  T h e n  we  have  a | :1 f u n c t i o n  J f r o m  such p o i n t s  

on to  I n t e g e r ,  and we can d e f i n e  61,  6 2 , . . . ,  O 8 as  the f u n c t i o n s  f r o m  I n t e g e r  to I n -  

t e g e r  g i v e n  by:  

6~ (u ( x , y ) )  = J ( x - I  , y )  , 

63 ( d ( x ,  y ) )  = u ( x - i  , y -1  ) , 

65 (u(x ,  y)) = J(x-1 , y+l  ) , 

67 (d(x,  y)) = J(x ,  y+1 ) , 

62 (U(x,  y)) = J (x+ |  , y) 

64 ( J ( x ,  y) )  = J(x+!  , y - i  ) 

66 (d ( x ,  y) )  = d (x+ l  , y+ l  ) 

68 ( J ( x ,  y))  = U(x, y-1 ) 

S u p p o s e  t h e r e  a r e  two  s t a t e s :  s l ,  So. S u p p o s e  tha t  the r u l e  r e p e r t o i r e  is :  

(So, B O R N ,  s l )  , (So, m B O R N ,  S l )  , ( S l ,  L I V E ,  s~.), ( S l ,  m L I V E ,  s o ) w h e r e  

B O R N  CL IVE)  is  t r u e  of  c o n t e x t s  c o n t a i n i n g  3 (2 o r  3) o c c u r r e n c e s  o f  the  s t a t e  s 1. 

L e t  us d e f i n e  the seed  as (B  o ,  L o x Do )  w h e r e  

B Q  ~= 

L o ( x )  = 

Do (x )  = 

[J(0,0), j(0,1), J(O,2), J0,0), J0,1), j(1,2), j(2,1)]. 
s 1 f o r  x E Bo ; 

(61(x)  , 6 2 ( x ) , . . .  , 6a(X))  for" x e  8 0 -  

T h i s  t ime  t h e r e  is  o n l y  one y such tha t  Seed-- )  y .  

I t  is  (IB1, L 1 x 13:) w h e r e :  

B~ = [ d ( i , j )  ] -1 < i , j  < 37 - [ J ( 3 , - 1 ) ,  J ( 3 , 3 ) ~ ;  

L l ( x )  = i f  x = J ( 0 , 0 )  V x = d ( 0 , 2 )  V x = J ( - | , l )  

V x =  J ( 2 , 0 )  V x = J ( 2 , 1 )  V x =  J ( 2 , 2 )  then s 1 e l s e  s o ;  

D ~ i x )  = (01(x ) ,  O~(x) . . . .  , O e ( x )  f o r  x e  B I .  

T h e  Web model  c l a s s  

in a model  of  t h i s  c l a s s  we  h a v e  a f i n i t e  se t  S t a t e  such that :  

S t r u c t u r e  = a s u b s e t  o f  I n t e g e r ,  C o n t e x t  = a se t  of  f u n c t i o n s  f r o m  S t a t e  

to I n t e g e r ,  L a t e n t  O r g a n i s m  = C o n f i g u r a t i o n  S p a c e .  tn a d d i t i o n  w e  h a v e  a 

f i n i t e  s u b s e t  of  S t a t e 2  c a l l e d  the f o r b i d d e n  s e t  By  d e f i n i t i o n  we have :  

(B ,  L X D) -~ (B I, L I X D I) 

i f  and o n l y  if t h e r e  is  a f u n c t i o n  p f r o m  B to L a t e n t  O r g a n i s m  and a f u n c t i o n T  f r o m  

B to s u b s e t s  o f  I n t e g e r  ;~" such tha t :  

1) i f  x , y  E B ,  then y ~ 1 ( x )  a n d ' r ( y )  is  d i s j o i n t  f r o m T ( x ) ~  
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2) f o r  each x E B t h e r e  is  a r u l e  ( L ( x ) ,  P ( x ) ,  p ( x ) )  such tha t  P (x )  h o l d s  

o f  the c o n t e x t  C ( x )  g i v e n  by:  

C ( x ) ( s )  = n u m b e r  of  y E D(x )  such tha t  L ( y )  = s;  

3) l " (x)  has  the same c a r d i n a l i t y  as the f i r s t  componen t  o f p ( x ) ;  

4) ( B ' ,  L.~ X D ~) = QJ(B, D ,  p ,  I", f o r b i d d e n  se t ) .  

C l e a r l y  we  mus t  d e f i n e  the f u n c t i o n  CLF. F o r  each x E B we  have  a la ten t  

o r g a n i s m p ( x )  = (Bx~ Lx x D x ) .  By  c o n d i t i o n  (3) t h e r e  i s  a u n i q u e l y  d e -  

f i ned  o r d e r  p r e s e r v i n g  f u n c t i o n  h f r o m  T(x)  on to  Bw. We de f ine :  

B II = un ion  of  T(x )  f o r  x E g 

L t l (y)  = L z o hx(y) for  y E T(x) 

D " ( y )  = hx - z  o Dx o h x ( y )  f o r  y E t ( x )  

D I I I (Y  ) : [Y '  I (3 x ' )  (x  I e D(x )  A yl  E T ( x ' )  

A ( L t l ( y ) ,  L l ~ ( y l ) )  ~Eforb idden s e t ) ]  

(J./(B, D, p ,  I", forbidden set) = (8 l ' ,  L ~t X (O 11U Dl1~)). 

E x a m p l e  .3 

T h e r e  a r e  two  s t a t e s :  a~ b. T h e  f o r b i d d e n  se t  c o n s i s t s  of :  (a~b)~ ( b , a ) .  

T h e  S e e d  is ( [ 1 ] ~  Lo x Do)  w h e r e  L o (1 )  = a~ Do (1) = ~ .  We sha l l  need two  o t h e r  

c o n f i g u r a t i o n s :  

a = ( [ 2 , 3 ] ,  L e x D(z) w h e r e  Lrv(2) = b, 

L(:Z(3) = a~ 

/3 = ( [ 4 ] ,  LI3 X D/3) w h e r e  LI~(4) = b,  

N o w  we  can  g i v e  the R u l e  r e p e r t o i r e :  (a~ t rue~ 

b e t  of  the language~ we  c h o o s e  p and 1" such 

f u n c t i o n  h 1 b e c o m e s :  h 1 (7) -- 2, h z (9) = 3, and 

Dcz(2) = [3]  

D0((3) = [2]  ; 

D~(4) = ¢ .  

0~)~ (b~ t rue~ l~). T o  f i nd  a new m e m -  

tha t  p ( 1 ) = ~ ,  T ( | ) =  ~'7,9~. O u r  

we  get  

B" = [% 9] 
L" (? )  = L(~(2) = b, L " (9 )  = L(~(3) = a 

D"(?)  = hl - I  o DOz(2)= [ 9 ] ,  D"(9)  = h l  - I  o Dc((3 ) = [? ]  

Seed -~ (B 11, L ~ x D11). 

E x a m p l e  4 

T h e r e  a r e  t h r e e  s t a t e s :  a, b, e. T h e  f o r b i d d e n  se t  c o n s i s t s  o f  ( a , b ) ,  ( b , a ) .  

T h e  S e e d  is  ( [ 1 , 2 , 3 , 4 ] ,  Lo X D O ) w h e r e :  

L o ( 1 )  = b , L o ( 2 )  = b  , L o ( 3 )  = e , L o ( 4 )  = a 

D o ( i )  = [ 2 , 3 ] ,  Do(2 )  = [ 1 , 3 ] ,  Do(3 )  = [ t , 2 , 4 ] ,  Do(4 )  = F3 ] .  
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We shal l  need th ree  o ther  con f i gu ra t i ons :  

0¢ = ( [ t ] ,  LO~ X DCZ) whe re  L0~(I ) = a, DC~(1 ) = ¢  

= ( [17,  L~ X D E) where  L~(1) = b, D/3(1) = ¢  

( = ( [ I , 2 ] ,  L (  X D( )  where  L ( (1 )  = L ( (2 )  = b, D¢(1) = [ 2 ] ,  D¢(2) = [ 1 ] .  

Now we can g ive  the Ru le  r e p e r t o i r e :  (a, t rue,  i~), (b, trUe~ ~), (e, true~ ~). To  

f ind a new member of the language, we choose /3 and T such that: 

p(1) = ~  /3(2) = ~  p(3) =~  p(4) = a  

r(T)=Es] ~(2)=[6] r(3)=[7,8] r(4)=[9]. 
Our - func t ions  h i ,  t~ ,  ha, h~ become: h i ( 5 ) = 1  = h2(6) , h a ( 7 ) =  1, ha(8) = 2, 

h~(9) = I ,  and we get: 

B" = [ 5 , 6 , ? , 8 , 9  7 

L " ( 5 )  = L~(1) = b D " ( 5 )  = ~  D ' " ( 5 )  = [ 6 , 7 , 8 ]  

L " ( 6 )  = L ~ ( 1 ) = b  D " ( 6 )  =(~ D ' " ( 6 )  = [ 5 , 7 , 8 ]  

L " ( 7 )  = L¢(1 } = b D " ( 7 )  = [8 ]  D ' " ( 7 )  = [5 ,6~ 

L " ( 8 )  = L (2) = b D " ( 8 )  = [?qj D ' " ( 8 )  = [ 5 , 6 ]  

U ' ( 9 )  = L e ( ( 1 ) = a  D " ( 9 )  =(~ D ' " ( 9 )  =~) 

Seed-~ ( [ 5 , 6 , ? , 8 , 9 ] ,  L "  X ( D "  U D ' " ) ) .  

The  Map model c lass 

In a model of th is c lass  we have a f i n i t e  set S ta te  such that: S t r u c t u r e =  

c i r c u l a r  words  on I n t e g e r ,  C o n t e x t  = c i r c u l a r  words  on S t a t e ~  La ten t  O r -  

ganism = C o n f i g u r a t i o n  space x R e s t r i c t i o n  where  
2 R e s t r i c t i o n  = s u b s e t s o f  I n t e g e r  x S t a t e .  

By de f i n i t i on  we have (B U {0} , L x D) 4 (B' U {0} , L '  x D ' )  i f  and on ly  i f  there  is 

a f u n c t i o n  p f rom B to La ten t  Organ ism,  a funct ion(~ f rom I n t e g e r  2 to ( I n t e -  

g e r  ~ )~ and a func t ion  1. f rom B to subsets of I n t e g e r  such that: 

| )  i f  x , y  E B,  then 0, y (~ 'r'(x) and T(x) is d i s jo in t  f rom T(x); 

2) f o r  each x E B there  is a r u l e  (L (x ) ,  P(x) ,  p(x) )  such that P(x)  

ho lds  of the context  L *  D(x) ;  

3) 1.(x) U {0} has the same c a r d i n a l i t y  as the f i r s t  component of the 

f i r s t  component of p (x ) ;  

4) Or is cons is tent  w i th  respec t  to (B, L, D, p ,  I') (see note be low);  

5) (B' U {0} ,  L'  X O')  = ~  (B, L,  D,  p, 0", "r). 



322 

C l e a r l y  we must  de f ine  the func t ion  ~ . FoP each x E  B we have a la tent  o r g a n i s m  

p (x )  = ((gx~ L~ x D~),  r x ) .  By  c o n d i t i o n  (3) t he re  is  a un ique ly  de f ined  1:I o r d e r -  

p r e s e r v i n g  func t ion  h x f r om T(x) U {0} onto Bx .  We def ine:  

B 11 = union of T'(x) for xE  B 

L " ( y )  = L x o h x (y )  f o r  y E l"(X) 

DI I (Y)  = hx -z  * (Dx o h x ( y ) ) f o r  y E 1"(x). 

Now we have to de f ine  the pa tch ing  toge the r  of a number  of c o n f i g u r a t i o n s .  F o r  

each x E B~ y E "r(x) we de f ine  (see note be low) :  

w(y)  = F l a t t e n  (or~, * D(x) )  whe re0 "y ( x  w) = 0 " ( y , x ' )  

C)t11(y) = S u b s t i t u t e  (w(y)~ DI1(y)) 

If we set D~'i(0) = ~and  L~'(O) = L(0), then we can define /~ (B, L ,  D, p,  0", I') to 

be (B '1W t 0 } ,  L " ,  D r " ) .  

Note  

A f t e r  a c a r e f u l  s tudy of the two examp les  we a r e  about  to give~ the eage r  

r e a d e r  should  be ab le  to g i ve  a p r e c i s e  d e f i n i t i o n  o f :F la t ten~ Subst i tu te~ 0r is con -  

s i s ten t  w i t h  r e s p e c t  to (B~ L~ D~ p ,  1.). H e r e  we w i l l  on ly  ment ion:  

- the most i n t e r e s t i n g  c o n s i s t e n c y  r e q u i r e m e n t  on or is that  we may 

not have ( h x - l ( i ) ,  hx-z( . j ) ,  L (y ) )  in r x when we have 

i , j  E 1.(x) AOr( I , j )  = y f o r  x , y  E B; 

- Flat ten reads around a c i r cu la r  word, and it produces l inear 

w o r d s  a s  i t  p r o c e e d s ;  

- S u b s t i t u t e  ( w , c )  r e p l a c e s  o c c u r r e n c e s  of 0 in the c i r c u l a r  w o r d  C 

by l i nea r  Words f r o m  w.  

Examp le  5 is the d i s c r e t e  v e r s i o n  of f i g u r e  8. L e t  us beg in  by i nv i t i ng  the r e a d e r  

to d r a w  the f o l l o w i n g  c i r c u l a r  w o r d s  on I n t e g e r :  

Do(0) = D " ' ( 0 )  = ~  

Do(4)  = ( [ 0 ,  I , 2 ] ,  ~o ,  v~.) 

w h e r e  1i" o(0)  = 1, 1/o (1) = 2, 11'o (2) = 0 

v~ (o)  = o ,  v~ ( I )  = s ,  v~ (2)  = 6 

Do(5) = ( [ 0 , 1 , 2 ] ,  ITo, v5) w h e r e  vs(0) = 0 , vs(1)  = 5  , vs(2.) = 4 

Do(6 ) = ( [ 0 , 1 , 2 ] ,  ~o,  v6) w h e r e  v6(0) = 0, v6(1) = /-4, '46 ( 2 ) = 5  

D~(0) = ( [0 ,1 ] ,  ~T(~, Vo) 
wherelTo~(0) = l ,  'r/(~(|) = 0, vo(0) = 1, Vo(1) = 2 

D ( I )  = ( [ 0 ,  I ] ,  1Trv , V l )  w h e r e v l ( 0 )  = 0 ,  vz(1)  = 2  

Dr/(2) = ( [ 0 , 1 ] ,  II"rv , v2 )whe r -e  v2(0 ) = 0 ,  v~(1) =-I 
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O~(0) 
D#(1 ) 

DwII(1 ) 

D,1'(7) 

DirT (2 )  

D I " ( 8 )  

= ( i l l ,  i d e n t i t y ,  i d e n t i t y )  

= ( [ 0 ] ,  i d e n t i t y ,  i d e n t i t y )  

= ( [ 0 , 1 , 2 ] ,  11'0, v { )  w h e r e  v { ( 0 )  = 0, v j [ (1)  = 2, v~[(2) = 8 

= ( [ 0 , 1 , 2 , ] ,  11"o, v~)  w h e r e  vJ/(0) = 0, v.~(1) = 8,  v.~(2) = 2 

= ( [ 0 ,  I , 2 , 3 3 ,  ~' ,  v~) 

w h e r e  ~Tl(0) -- 1, frl(1 ) = 2, 1T1(2) = 3, ~'1(3) = 0 

v~, (o) = o, v~, ( i )  = ?, v~, (2) : 8, v~, (3) = i 

= ([0, I , 2 , 3 ] ,  #', v~) 
w h e r e  v&(0) = 0, v ~ ( l )  = 1,  v~(2)  = 2, vsm(3) : ?. 

N o w  we can g i v e  the mode l .  T h e r e  ape f o u r  s t a t e s :  p,  s,  t ,  s o .  T h e  S e e d  is  

( [ 0 , 4 , 5 , 6 ] ,  L o x Do )  w h e r e  L o ( 0 )  = So, 1_0(4) = p,  1_o(5) = t,  1_o(6) = t.  We sha l l  

need t w o  o t h e r  c o n f i g u r a t i o n s :  

e : ( [ 0 , 1 , 2 ] ,  L e x D e ) where Le(0) : So, Ltv(1) = p, Le(2) : s 

= ( [0, I ]  , L~ x D E) where L~(0) = So, L~(1) = t. 

T h e  r u l e  r e p e r t o i r e  is :  (p,  t r u e ,  (e,  [ ( 2 ,1  ,So)]) )  , 

( t ,  t r u e ,  (t3, (~Z~)). 

T o  f i nd  a new m e m b e r  o f  the l anguage ,  we  can c h o o s e  the f u n c t i o n s  p ,  1" g i v e n  by:  

p(4) = (e, [(2,1 ,So)]),  p(5) : p ( 6 )  = (#,(~), I'(4) = [I , 2 ] ,  I"(5) = [? ] ,  I'(6) = [8 ] .  

Our- f u n c t i o n s  h e t% h e become  h~.(1) = 1,  h4(2)  = 2, h5(?)  = 1 ,  he(8)  = I ,  and w e  

get :  

B II = [ 1 , 2 , 7 , 8 ]  

L " ( 1 )  = L e ( 1 )  = p  

L " ( 2 )  : L_(2 )  = s 

L " (7 )  = L/3(1 ) = t 

L " ( 8 )  = L ~ ( 1 )  : t 

L ' ( 0 )  = So 

D I ' ( I  ) = D(~(I ) 

D " ( 2 )  = D e ( = )  

D " ( 7 )  = h5 - z  • D~(1)  = ( [ 0 ] ,  id ,  id)  

D " ( 8 ) = h 6 - Z  * D ~ ( 1 ) = ( [ O ] ,  i d ,  id)  

N o w  we  pa tch  the s t r u c t u r e s  t o g e t h e r  us i ng  a f u n c t i o n  0. s a t i s f y i n g :  0"(1,2) = 0, 

0"(2, 1 ) = 6,  0"( t ,  5) = A, or (1,6)  = 8,  cr(2, 5) = 7,  0 (2 ,  6) = 8, ~ (7 ,  6) = 8, c,(7, 4) = 2, 

0"(8,4) = 12,, 0"(8, 5) = 7. We no te  tha t  the on l y  a p p l i e d  Pule w i t h  a n o n - e m p t y  r e -  

s t r i c t i o n  is  s a t i s f i e d  b e c a u s e  L ( 6 )  $ s o ,  and c o n t i n u e  by c o m p u t i n g :  

w(1) = 8 ,  w ( 2 )  = 78 ,  w ( 3 )  = B2,  w (4 )  = 1 27. 

S u b s t i t u t i n g  these  in D ~l g i v e s :  

S e e d  -* ( [ 0 ,  I , 2 , 7 , 8 ] ,  L i t ,  D l t l ) .  

E x a m p l e  6 s h o w s  o t h e r  f e a t u r e s  o f  map m o d e l s .  A g a i n  w e  b e g i n  by i n v i t i n g  the 

Peade r  to d r a w  the f o l l o w i n g  c i r c u l a r  w o r d s  in i n t e g e r :  
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Do (0) 
Do(11) 

Do (1 ~.) 

Do(1 3) 

Do (1 4) 

D~(0) 

D~(~) 

D/./(5) 

D/3(0) 

D~3(1 ) 

D/~(~) 

D/~(3) 

D~(0) 

DE(?) 
DE(8) 
D~(0) 

D6(6) 
D0(9) 
D~1~(1 ) 

D'II(2,) 

Dii'(3) 

D~(4) 

Dill(5) 

D'"(6) 

D"I(?) 

D'" (8 )  

= D ' " ( 0 )  = 

= ( [ 0 , 1 2 , , 1 3 , 1 4 ] ,  /r11, iden t i t y )  

where1/~.:l(0) = 14, 1/~.1(14) = 12, 1/19.(12) = 13, 17'11 (13) = 0 

= ( ~ 1 1 , 1 3 , 1 4 ] ,  / r ~ ,  iden t i t y )  

whe re  1/:12 (1 1 ) = 1 4, / r~ (1 4) = 1 3, 1/z2 (1 3) = 1 1 

= ( [0 ,11  ,1 ~-,14],  1/,~, ident i ty )  

whe re  /rz3 (O) = 11, 1/1a(11) = 12, 1/~.a(12) = 114., 1/3.3(14) = 0 

= ( [0 ,11 , 1 2 , 1 3 ] ,  1/za, ident i ty )  

= ( [ 4 , 5 ~ ,  1/(Zo' ident i ty )  where1/~o (4) = 5, 1/~o(5) = 4 
= ( [ 0 , 5 ] ,  1/(~/., ident i ty )  where  1/rv (0) = 5, 1/n//=(5) = 0 

= ( [ 0 , 4 ] ,  1/~5' ident i ty )  where  1/cZ5(0) = 4, 1/C~s(4) = 0 
= (~1 ,2 , ,3 ] ,  rf~o , iden t i t y )  

whe re / r~o (1 )  = 2, 17~o(2) = 3, I/#o(3) = 1 
= ( [ 0 , 2 , 3 ] ,  9"f~., i dent i ty )  

whe re  /r~j. (O) = 2, / r# l (2)  = 3, 1//31(3) = 0 

= ( [0 ,1  ,3] ,  1//~2 ' ident i ty )  

where1//~2 (O) = 3, 1//5~(3) = 1, 1/#s(1) = 0 
= ( [ 0 , 1 , 2 , ] ,  1//5a, ident i ty )  

where  ~/33(0) = 1 , 1//~3 (1) = 2, IT/~s (2) = 0 
ident i ty )  where  /rEo (7) = 8, 1/(o = ( [7 ,8 ]  1/~o, 

= ( [ 0 , 8 ~  ~ , 
= ( [ 0 , 7 ]  1/~ , 

= ( [ 6 , 9 ]  1/0o' 
= ( [ o ,  9] % e '  
= ( [o ,6 ]  % ,  

i dent i ty )  where  fr(. t(0) = 8, 1/¢7 

ident i ty )  where/rE, s(O) = 7, I/(e 
ident i ty )  where1/6o (6) = 9, /r6o 

ident i ty )  whe re / r06 (0 )  = 9, 11'06 

= ( [ 2 , 3 ,  

where  

= ( [1 ,3 ,  
where 

= ([1,2, 
where  

= ( [ 0 , 1  

where  

=( [o ,1  
where  

(8) = ? 

(8) = o 

(?) = o 
(9) = 6 
(9) = o 

(6) = o 

= ( [0,3,5,7,9,10] ,  1/~, if i=10 then 0 else i) 
where I/6 I(0)=7, 1/~(7)=3, 11'e( 3)=5, 1/4( 5)=I0, 1/~(10)=9, 1/~(9)=0 

= ( [0 ,1  , 3 , 4 , 6 , 8 ] ,  1/~/, ident i ty )  
where/r-~ (0)=4-, 1/~ (4)=I , l/J/(1 )=8, 11"~ (8)=3, 1/.~ (3)=6, 1/.~ (6)=0 

= ( [ 1 , 3 , ? ] ,  /1'81, ident i ty )  

where  l/'~ (3)=7, 1/&(7)=I, 1/&(1 )=3 

ident i ty )  where / toe (O)  = 6, /rOe 
4 9 5 , 7 , 8 ] ,  1/:~, ident i ty )  
~r~ (8)=7, 1/~ (7)=4, 1/~ (4)=5, 1/~ (5):2, 1/11 (2)=3, I/~ (3)=8 
5], ~/~, ident i ty )  

/r2' (5)=3, 1/~, (3)=1, 1/, (1)=5 
5 , 6 , 7 , 8 ] ,  1/~, ident i ty )  

7G(5)=6, /r3'(6)=7, /r~(7)=8, 1/,(8)=1, 1/~(1)=2, 1/~(2)=5 
, 5 , 7 ] ,  1/~, ident i ty )  

~,(o)=5,  1/~.(5)=1, 1/,~(1 )=7, ~. (7)=o 
,2 ,3 ,4 ,6 ] ,  /r~, ident i ty )  

1/~ (0)=6, I1"~ (6)=3, 1/~ (3)=2, ~ (2)=1 , 1/~ (1)=4, 1/~ (4)=0 
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D ' " ( 9 )  = D6(9 ) .  

Now we can 

( [ 0 , 1 1 , 1 2 . , 1  

Lo (14 )  = d. 

g i ve  the mode l .  T h e r e  a r e  f i v e  s ta tes :  a, b,  c ,  d, So. The  Seed  is 

3,14], I- o X D0) w h e r e L 0 ( 0 )  = S o ,  Lo (11 )  = a, Lo (12 )  = b ,  L o ( 1 3 )  = c  , 

We sha l l  need f o u r  o thep  con f i gu ra t i ons - "  

= ( [ 0 , 4 , 5 ] ,  L~  × D~)  

# = ( [ 0 , 1 , % 3 ] ,  L#  X D E) 

~" = ( [ 0 , ? , 8 ] ,  L(  X D( )  

6 = ( [ 0 , 6 , 9 ] ,  L 6 X D 6) 

w h e r e  L (0) = So, L.rv(4) = L~ (5 )  = a 

w h e r e  L~ (0 )  = so,  L~ (1 )  = L/~(2,)=L/3(3) = b 

w h e r e  L (0) = s o ,  L ( ( ? )  = L ( ( 8 )  = c 

w h e r e  L6 (0 )  = So, L6 (6  ) = L 6 ( 9 )  = d. 

The  r u l e  r e p e r t o i r e  is :  (A ,  t r u e ,  (a¢,.¢)), (b,  t r u e ,  ( ~ , ¢ ) ) ,  (c ,  t r u e ,  ( ( , ¢ ) ) ,  

(d,  t r u e ,  ( 6 , ¢ ) ) .  T o  f i n d  a new m e m b e r  o f  the l anguage ,  we  can choose  the f u n c -  

t i o n s p  and I" g i v e n  by:  

p ( 1 1 ) = ( ~ , ¢ )  p ( 1 2 ) = ( / 3 , ¢ )  p ( 1 3 ) = ( ~ , ¢ )  p ( 1 4 ) = ( 6 , ¢ )  

r(11 ) = [ 4 ,  5]  1-(1 ~.) = [ 1 , 2 ,  3] ~-(1 3) = [?,  8]  1-(1 4) = [6 ,  9 ] .  

With  t h i s  c h o i c e  h l l ,  h ~ ,  h l a ,  hi, ~ a r e  i d e n t i t y  m a p p i n g s  and we get :  

8 "  = [1 , 2 , 3 , 4 , 5 , 6 , ? , 8 , 9 ]  L " ( 0 )  = s o 

L " ( 1 )  = L/3(1 ) = b D " ( 1 )  = D/3(1) 

L " ( 2 )  = L/~(2) = b D " ( 2 )  = D~(2)  

L " ( 3 )  = L~ (3 )  = b D " ( 3 )  = D/3(3) 

L " ( 4 )  = Lrv(4) = a D " ( 4 )  = Dry(4) 

L " ( 5 )  = L e ( 5 )  = a D " ( 5 )  = Dry(5) 

L 1'(6) = L 6 ( 6 )  = d D " ( 6 )  = D6(6)  

L " ( ? )  = L ( ( ? )  = c D ' I ( ? )  = D ( ( ? )  

L " ( 8 )  = L ¢ ( 8 )  = c D " ( 8 )  = D (8) 

L 'T(9)  = L 6 ( 9 )  = d D l l ( 9 )  = D6(9)  

N o w  we pa tch  the s t r u c t u r e s  t o g e t h e r  us i ng  a f u n c t i o n  0. s a t i s f y i n g :  cr(1 ,9.) = 11,  

0"(2, 3 ) =  11,  0 " ( 1 , 3 ) =  13,  0 . ( 4 , 5 ) =  0, 0 (5 ,  4 ) =  12., 0.(6, 9 ) =  0, 0 . ( 9 , 6 ) =  0, 0 " ( 7 , 8 ) =  12,  

0"(8,7) = 12,  0"(1,11)  = 45, o'(1,14-) = A ,  0"(1,13) = 87,  0"(2,11)  = 5, 0"(2,14)  = A, 

0"(2, 1 3) = A, 0"(3, 11 ) = 5, 0.(3, 1 4) = 6, 0"(3, 1 3) = 78,  0.(4, 1 4) = A, 0"(4, 1 2) = 1, 

0"(4, 1 3) = 7,  0"(5, 1 4) = 6,  0 ( 5 ,  1 2) = 321 ,  0 (5 ,1  3) = A, 0"(6, 1 3) = 7, 0 (6 ,  1 2) = 3,  

0"(6,11) = 5, 0" (7 ,11)  = 4, 0"(7,12)  = 1, 3, 0"(7,14)  = 6, 0 . (8 ,11)  = A ,  0"(8,12)  = 13,  

0 . (8 ,14)  = A ,  0"(9,13)  = A, 0 . (9 ,12)  = A, 0 . (9 ,11)  = A .  We no te  tha t  a l l  r u l e s  have  empty  

r e s t r i c i t o n s  and' c o n t i n u e  by c o m p u t i n g :  



326 

w O  ) - 8 7 4 5  

w ( 4 )  = 1 ? 

w ( 6 )  = ? 3 5  

w(?)  = 41~ 36 

, w(2,) = 5, w(3)  =- 5678 

w(5)  = 632,1 

, w ( 9 ) =  A 

w ( 8 )  = 31 , 

S u b s t i t u t i n g  t hese  in D ~ g i v e s ;  

S e e d  4, ( [ 0 , 1 , 2 , , 3 , 4 , 5 , 6 , ? , 8 , 9 ] ,  L " ,  D " ' ) .  
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